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ANALYTIC   GEOMETRY. 


CHAPTER    I, 


THE  POINT. 


Art.  1.  Geometrical  theorems  may  be  divided  into  two  classes: 
theorems  concerning  the  magnitude  of  lines,  and  concerning  their 
position  ;  for  example,  that  "  the  square  of  the  hypothenuse  is 
equal  to  the  sum  of  the  squares  of  the  sides,"  is  a  theorem  con- 
cerning magnitude;  that  "the  three  perpendiculars  of  a  triangle 
meet  in  a  point,"  is  a  theorem  concerning  position. 

2.  Theorems  of  the  former  class  can  easily  be  expressed  alge- 
braically. To  take  the  example  already  given,  if  the  lengths  of 
the  sides  of  a  right-angled  triangle  be  a,  h,  c,  the  proposition 
alluded  to  is  written  c^  =  a^  ^-  V^.    The  learner  is  probably  already 

-familiar  with  this  application  of  algebra  to  geometry,  as  the  pro- 
positions of  the  Second  Book  of  Euclid  all  relate  merely  to  the 
magnitude  of  lines,  and  the  demonstration  of  them  is  much  sim- 
plified by  the  use  of  algebraical  symbols. 

3.  But  it  is  by  no  means  so  easy  to  see  how  to  express  alge- 
braically theorems  involving  the  position  of  lines.  Accordingly, 
although  algebra  was,  soon  after  its  introduction  into  Europe,  ap- 
plied to  the  solution  of  the  first  class  of  questions,  its  use  was  not 
extended  to  this  latter  class  until  the  year  1637,  when  Des  Cartes, 
by  the  publication  of  his  "  Geometries'  laid  the  foundation  of  the 
science  on  which  we  are  about  to  enter. 
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4.  The  following  method  of  determining  the  position  of  any 
point  on  a  plane,  is  that  introduced  by  Des  Cartes,  and  generally 
used  by  succeeding  geometers. 

We  are  supposed  to  be  given  the  position  of  two  fixed  right 
lines,  XX',  YY',  intersecting  in  the  point  O.  Now,  if  through 
any  point  P  we  draw  PM,  PN,  parallel  to  YY'  and  XX',  it  is 
plain  that,  if  we  knew  the  position  of  the  point  P,  we  should 
know  the  lengths  of  the  parallels  PM,  PN,  or,  vice  versa,  that  if 
we  knew  the  lengths  of  PM, 

PN,  we  should  know  the  posi-  Y 

tion  of  the  point  O. 

Suppose,  for  example,  that 
we  were  given  PN  =  a,  PM  =  h, 
we  need  only  measure  OM  =  a 
and  ON  =  h,  and  draw  the  par- 
allels PM,  PN,  which  will  in- 
tersect in  the  point  required. 

It  is  usual  to  denote  PM 
parallel  to  OY  by  the  letter  ?/, 
and  PN  parallel  to  OX  by  the 
letter  x,  and  the  point  P  would 
be  said  to  be  determined  by  the  two  equations  x  -  a,  y  =  h. 

5.  The  parallels  PM,  PN,  are  called  the  co-ordinates  of  the 
point  P  ;  that  parallel  to  YY'  is  often  called  the  ordinate  of  the 
point  P;  and  that  parallel  to  XX'  the  abscissa. 

The  fixed  lines  XX'  and  YY'  are  termed  the  axes  of  co-ordi- 
nates, and  the  point  O,  in  which  they  intersect,  is  called  the 
origin.  The  axes  are  said  to  be  rectangular  or  oblique,  according 
as  the  angle  at  which  they  intersect  is  a  right  angle  or  oblique. 

6.  In  order  that  the  equations  x  =  a,  y  =  b,  should  only  be  sa- 
tisfied by  one  point,  it  is  necessary  to  pay  attention,  not  only  to  the 
maynitudes,  but  also  to  the  signs  of  the  co-ordinates. 

If  we  paid  no  attention  to  the  signs  of  the  co-ordinates,  we 
might  measure  OM  =  a  and  ON  =  b,  on  either  side  of  the  origin, 
and  any  of  the  four  points,  P,  Pi,  Po,  P3,  would  satisfy  the  equa- 
tions X  =  a,  y  -  b. 

7.  It  is  possible,  however,  to  distinguish  algebraically  between 
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the  lines  OM,  OM'  (which  are  equal  in  magnitude,  but  opposite 
in  direction),  by  giving  them  different  signs.  We  lay  down  a 
rule,  that  if  lines  measured  in 
one  direction  be  considered 
as  positive,  lines  measured  in 
the  opposite  direction  must 
be  considered  as  negative. 
It  is,  of  course,  arbitrary  in 
which  direction  we  measure 
positive  lines,  but  it  is  custo- 
mary to  consider  OM  (mea- 
sured to  the  right  hand)  and 
ON  (measured  icpivards)  as 
positive,  and  OM',  ON'  (mea- 
sured in  the  opposite  direc- 
tions) as  negative  lines. 

Introducing   these    con- 
ventions, the  four  points,  P,  Pi,  P2,  P3,  arc  easily  distinguished. 
The  co-ordinates  of 

P  are  x  =  +  a 
y  =  +  h 

Pi  are  x  = 


}■ 


a 


7/  =  +h 

P2  are  a;  =  +  a 
y  =  -b 


a 


}• 


P3  are  x  = 

y==-b 

These  distinctions  of  sign  can  present  no  difficulty  to  the  learner, 
who  is  supposed  to  be  already  familiar  with  the  principles  of  tri- 
gonometry. 

8.  A  few  particular  cases  of  the  application  of  this  method  of 
determining  the  position  of  a  point  deserve  attention.  Suppose 
we  were  asked  what  point  is  denoted  by  the  equations  x  =  a,  t/  =  0? 

Let  us  turn  to  the  figure  in  Article  4,  representing  the  general 
case  of  a  point  whose  co-ordinates  are  x  =  «,?/=  l>,  and  it  is  plain, 
that  the  smaller  PM  =  y  =  h  becomes,  the  more  nearly  will  P  ap- 
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proach  to  the  line  OX,  and,  consequently,  that  the  equations 
X  =  a,  3/  =  0,  must  denote  the  point  M  situated  on  the  axis  OX, 
at  a  distance  from  the  origin  =  a.  Similarly,  the  equations  x  =  0, 
y  =  h,  denote  the  point  N,  situated  on  the  axis  OY,  at  a  distance 
from  the  orimn  =  h. 

The  equations  x  =  0,  ?/  =  0,  represent  the  origin  itself,  as  we 
see  by  supposing  6  =  0  in  the  preceding  example. 

It  appears  from  what  has  been  said  in  the  last  Article,  that 

the  points 

X  =  +  a,  y  =  +  h,  and  a*  =  -  a,  y  =  -^^i 

lie  on  a  right  line  passing  through  the  origin  ;  that  they  are  equi- 
distant from  the  origin,  and  on  opposite  sides  of  it. 

N.  B. — The  points  whose  co-ordinates  are  x  =  «,  y  =  h,  or 
x  =  x',  y  =  y\  are  generally  briefly  designated  as  the  point  ab,  the 
point  x'y. 

9.  Given  the  co-ordinates  of  two  points,  x'y,  x'y,  to  express  the 
distance  between  them,  the  axes  of  co-ordinates  being  supiposed  rect- 
angular. 

By  Euclid,  I.  47, 

PQ2  =  PS^  +  SQ^  but  PS  =  PM  -  QM'  =  y  -  y", 

andQS  =  OM-OM'=.^;'-A-"; 

hence 

g2  =  PQ2  =  (.^.'-.^.")2  +  (y_y')2. 

To  express  the  distance  of  any  point  from  the  origin,  we  must 
make  x"  =  0,    y"  =  0,    in   the 
above,  and  we  find 

82  =  x'-^  +  y'-\ 

10.  In  the  following  pages 

we  shall  but  seldom  have  oc-  

casion  to  makr  use  of  oblique 
co-ordinates,  since  formulae  are, 
in  general,  much  simplified  by 
the  use  of  rectangular  axes ; 
as,  however,  oblique  co-ordi- 
nates may  sometimes  be  employed  with  advantage,  we  shall  give 
the  principal  formula:  in  their  most  general  form. 


X' 


Q 


O     M'        M 


s 


X 
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Suppose,  in  the  last  figure,  the  angle  YOX  oblique  and  =  a*, 
then 

PSQ  =  180°  -  u,, 

and  {Lubys  Trig.  §  34), 

PQ3  =  PS'^  +  QS^  -  2PSQS  •  cos  PSQ, 
or 

PQ3  =  (y  _  y'Y  +  {x'  -  X'y  +   2(2/'  -  /)    {X  -  X")  COSO). 

Similarly,  the  square  of  the  distance  of  a  point,  x'y,  from  the 
origin  -  x"^  +  y"^  +  2x'y'  cosoj. 

In  applying  these  formulge,  attention  must  be  paid  to  the  signs 
of  the  co-ordinates.  If  the  point  Q,  for  example,  were  in  the  angle 
XOY',  the  sign  of  z/"  would  be  changed,  and  the  line  PS  would 
be  the  simi  and  not  the  difference  of  y  and  y". 

11.  Given  the  co-ordinates  of  two  points,  x'y,  x'y",  to  find  the 
co-ordinates  of  the  point  cutting  the  line  joining  them,  in  a  given  ra- 
tio m :  n. 

Let  X,  y  be  the  co-ordinates  of  the  point  R  which  we  seek  to 
determine,  then 
m:n::PR:RQ::MS:SN, 

or 

7n  :  w  : :  x  -  x  :  x  -  x", 
or  mx  -  mx"  =  nx  -  nx, 

hence 

mx  +  nx  


X  = 


in  +  n 
In  like  manner 
my"  +  ny 


N     S 


JM 


2/  = 


?/i  +  n 


This  includes  the  simpler  case,  to  find  the  co-ordinates  of  the 
point  bisecting  the  line  joining  two  given  points, 


X 


X  +  X 

~2~ 


y 


y  +y 


If  the  line  were  to  be  cut  externally  in  the  given  ratio,  we  should 
have 


and  therefore 


m  :  n  ::  X  -  x  :  x  -  x", 


X  = 


mx 


nx 


m  -  n 


y 


my   -  ny 
m  -  n 
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We  can  sufficiently  distinguish  the  cases  of  internal  and  external 

Til 

section,  if  we  agree  that  to  cut  a  line  in  the  ratio  +  —  shall  denote 
°  n 

to  cut  it  internally  in  a  certain  ratio ;  and  that  to  cut  it  in  the  ratio 


shall  denote  to  cut  it  externallii  in  the  same  ratio :  for  the  for- 

n  ^ 

mulie  for  external  section  are  obtained  from  those  for  internal 
section  by  changing  the  sign  of  — 

12.  When  we  know  the  co-ordinates  of  a  point  referred  to  one 
pair  of  axes,  it  is  frequently  necessary  to  find  its  co-ordinates  re- 
ferred to  another  pair  of  axes.     This  operation  is  called  the  trans- 
formation of  co-ordinates. 

We  shall  consider  tliree  cases  separately  :  first,  we  shall  sup- 
pose the  origin  changed,  but  the  new  axes  parallel  to  the  old ; 
secondly,  we  shall  sup- 
pose the  direction  of 
the  axes  changed,  but 
the   orisfin    to    remain 

unaltered  ;  and  thirdly, -/s t^-; J— X 

we  shall  examine  the 
case  when  both  origin 
and  direction  of  the 
axes  are  altered. 

First.  Let  the  new 
axes  be  parallel  to  the  old. 

Let  Oo;,  Oy,  be  the  old  axes,  O'X,  O'Y,  the  new  axes.  Let 
the  co-ordinates  of  the  new  origin  referred  to  the  old  be  x,  y,  or 
O'S  =  x\  O'R  =  y.  Let  the  old  co-ordinates  be  .f,  y,  the  new 
X,  Y,  then  we  have 

OM  =  OR  +  KM,  and  PM  =  PN  +  NM, 

that  is, 

X  =  x  +  X,  and  y  =  y'  +  Y. 

These  formula  are,  evidently,  equally  true,  whether  the  axes 
be  oblique  or  rectangular. 

13.  Next,  let  the  direction  of  the  axes  be  changed,  while  the 
origin  is  unaltered. 
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(1.)  We  shall  commence  with  the  case  where  both  systems  are 
rectangular,  and  we  shall  denote  by  d  the  angle  .rOX  =  3/OY. 

Then 

PM  =  PS+NR;  OM  =  OR-SN. 

But  since  the  angle 

SPN  =  xox  =  e, 

PS  =  PNcos0,   NR  =  ONsin0; 
OR  =  ON  cos  0,  SN  =  PNsin6/. 

We  have,  therefore, 

?/ =  Ycos0  +  Xsin^,        ^r  =  Xcos0  -  Ysind. 

(2.)  In  general  let  the  angles  between  the  axes  be  any  Avhat- 
ever.  In  the  figure  then  PS,  PN  are  drawn  parallel  to  Oy,  OY, 
and  NS  to  Ox.     Then,  as  before, 

PM  =  PS  +  NR. 

We  have  no  longer  PS  =  PN  cos  SPN,  since   SPN  is  not  sup- 
posed a  right  angle ;  but 

PS  :  PN  : :  sin  PNS(=  sin  YO^r)  :  sin  PSN  (=  sin  ?/0.r) ; 

PNsinYO^c 


PS 


and 


sin  yOx 


NR  :  ON : :  sinA-OX :  sinNRO(=  ^myOx), 

^,^      ON-sin.t'OX 
.-.  NR  = 


Hence 


.  siwyOx 

ysinxOy  =  Y  sin^'OY  +  Xsin.?;OX. 
Similarly  we  find 

^rsini/Ojc  =  Xsin?/OX  +  Y  sin?/OY. 

In  using  these  formulee,  attention  must  be  paid  to  the  signs  of 
the  an  tries  concerned  in  them. 

The  sign  +  is  to  be  used  when  the  angles  xOy,  .rO  Y,  rcOX,  are 
all  measured  on  the  same  side  of  Ox ;  and  yOx,  ^/OX,  yOY,  on 
the  same  side  of  Oy. 

In  the  case  represented  in  the  figure,  the  angle  yOY  lies  on 
the  opposite  side  of  Oy  from  the  angles  yOx  and  ?/0X,  and  the 
formula  would  become 

x^myOx  =  X  sin?/OX  -  Ysini/OY. 
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14.  Lastly,  by  combining  the  transformations  of  the  two  pre- 
ceding sections,  we  can  find  the  co-ordinates  of  a  point  referred  to 
two  new  axes  in  any  position  whatever.  We  first  find  the  co- 
ordinates (by  Art.  12)  referred  to  a  pair  of  axes  througli  the  new 
origin  parallel  to  the  old  axes,  and  then  (by  Art.  13)  we  can  find 
the  co-ordinates  referred  to  the  required  axes. 

We  thus  obtain,  in  the  case  where  both  systems  are  rectan- 
gular, 

2/  =  r/'  +  Y  COS0  +  X  smO,  and  x  =  .v  +  X cos^  -  Y  sln0 ; 
and  in  the  more  general  case, 

9/s'mxOy  =  ?/'sin.rO«/  +  Ysin.rOY  +  Xsin.rOX, 
and 

A' sin_yOa'  =  ,v' sin^j/O.r  +  Ysin?/OY  +  X  sin?/OX. 

15.  Beside  the  method  of  expressing  the  position  of  a  point 
which  we  have  hitherto  made  use  of,  there  is  also  another  which 
can  often  be  employed  with  advan- 
tage. 

If  we  were  given  a  fixed  point 
O,  and  a  fixed  line  through  it,  OB, 
it  is  evident  that  we  should  know 
the  position  of  any  point,  P,  if  we  O 
knew  the  length  OP,  and  also  the 

an^le  POB.  The  line  OP  is  called  the  radius  vector ;  the  fixed 
point  is  called  the  pole  ;  and  this  method  is  called  the  method  of 
polar  co-ordinates. 

It  is  very  easy,  being  given  the  x  and  y  co-ordinates  of  a  point, 
to  find  its  polar  ones,   or   vice     "Y" 
versd. 

First,  let  the  fixed  line  coin- 
cide with  the  axis  of  x,  then 
we  have 

OP :  PM : :  slnPMO :  sin  POM  ; 

denoting  OP  by  p,  POM  by  B, 
and  YOX  by  w  ;  then 

iii\,f              psin0         1    .    -1    1      /-xnt            psln(w-0) 
PM  or  ?/  =  ^. ;  and  similarly,  OM  =  .r  - r 


Slllw 


sin  w 


lor 
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For  the  more  ordinary  case  of  rectangular  co-ordinates,  a>  =  90^ 
and  we  have  simply 

X  =  p cos 0  and  y  =  psin d. 

Secondly.  Let  the  fixed  line 
OB  not  coincide  with  the  axis  of 
X,  but  make  with  it  an  angle  =  a, 
then 

FOB  =  e  and  POM  =  0  -  a, 
and  we  have  only  to   substitute 
0  -  a  for  0  in  the  preceding  for- 
mulae. 

For  rectangular  co-ordinates  we  have 

a  =  p cos {0  -  a)  and  y  =  psin{9  -  a). 

16.   To  express  the  distance  between  two  points,  in  terms  of  their 
polar  co-ordinates. 

Let  P  and  Q  be  the  two  points, 

OP  =  p',    POB  =  0';  ^       ^^^P 

OQ=/o",  QOB  =  r; 

then 


PQ2  =  OP^'  +  0Q2  -  20P  •  OQ  •  cos  POQ, 

d^  =  p^  +  p"^-2p'p"  cos  (&'-&). 
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17.  We  saw,  in  the  last  chapter,  that  we  could  determine  the 
position  of  a  point,  being  given  two  equations  regarding  its  co- 
ordinates, of  the  form  x  =  a,  y  =  h.  It  is  evident  that  we  could 
equally  determine  the  point,  had  we  been  given  any  two  equa- 
tions of  the  first  degree  between  its  co-ordinates,  such  as 

A«  +  B!/  +  C  =  0,     Kx  +  B>  +  C  =  0, 
c 
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for  we  have  here  two  equations  between  two  variables,  which  we 
can  solve  by  eliminating  ij  and  x  alternately  between  them,  and 
obtain  two  results  of  the  form 

X  =  a,     y  -  h. 

18.  Two  equations  of  higher  order  between  the  co-ordinates 
would  represent,  not  one,  but  a  determinate  number  of  points. 
For,  eliminating  y  between  the  equations,  we  obtain  an  equation 
containing  x  only  ;  let  its  roots  be  Oi,  Oo,  03,  &c.  Now,  if  we 
substitute  any  of  these  values  (oi)  for  x  in  the  original  equations, 
we  get  two  equations  in  y,  which  must  have  a  common  root  (since 
the  result  of  elimination  between  the  equations  is  rendered  =  0 
by  the  supposition  .r  =  aj),  Let  this  common  root  be  y  =  fti- 
Then  the  point  whose  co-ordinates  are  x  =  ai,  y  =  /3i,  will  at  once 
satisfy  both  the  given  equations ;  and  so,  in  like  manner,  will  the 
point  whose  co-ordinates  are  x  =  0,,  y  =  jSo,  &c. 

If  the  given  equations  were  of  the  m*'^  and  w"'  degrees  respec- 
tively, the  equation  in  x  wovxld  (by  the  theory  of  elimination,  see 
Lacroix's  Algebra,  §  196,  p.  278;  Young's  Algebra,  §  124,  p.  229) 
be  of  the  mn"'  degree,  and  consequently  tliere  would  be  mn  roots  1 


Ci,  Os,  &c.,   and,  therefore,  mn  points  represented  by  the  two 
equations. 

19.  A  simple  example  will,  perhaps,  render  this  statement 

more  clear.     Let  us  inquire  what  points  are  represented  by  the 

two  equations 

x^  +  y'^  =  5,        xy  =  2. 

In  order  to  eliminate  y  between  the  equations,  substitute  for  y^, 

4 

in  the  first  equation,  its  value,  -^,  derived  from  the  second  equa- 

X 

tion,  and  we  get 

x^  -  5a'2  +4  =  0. 

The  roots  of  this  equation  are  .r-  =  1  and  x^  =  4,  and,  therefore, 
the  four  values  of  .r  are 

x  =  +  l,  X  =  -  1,         x  =  +  2,  X  =-  2. 

Substituting  any  of  these  in  the  second  equation,  we  obtain 
the  corresponding  values  of  y, 

y  =  +2,  y  =  -2,         y  =  +l,  y  =  -l. 
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The  two  given  equations,  therefore,  represent  the  four  points, 
whose  co-ordinates  are  (a*  =  +  1,  ?/  =  +  2),  (x  =  -  1,  y  =  -  2), 
(x  =  +  2,  y  =  +l),  and  {x  =  -2,  y  =  -l). 

20.  Having  seen  that  any  two  equations  between  the  co-ordi- 
nates represent  geometrically  one  or  more  i^oints,  we  proceed  to 
inquire  the  geometrical  signification  of  a  single  equation  between 
the  co-ordinates.  We  shall  find  the  case  to  be  similar  to  the  so- 
lution of  a  class  of  geometrical  problems,  with  which  the  learner 
is  familiar.  We  are  able  to  determine  a  triangle,  being  given  the 
base  and  any  other  two  conditions,  but  had  we  been  given  only 
one  other  condition,  the  vertex,  though  no  longer  determined  in 
position,  would  still  be  limited  to  a  certain  locus.  So  we  shall 
find,  that  although  one  equation  between  the  two  co-ordinates  is 
not  sufficient  to  detennine  a  point,  it  is,  however,  sufficient  to 
limit  it  to  a  certain  locus. 

In  fact,  the  equation  asserts,  that  a  certain  relation  subsists  be- 
tween the  co-ordinates  of  every  point  represented  by  it.  Now, 
although  this  relation  will  not  in  general  subsist  between  the  co- 
ordinates of  any  point  taken  at  random,  yet  we  shall  find  that  there 
will  be  more  points  than  one  for  which  this  relation  loill  be  true ; 
the  assemblage  of  these  points  will  form  a  locus  of  points  whose 
co-ordinates  satisfy  the  equation,  and  this  locus  is  considered  the 
geometrical  signification  of  the  given  equation. 

That  a  single  equation  between  the  co-ordinates  signifies  a 
locus,  we  shall  first  illustrate  by  the  simplest  example.  Let 
■us  recall  the  construction  by  „ 

which  (Art.  4)  we  determined 
the  position  of  a  point  from  the 
two  equations  x=a,  y  =  b.  We 
took  OM  =  a;  we  drew  MK 
parallel  to  OY ;  and  then,  mea- 
suring MP  =  6,  we  foimd  P,  the  i^  j^[  X 
point  required.  Had  we  been 
given  a  diffijrent  value  of  y, 
X -a,  y=  h',  we  should  proceed 
as  before,  and  we  should  find  a  point  F  still  situated  on  the  line 
MK,  but  at  a  diff'erent  distance  from  M.  Lastly,  if  the  value  of 
y  were  left  wholly  indeterminate,  and  we  were  merely  given  the 
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single  equation  x  =  a,  we  should  know  that  the  point  P  was  si- 
tuated somewhere  on  the  line  MK,  but  its  position  in  that  line 
would  not  be  determined.  Hence  the  line  MK  is  the  locus  of  all 
the  points  represented  by  the  equation  x  =  a,  since,  whatever  point 
we  take  on  the  line  MK,  the  x  of  that  point  will  always  =  a. 

21.  In  general,  if  we  were  given  an  equation  of  any  degree 
between  the  co-ordinates,  let  us  assume  for  x  any  value  we  please 
(jx  =  a),  and  the  equation  will  enable  us  to  determine  a  finite 
number  of  values  of  ?/  answering  to  this  particular  value  of  a;,  and, 
consequently,  the  equation  will  be  satisfied  for  each  of  the  points 
(p,  q,  r,  &c.),  whose  x  is  the  assumed  value,  and  whose  y  is  that 
found  from  the  equation.  Again,  assume  for  x  any  other  value 
(t^  =  a'),  and  we  find,  in 
like  manner,  another 
series  of  points,  p',  q,  r\ 
whose  co-ordinates  sa- 
tisfy the  equation.  So 
again,  if  we  assume 
X  =  a  ov  X  =  a  ,  &c. 
Now,  if  X  take  succes- 
sively all  possible  va- 
lues, the  assemblage  of 
points  found  as  above 
will  form  a  loctis,  every  point  of  which  satisfies  the  conditions  of 
the  equation,  and  which  is,  therefore,  its  geometrical  signification. 
We  see  then  that  every  equation  we  can  write  down  between  the 
co-ordinates  x  and  y  must  represent  geometrically  a  locus  of  some 
kind.  It  is  on  this  consideration  that  the  whole  science  of  Ana- 
lytic Geometry  is  founded. 

22.  It  is  the  business  of  Analytic  Geometry  to  investigate  the 
nature  of  the  diflTerent  loci  represented  by  different  equations. 
Then  having  once  ascertained  the  locus  represented  by  a  given 
equation  (for  example,  A^  +  B?/  +  C  =  0),  if  we  find  this  relation 
subsisting  between  the  co-ordinates  of  any  point,  we  shall  be  sure 
that  this  point  lies  on  the  locus  so  determined,  and,  vice  versa,  if 
we  take  any  point  on  the  locus,  we  shall  know  that  this  relation 
will  exist  between  its  co-ordinates. 

These  loci  are  classified  according  to  the  degree  of  the  equa- 
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dons  representing  them,  being  said  to  be  of  the  m'^,  w'*^,  or  p"', 
fee,  degree,  according  as  the  equations  representing  them  are  of 
the  m*^,  n'^,  or  p"*  degree  between  x  and  y. 

We  commence  by  examining  the  equation  of  the  first  degree, 
ind  we  shall  find  that  this  always  represents  a  right  line,  and, 
conversely,  that  the  equation  of  a  right  line  is  always  of  the  first 
degree. 

23.  We  have  already  (Art.  20)  examined  the  simplest  case  of 
an  equation  of  the  first  degree,  namely,  equations  of  the  form 
v  =  a,  and  we  found  that  an  equation  of  this  form  represents  a 
right  line  parallel  to  the  axis  of  y,  and  meeting  the  axis  oi  x  at  a 
distance  from  the  origin  =  to  a. 

In  fact,  if  we  state  geometrically  the  conditions  of  the  ques- 
tion, the  locus  represented  by  the  equation  x  =  a  must  be  such 
that,  if  from  any  point  of  it 
we  draw  PN  parallel  to  the 
axis  of  X,  to  meet  the  axis  of 
y,  this  parallel  will  be  of  a 
constant  length  =  a.  Now  it 
is  evident  this  locus  is  the 
parallel  PM. 

Conversely,  if  we  examine  : 
what  relation  subsists  between 
the  co-ordinates  of  any  point 
P,  situated  on  a  line  PM, 
parallel  to  the  axis  OY,  we 
see  that  the  y  of  such  a  point 
is  wholly  indeterminate,  but 
that  the  x  will  be  always  of  a 

constant  length  =  OM,  and  that,  therefore,  the  equation  x  =  OM 
lOTjc  =  a  will  be  satisfied  for  every  point  on  the  line  PM, 

Similarly,  the  equation  y  =  b  represents  a  line  PN  parallel  to 
the  [axis  OX,  and  meeting  the  axis  OY  at  a  distance  from  the 
origin  ON  =  b. 

24.  Let  us  now  proceed  to  examine  the  case  next  in  order  of 
■simplicity,  that  of  a  right  line  passing  through  the  origin,  and  let 
us  consider  ^what  relation  subsists  between  the  co-ordinates  of 
points  situated  on  such  a  line. 
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If  we  take  any  point  P  on  such  a  line,  we  see  that  both  the 
co-ordinates  PM,  OM,  will  vary  in  length,  but  that  the  ratio 
PM :  OM  will  be  constant,  being  =  to  the  ratio 

sin  POM  :  sin  MPO. 
Hence  we  see,  that  the  equation 

_  sin  POM 
^  ~  iTiTMPO  '^' 

will  be  satisfied  for  every  point  of  the  line  OP,  and,  therefore,  this 

equation  is  said  to  be  the  equation  of  the  line  OP. 

Conversely,  if  we  were  asked  what  locus  was  represented  by 

the  equation 

^  y  =  mx, 

put  the  equation  in  the  form  -  =  m,  and  the  question  is,  "  to 

viz 

find  the  locus  of  a  point  P,  such  that,  if  we  draw  PM,  PN  parallel 

PM 

to  two  fixed  lines,  the  ratio  cj^  may  be  constant."  Now  this  locus 

evidently  is  a  right  line  OP,  passing  through  O,  the  point  of  in- 
tersection of  the  two  fixed  lines,  and  dividing  the  angle  between 
them  in  such  a  manner  that 

sin  POM  _ 

sin  PON  ~  '''■ 

If  the  axes  be  rectangular,  sin  PON  =  cos  POM,  therefore, 
m  =  tan  POM,  and  the  equation  y  =  mx  represents  a  right  line 
passing  through  the  origin,  and  making  an  angle  with  the  axis  of 
X,  whose  tangent  is  m. 

25.  An  equation  of  the  form  y  =  +  mx  will  denote  a  line  OP, 
situated  in  the  angles  YOX,  Y'OX'.  On  the  contrary,  an  equa- 
tion of  the  form  ?/  =  -  mx  will  denote  a  line  OP',  situated  in  the 
angles  Y'OX,  YOX. 

For  it  appears,  from  the  equation  ?/  =  +  mx,  that  whenever  x  is 
positive  y  will  be  positive,  and  whenever  x  is  negative  y  will  be 
negative.  Points,  therefore,  represented  by  this  equation,  must 
have  their  co-ordinates  either  both  positive  or  both  negative,  and 
such  points  we  saw  (Art.  7)  lie  only  in  the  angles  YOX,  Y'OX'. 
On  the  contrary,  in  order  to  satisfy  the  equation  y  =  -  mx,  if  x  be 
positive  y  must  be  negative,  and  if  x  be  negative  y  must  be  posi- 
tive.    Points,  therefore,  satisfying  this  equation,  will  have  their 
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co-ordinates  of  different  signs,  and  must,  therefore  (Art.  7),  lie  in 
the  angles  Y'OX,  YOX'. 

26.  Let  us  now  exa- 
mine how  to  represent  a 
right  line  PQ,  situated  in 
any  manner  with  regard  to 
the  axes. 

Draw  OR  throvigh  the 
origin  parallel  to  PQ,  and  - 
let  the  ordinate  PM  meet 
OR  in  R.  Now  it  is  plain 
(as  in  Art.  24),  that  the  ra- 
tio RM  :  OM  will  be  always  constant  (RM  always  equal,  suppose, 
to  in  .  OM) ;  but  the  ordinate  PM  differs  from  RM  by  the  constant 
length  PR  =  OQ,  which  we  shall  call  b.  Hence  we  may  write 
down  the  equation 

PM  =  RM  +  PR,  or  PM  =  m .  OM  +  PR, 

that  Is,  J 

y  =  mx  +  o. 

The  equation,  therefore,  y  =  mx  +  b,  being  satisfied  by  every 
point  of  the  line  PQ,  is  said  to  be  the  equation  of  that  line. 

It  appears  from  the  last  Article,  that  7n  will  be  positive  or  ne- 
gative according  as  OR,  parallel  to  the  right  line  PQ,  lies  in  the 
angle  YOX,  or  Y'OX. 

Again,  b  will  be  positive  or  negative  according  as  the  point 
Q,  in  which  the  line  meets  OY,  lies  above  or  below  the  origin. 

Conversely,  the  equation  y  =  mx  +  b  will  always  denote  a  right 
line,  for  the  equation  can  be  put  into  the  form 

y-b 


=  m. 


X 


Now,  since  if  we  draw  the  line  QT  parallel  to  OM,  TM  will  be 
=  b,  and  PT  therefore  =  y  ~  b,  the  question  becomes :  "  To  find 
the  locus  of  a  point,  such  that,  if  we  draw  PT  parallel  to  OY  to 
meet  the  fixed  line  QT,  PT  may  be  to  QT  in  a  constant  ratio  ;" 
and  this  locus  evidently  is  the  right  line  PQ  passing  through  Q. 

The  most  general  equation  of  the  first  degree.  Ax  +  By  +  C  =  0, 
can  obviously  be  reduced  to  the  form  y  =  mx  +  b,  since  it  is  equi- 
valent to  AC 

B        B' 


y  =  -^x 
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hence,  the  equation  of  the  first  degree  always  represents  a  right 
line. 

27.  From  the  last  Articles  we  are  able  to  ascertain  the  geo- 
metrical meaning  of  the  constants  in  the  equation  of  a  right  line. 
If  the  right  line  represented  by  the  equation  y  =  mx  +  h  make  an 
angle  =  a  with  the  axis  of  .t-,  and  =  /3  with  the  axis  of  ?/,  then 
(Art.  24)  sin  „ 

sinj3 

and  if  the  axes  be  rectangular,  m  =  tan  a. 

We  saw  (Art.  26)  that  h  is  the  intercept  which  the  line  cuts 
off  on  the  axis  oiy. 

If  the  equation  be  given  in  the  general  form  Kx  +  By  +  C  =  0, 
we  can  reduce  it,  as  in  the  last  Article,  to  the  form  y  =  mx  +  &, 
and  we  find  that  ^      gin  ^^ 

~  B  "^  ^' 

C 

or  if  the  axes  be  rectangular  =  tan  a,  and  that  -  o   is  the  length 

of  the  intercept  made  by  the  line  on  the  axis  of  y. 

Beside  the  forms  A^  +  By  +  C  =  0  and  y  =  mx  +  b,  there  are  | 
two  other  remarkable  forms  in  which  the  equation  of  a  right  line 
is  frequently  used;  these  we  next  proceed  to  lay  before  the 
reader. 


28.   To  find  the  lengths  of  the  intercepts  which  the  line  MN,  ivhose 
equation  is  Ax  +  By  +  C  =  0,  cuts  off  on  the  axes. 

We  found  in  the  last 
Article  the  length  of  one 
of  these  intercepts,  by  com- 
paring the  present  equa- 
tion with  the  equation 
y  =  wu"  +  b.  We  prefer, 
however,  in  the  present 
Article,  to  investigate  the 
same  question  directly,  by 
the  help  of  an  important 
principle  already  alluded 
to  (Art.  22).  The  co-or- 
dinates of  every  point  of  the  line  MN  must  of  course  satisfy  the 
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riven  equation,  therefore  so  must  the  co-ordinates  of  the  point  M, 
inhere  this  line  meets  the  axis  of  w.  Now  for  every  point  on  the 
.xis  of  A',  3/  =  0  (Art.  8),  therefore,  for  the  point  M,  the  equation 
ives  Ax  +  C  =  0,  but  the  x  of  the  point  M  is  the  intercept  OM, 
7hose  length  is  required ;  therefore, 

OM  =  -  5 
A 

Similarly, 

Hence  it  is  easy  to  find  the  equation  of  a  line  which  shall  cut 
fF  intercepts  on  the  axes,  OM  =  a  and  ON  =  b. 
The  general  equation  of  a  right  line  is 

A        B 

Ax  +  B_?/  +  C  =  0,  orr^.r  +  py  +  l  =  0; 

ut  ^__JL-_1        .  B  11 

C  ~  ~  OM  "     a'  C~      ON  "      6  ' 

lerefore,  the  equation  of  the  right  line  required  is 

a      b 
?his  is  the  equation  of  the  right  line  in  terms  of  the  intercepts  it 
lUts  off  on  the  axes.*    It  evidently  holds  whether  the  axis  be  ob- 
ique  or  rectangular. 

It  is  plain  that  the  position  of  the  line  will  depend  on  the 
ligns  of  the  quantities  a  and  b.    For  example,  the  given  equation 

+  '\=  1,  which  cuts  off  positive  intercepts  on  both  axes,  repre- 
ents  the  line  MN  on  the  preceding  figure  ; 
-j^  =  \,  cutting  off  a  positive  intercept  on  the  axis  oi  x,  and  a 


egative  intercept  on  the  axis  of  y,  represents  MN'. 
^'  ^-1  =  1  represents  NM' ; 


-  +  ^  =  -  1  represents  M'N'. 
a      o 


*  This  equation  is  also  sometimes  considered  as  tlie  equation  of  the  base  of  a  triangle, 
le  sides  being  the  axes  of  co-ordinates. 

D 
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The  student  will  find  no  difficulty  in  examining  for  himself 
how  changes  in  the  signs  of  A,  B,  or  C  alFect  the  j)osition  of  the 
line  represented  by  the  general  equation 

A.«  +  B?/  +  C  =  0. 

29.  If  we  suppose  A  =  0  in  the  general  equation,  the  inter- 

C 

cept  -  -r-  made  by  the  line  on  the  axis  of  o:  becomes  infinite. 

Hence  the  line  B_y  +  C  =  0  cuts  the  axis  oix  at  an  infinite  distance, 
or,  in  other  words,  is  parallel  to  it.  This  agrees  with  the  result 
of  Art.  23. 

The  distance  from  the  origin  at  which  this  parallel  meets  the 

C 

axis  of?/  (Art.  27),  is  -  j.     If,  therefore,  C  =  0,  this  distance  will 

vanish,  and  the  equation  y  =  0  represents  the  axis  of  a'  itself. 

Similarly,  Ax  +  C  =  0  denotes  a  line  parallel  to  the  axis  of  y, 
and  X  =  0  the  axis  of  y  itself 

30.  It  is  often  convenient  to  ex- 
press the  equation  of  a  right  line  in 
terms  of  the  length  of  the  perpendi- 
cular on  it  from  the  origin,  and  of  the 
angles  which  this  perpendicular  makes 
with  the  axes. 

Let  the  length  of  the  perpendicu- 
lar OP  =  p,  the  angle  POX  which  it 
makes  with  the  axis  ofx  =  a,  POY  =  /3, 
OM  ==  a,  ON  =  b. 

We  saw  (Art.  28)  that  the  equation  of  the  right  line  MN  was 

-  +  ^  =  1. 
a      h 

Multiply  this  equation  by  j3,  and  we  have 

p. 


But 


V       P 
a         b^ 


P 


=  cos  a ; 


P 


a  '        b 

Therefore  the  eqiiation  of  the  line  is 


=  cosj3. 
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In  rectangular  co-ordinates,  which  we  shall  most  generally 
use,  the  angle  which  the  perpendicular  makes  with  the  axis  of  x 
will  be  the  complement  of  that  which  it  makes  with  the  axis  of  y, 
or  /3  =  90°  -  a.  Hence,  x  cos  a  +  ?/  sin  a  =  />  is  the  equation  re- 
ferred to  rectangular  co-ordinates  of  a  line,  the  perpendicular  on 
which  from  the  origin  makes  an  angle  =  a  with  the  axis  of  x,  and 
is  in  length  =p. 

If  we  had  been  given  the  equation  of  a  right  line  in  the  gene- 
ral form  A^  +  B?/  +  C  =  0,  it  is  easy  to  reduce  it  to  the  form 
X cos a  +  y  sin  a=  p',  for,  divide  the  first  by  ^J (A^  +  3"'),  and  we 

have  ABC 


X  + 


y  + 


V  (A^'  +  W)        V  {A?  +  B2)  ^      V  (A^  +  B^) 
Now  we  may  take 


0. 


A 


=  cos  a, 


and 


B 


=  sm  a, 


V  (A2  +  B'-^)     ^^^ "'  V  (A^  +  B-^) 

since  these  two  quantities  fulfil  the  condition 

cos^a  +  sin^a  =  1. 

Hence  we  learn,  that  —,-rrz — tt^tt  ^nd     ,  .  . ., — f^rr-  are  respec- 

V  (A^  +  B~)  -v/  ( A^  +  B-)  ^ 

tively  the  cosine  and  the  sine  of  the  angle  which  the  perpendicular 

from  the  origin  on  the  right  line,  whose  equation  is  Ax  +  By  +  C  =  0, 

makes  with  the  axis  of  x,  and  that  , — :p—  is  the  length  of 

V  (A-  +  ±5-) 

this  perpendicular. 

31.    To  find  the  length  of  the  perpendicular  from  any  point  x'y, 
on  the  line  ichose  equation,  referred 
to  rectangular  co-ordinates,  is 

X  cos  a  +  y  sin  a  -  p>  =  0. 

We  shall  show  that  it  is  found 
by  substituting  the  co-ordinates 
x',  y,  for  X  and  y  in  the  given 
equation,  and  is  equal  to 

x  cos  a  +  y  sin  a  -  p.    - 

For,  from  the  given  point  Q  draw 

QR  parallel  to  the  given  line,   and   QS  perpendicular.     Then 

OK  =  x,  and  OT  will  be  =  x  cos  a. 
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Again,  since  i 

SKQ  =  a,  and  QK  =  y,  I 

RT  =  QS  =  y  sin  a ; 
hence  x  cos  a  +  y  sin  a  =  OR. 

Subtract  OP  the  perpendicular  from  the  origin,  and 
co'  cos  a  +  y  sin  a  -  /^  =  PR  =  the  perpendicular  QV.     Q .  E .  D. 

If  the   equation  of  the   line   had  been    given  in   the   form 
A.f  +  B^  +  C  =  0,  we  have  only  to  reduce  it  to  the  form 

X  cos  a  +  ysma  -  /?  =  0, 
and  the  length  of  the  perpendicular  from  any  point  x'y, 

_  A^+%j_C 

~  "7(A"  +  B^)  ■ 

The  square  root  in  this  value  is,  of  course,  susceptible  of  a  double 

sign.    If  we  give  to  the  perpendiculars  on  one  side  of  the  line  the 

sign  +,  we  must  give  to  perpendiculars  on  the  other  side  the 

sign  -. 

If  the  equation  of  a  line  referred  to  oblique  co-ordinates  had 
been  a;cosa +  y  cosj3 -p,  it  can  be  proved,  precisely  as  above, 
that  the  length  of  the  perpendicular  on  it  from  any  point  is 

x  cos  a-\-  y  cos  j3  -  p. 
The  condition  that  any  point  x'y\  should  be  on  the  right  line 
A.f  +  B?/  +  C  =  0,  is,  of  course,  that  the  co-ordinates  x,  y,  should 
satisfy  the  given  equation,  or 

A.^'  +  By'  +  C  =  0. 

And  the  present  Article  shows  that  this  condition  is  merely  the 
algebraical  statement  of  the  fact,  that  the  perpendicular  from  the 
point  x'y  on  the  given  line  is  =  0. 

32.  To  find  the  equation  of  a  right  line  passing  through  a  given 
point  x'y. 

The  general  equation  of  a  right  line,  we  have  seen,  can  be  put 
under  the  form  y  =  mx  +  b,  where  m  and  b  are  as  yet  unknown, 
and  are  to  be  determined  by  any  conditions  we  are  given  respect- 
ing the  line. 

Now  suppose  a  point  on  the  line  given,  the  equation  y  -  mx  +  b, 
which  is  true  for  every  point  on  the  line,  must  be  true  for  the 
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point  x'y .  Hence  we  get  the  condition  y  =  ma  +  b.  As  we  are 
given  no  other  condition,  we  are  not  able  to  determine  both  the 
imknown  quantities  m  and  b,  but  by  means  of  this  condition  we 
can  determine  one  of  them,  b=y'  -  mx.  Substituting  this  value 
in  the  general  equation,  we  get 

y  =  mx  +  y  -  mx, 
or  y  -  y  ^  m{x-x), 

for  the  equation  of  a  right  line  passing  through  the  point  x'y. 
m  remains  indeterminate,  as  it  ought,  since  an  infinite  number  of 
lines  can  be  drawn  through  the  point  x'y'. 

33.  To  find  the  equation  of  a  light  line  passing  through  two 
given  points,  x'y,  x'y". 

The  condition  that  the  right  line  must  pass  through  a  second 
point  will  now  enable  us  to  determine  the  constant  m  which  was 
left  indeterminate  in  the  last  Article. 

By  the  last  Article  the  equation  of  a  right  line  through  x'y  is 

y  -y  =m(x  -  x), 
or  y  -  y 

—,  =  m. 

X  -  X 

But  since  the  line  must  also  pass  through  the  point  x"y",  this 
equation  must  be  satisfied  when  the  co-ordinates  x",  y"  are  substi- 
tuted for  X  and  y  ;  hence 

y"  -  y 


X    -  X 


-  =  m. 


Substituting  this  value  of  m,  the  equation  of  the  line  becomes 

y-y  ^  y" - y 

I  It         f 

/yt  /M'  /y^      __    n/* 

In  this  form  the  equation  can  be  easily  remembered,  but, 
clearincr  it  effractions,  we  obtain  it  in  a  form  which  is  sometimes 
more  convenient, 

y  -y)^v-{x  -x)y-vxy  -yx  =0. 

It  is  important  to  observe  that  we  can  sometimes  write  down, 
without  calculation,  the  equation  of  the  line  joining  two  points. 
If  we  happen  to  know  beforehand  that  the  co-ordinates  of  both 
points   are   connected  by  the  relations  Ax  +  By  +  C  =  0  and 
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Ax"  +  By  +  C  =  0,  then  it  is  evident  that  the  equation  of  the 
line  joining  them  is  Ao;  +  By  +  C  =  0,  for  it  is  the  equation  of  a 
right  line,  and  is  satisfied  by  the  co-ordinates  of  botli  points. 

34.  It  is  worth  while  to  ,  Q  j:"j/' 
examine  the  geometric  mean- 
ing of  the  terms  of  the  equa- 
tion given  in  the  last  Article. 
It  is  evident  tliat  y"  -  y  -  QK 
and  X  -  x"  =  PK,  and  we  shall                 o 
prove  that  the  triangle  OPQ 
is  half  x'y"  -  y'x"  (multiplied  by  the  sine  of  the  angle  between  the 
axes,  if  they  be  oblique).     For  the  triangle  OPQ  is 

=  OKQ  +  OKP  +  PKQ  =  iNQ  +  iMK  +  ^KS  =  iOS  -  i  OK, 

but  the  parallelogram 

OS  =  x'y"  sin  MON, 
and  OK  =  ?/VsinMON. 

35.  To  find  the  condition  that  three  points  shall  lie  on  one  right 
line. 

We  found  (in  Art.  33)  the  equation  of  the  line  joining  two  of 
them,  and  we  have  only  to  see  if  the  co-ordinates  of  the  third  will 
satisfy  this  equation. 

The  condition,  therefore,  is 

(yi  -  y2)xz  -  {xi  -  X2)i/3  +  {xiy^,  -  x^yx)  =  0, 

which  can  be  put  into  the  more  symmetrical  form, 

yi{X2  -  Xi)  +  ?/3  (^3  -  ^vi)  +  yz  {Xy  -  x-i)  =  0.* 

If  the  three  points  be  not  on  one  right  line,  the  left-hand  side 
of  this  equation  (multiplied  by  sin  w,  if  the  axes  be  oblique),  is 
double  the  area  of  the  triangle  formed  by  the  three  points. 


*  In  using  this  and  other  similar  formulce,  which  we  shall  afterwards 
have  occasion  to  employ,  the  learner  must  be  careful  to  take  the  co-ordi- 
nates in  a  fixed  order  (see  engranng).  For  instance,  in  the  second  mem- 
ber of  the  formula  just  given  i/>  takes  the  place  of  yi,  0-3  of  .t^,  and  Xi  of  x-^. 
Then,  in  the  third  member,  we  advance  fi-om  yo  to  3/3,  from  X3  to  xi,  and 
from  xi  to  X2,  always  proceeding  in  the  order  just  indicated. 
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For,  putting  it  into  the  form 

('^1  -  ^3)  {y-i  -  y^)  -  («^2  -  ^^'3)  (^1  -  yz), 

it  is  =  parallelogram  RS  -  parallelogram  RK ;  and  we  can  prove, 
precisely  as  in  the  last  Article,  that  the  difference  of  these  paral- 
lelograms is  double  the  triangle  PQR. 


Thus  it  appears,  that  the  condition  that  three  points  should  be 
on  one  rif^ht  line,  when  interpreted  geometrically,  asserts  that  the 
area  of  the  triangle  formed  by  the  three  points  becomes  =  0. 

36.  To  express  the  area  of  a  polygon  in  terms  of  the  co-ordinates 
of  its  angular  points. 

Take  any  point  xy  within  the  polygon,  and  connect  it  with 
all  the  vertices  Xiyi,  x^y-z,  .  .  .  Xnyn',  then  evidently  the  area  of  the 
polygon  is  the  sum  of  the  areas  of  all  the  triangles  into  which  the 
figure  is  thus  divided.  But  by  the  last  Article  these  areas  are 
respectively 

•^(^1  - 2/0  ~  yi^^  ~  -^2)  +  ^iy-2  -  ^^%yu 
•2^(2/2  -yi)-y  (-^'a  -  ^3)  +  'xm  -  ^z  y-z, 
x{yz  - yi)  -  y{xz  -  x^)  +  xzy^  -  x^y^, 

x{yn-\  -  yn)  -y(,^n-\  "  ^n)  +  a^n-i  ?/«  -  Xn  y„-l, 
^(yn  -y\)  -y  i^n  -  A-i)  +  Xny\-  Xi  yn. 

When  we  add  these  together,  the  parts  which  multiply  x  and  y 
vanish,  as  they  evidently  ought  to  do,  since  the  value  of  the  total 
area  must  be  independent  of  the  manner  in  which  we  divide  it 
into  triangles ;  and  we  have  for  the  area 
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(a-,  ?/•>  -  xo  ;y,)  +  {x2yz  -  xz  y^)  +  (^3 y\  -  x^  3/3)  +  •  •  •  C^n yi  -  ^'l  ?/n)- 
This  may  be  otherwise  written, 

«i  0/2  -  y«)  +  Xi  {yz  -  y\)  +  i^ziyi  -  2/2)  +  •  •  ■  ^n  (?/i  -  3/n-i). 

or  else 

yx  {Xn  -  X-2)  +  ?/2  (■2?l  -  X3)  +  yz  (^2  -  ^4)  +  •  •  •  yn{siin.\  "  ■2?l)- 

37.  Jb  iincl  the  co-ordinates  of  the  point  of  intersection  of  two 
right  lines  whose  equations  are  given. 

Each  equation  expresses  a  relation  which  must  be  satisfied  by 
the  co-ordinates  of  the  point  required ;  we  find  its  co-ordinates, 
therefore,  by  solving  for  the  two  unknown  quantities  x  and  y, 
from  the  two  given  equations.  Let  the  equations  be  given  in  the 
most  general  form, 

A.r  +  B?/  +  C  =  0,         Kx  +  By  +  C  =  0, 

.V  -111.    f      A     BC'-B'C        ,        AC'-CA' 

then  X  will  be  found  =   .  „,     ij  a  '  ^^^  V  "  RA^^AB'" 

We  said  (Art.  17)  that  the  position  of  a  point  was  deter- 
mined, being  given  two  equations  between  its  co-ordinates.  The 
reader  will  now  perceive  that  each  equation  represents  a  locus  on 
which  the  point  must  lie,  and  that  the  point  is  the  intersection  of 
the  two  loci  represented  by  the  equations.  Even  the  simplest 
equations  to  represent  a  point,  viz.,  x  =  a,  y  =  h,  are  the  equations 
of  two  parallels  to  the  axes  of  co-ordinates,  the  intersection  of 
which  is  the  required  point. 

The  reader  will  also  now  understand  why  two  equations  of 
the  first  degree  only  represent  one  point,  and  why  two  equations 
of  higher  degree  represent  more  points  than  one  (Art.  18).  In  the 
first  case  each  equation  represents  a  right  line,  and  two  right  lines 
can  only  intersect  in  one  point.  In  the  more  general  case,  the 
loci  represented  by  the  equations  are  curves  of  higher  dimensions, 
which  will  intersect  each  other  in  more  points  than  one. 

38.  To  find  the  angle  hetioeen  two  lines,  whose  equations  with 
regard  to  rectangular  co-ordinates  are  given* 

*  All  formulae  involving  angles  become  much  more  complicated  by  the  use  of 
oblique  co-ordinates.  Since,  therefore,  in  the  solution  of  questions  in  which  angles  are 
concerned,  we  shall  always  be  careful  to  choose  rectangular  axes,  we  do  not  think  it  ne- 
cessary to  extend  the  following  formula  to  the  case  of  oblique  axes. 
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The  angle  between  the  lines  is  equal  to  the  difference  be- 
tween  the    angles  which 
each  makes  with  the  axis 
of  X.  -^r 

But   if  the   equations 
be  given  in  the  form 

y  =  mx  +  b,      y  =  mx  +  V . 

We  saw  (Art.  27)  that 

m  =  tan  PMO, 
and     m  =  tan  PM'O ; 

hence  {Lubys  Tng.  §  15), 

tanMPM'  =  ^      , 
1  +  mm 

From  the  above  expression  it  is  easy  to  see  that  the  two  lines 
y  =  mx  +  b,  y  =  mx  +  b'  are  parallel,  when 

m  =  m', 

and  are  perpendicular  to  each  other  when 

mm  =  -  1, 

since  the  tangent  of  the  angle  between  them  vanishes  in  the  first 
case,  and  becomes  infinite  in  the  second. 

If  the  equations  had  been  given  in  the  form 

A.??  +  B?/  +  C  =  0,        Kx  +  B'?/  +  C  =  0, 

we  can  at  once  reduce  them  to  the  form 

y  =  m.x  +  b,         y  =  m'x  +  b', 

and  we  have  only  to  write  in  the  preceding  formula, 

for  ?n,  -  ^ ;  and  for  m',  -  r-- ; 
-D  r> 

or  we  may  solve  the  question  directly  as  follows : 

The  angle  between  the  lines  is  manifestly  equal  to  the  angle 
between  the  perpendiculars  on  the  lines  from  the  origin;  if  there- 
fore these  perpendiculars  make  with  the  axis  of  x  the  angles  a,  a', 
we  have 

sin  MPM'  =  sin  (a  -  a)  =  sin  a  cos  a  -  sin  a'  cos  a, 
cosMPM'  =  cos  (a  -  a)  =  cos  a  cos  a  +  sin  a  sina'. 

E 
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But  (Art.  30), 

A  B 

cos  a  =  —TTirr, FTTT  ;    snia  = 


V(A^  +  B--^)'       "     ^J{^:'  +  W) 
A'  .     ,  B' 


cos  a  =     .  .  .  „ — TTTT^ ;  sin  o  = 


Hence  .    ^,^^^1,,  BA'  -  AB' 

sin  MrM  = 


cosMPM'  = 


V(A3  +  B2)  v/(A'3+B'2)' 

AA'  +  BB' 

V(A2  +  B2)  ^(A'2  +  B'2)' 


and  therefore  ^^^  ^^p^,  ^  5:^^«-;- 

AA  +  BB 

The  two  lines  are  therefore  parallel  when  BA  -  AB'  =  0,  that  is, 

when  :^  _  ?. 

A'  ~  B' 

They  are  perpendicular  to  each  other  when  AA'  +  BB'  =  0. 

39.   To  find  the  equation  of  a  line  making  a  given  angle,  (p,  loith 
a  given  line  y  =  mx  +  b  {the  axes  of  co-ordinates  being  rectangtdar). 
Let  the  equation  of  the  required  line  be 

y  =  mx  +  b'. 

The  formula  of  the  last  Article, 

m  -  m 

tand)  =  r ;, 

'^      1  +  mm 

enables  us  to  determine 

m  -  tan  rf> 
m  = 


1  +  m  tan  0 ' 

b'  remains  indeterminate,  as  we  should  expect,  since  several  pa- 
rallel right  lines  can  be  drawn  making  the  given  angle  with  the 
given  line. 

By  adding  another  condition  we  can  determine  b'. 

For  example,  we  can  find  the  equation  of  a  line  passing 
through  a  given  point,  and  making  a  given  angle  with  the  giver 
line. 

The  equation  of  any  line  through  x'y  is  (Art.  32)  of  the  form 

y  -y  =  in{x  -  x), 


THE  RIGHT  LINE. 


27 


and  giving  to  m  the  value  found  in  the  preceding  part  of  the  Ar- 
ticle, we  get  the  equation  of  the  required  line, 


y-y  = 


in 


tan0 


or 


y-y 


1  +  m  tan  0 
m  cos  (j)  -  sin  cj) 


7  («  -  ^'). 


COS  (j)  +  m  sm  0 

To  find  the  equation  of  a  right  line  passing  through  a  given 
point,  and  ijerpendicular  to  a  given  line,  y  =  inx  +  b,  we  have  only 
to  suppose  cos  0  =  0,  sin  0  =  1,  in  the  above  formula,  and  we  get 

y-y  =-^0^'-*^')' 

or  this  equation  might  have  been  obtained  directly  from  the  con- 
dition that  two  right  lines  should  cut  at  right  angles,  namely, 
mm'  =  -  1. 

It  is  easy,  from  the  above,  to  see  that  the  equation  of  the  per- 
pendicular from  the  point  x'y  on  the  line  Ax  +  B_y  +  C  =  0  is 

ACy  -  y')  =  Bix  -  x'). 

40.    To  Jl7id  the  polar  equa- 
tion of  a  right  line  (see  Art.  15). 

Suppose   we   ta^ke,   as   our 

fixed  axis,    the   perpendicular 

on  the  given  line,  then  let  OR 

be  any  radius  vector  drawn  from 

the  pole  to  the  given  line 

OR  =  p,  ROP  =  Q, 

but,  plainly, 

OR  cos  0- OP, 

hence,  the  equation  is 

p  cos  Q  =  p. 

If  the  fixed  axis  make  an  angle  a  with  the  perpendicular,  the 

equation  is 

p  cos  (0  -  a)  =  p. 

This  equation  may  also  be  obtained  by  transforming  the  equa- 
tion with  regard  to  rectangular  co-ordinates, 


.reosa  +  ysina  =  p>- 
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Rectangular  co-ordinates  are  transformed  to  polar  by  writing  for 
X,  p  cos  0,  and  for  ?/,  p  sin  6  (see  Art.  15) ;  hence  the  equation  be- 
comes p(cos0  cosa  +  sin0  sina)  =p; 

or,  as  we  got  before, 

p  cos  (0  -  a)  =  p. 

An  equation  of  the  form 

p  .  (A  cos  0  +  B  sin  0)  =  C 

can  be  (as  in  Art.  30)  reduced  to  the  form  p  .  cos  {0  -  a)  =  p,  by- 
dividing  by  V  (A2  +  B-) ;  we  shall  then  have 

A  .  B  ^  B 

"°'«  =  V(^TWy  ''"« ^  ViA^TWy  '""" ^  a' 

c 

^"  V(A2  +  B^)' 


CHAPTER   III. 

EXAMPLES  ON  THE  RIGHT  LINE. 

41.  Having  laid  down  principles  by  which  we  are  able  to 
express  algebraically  the  position  of  any  point  or  right  line,  we 
proceed  to  give  examples  of  the  application  of  this  method  to  the 
solution  of  geometrical  problems.  The  learner  should  diligently 
exercise  himself  in  working  out  such  questions,  until  he  has  ac- 
quired quickness  and  readiness  in  the  use  of  this  method.  The 
examples  given  in  this  chapter  being  introduced,  not  so  much  for 
their  own  sake,  as  to  show  how  such  questions  may  be  solved 
algebraically,  will,  for  the  most  part,  be  such  as  admit  of  simpler: 
geometrical  solutions.  It  must  not  be  supposed,  however,  tliati 
because  in  these  instances  the  geometrical  method  has  the  advan- 
tage, it  is  in  all  cases  to  be  preferred.  Each  method  has  its  peculiar 
recommendations.  If  the  geometrical  solutions  of  some  questions 
are  clearer  and  more  simple,  the  algebraical  method  proceeds 
with  more  uniformity,  and  reaches  its  end  with  greater  certainty. 
It  should  be  the  student's  aim  to  make  himself  master  of  both  in- 
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struments  of  investigation,  so  as  to  be  able  to  apply  either,  accord- 
ing as  the  nature  of  the  subject  demands. 

In  the  next  chapter  we  shall  give  simple  algebraical  demon- 
strations of  some  theorems  which  we  have  here  preferred  to  prove 
by  the  most  obvious  methods  of  investigation. 

42.  Ex.  1.  To  'prove  that  the  three  perpendiculars  of  a  triangle 
meet  in  a  point. 

In  order  to  investigate  algebraically  whether  three  lines  meet 
in  a  point,  we  shall  form  the  equations  of  the  three  lines,  then,  by 
Art.  36,  find  the  co-ordinates  of  the  point  of  intersection  of  any 
two  of  them,  and  then  examine  whether  these  co-ordinates  satisfy 
the  equation  of  the  third  line.  Although  the  position  of  the  axes 
of  co-ordinates  does  not  affect  the  validity  of  this  process,  yet  a 
judicious  choice  of  axes  may  very  much  increase  the  simplicity  of 
the  equations  which  will  occur. 

In  any  question  in  which  the  consideration  of  angles  is  in- 
volved, it  will  be  advisable  to  choose  rectangular  axes ;  but  if  the 
question  be  not  of  this  nature,  we  may  take  for  axes  any  two  im- 
portant lines  on  our  figure,  even  if  the  angle  between  them  be  not 
right. 

In  the  present  case  we  take  one 
of  the  perpendiculars  CR  for  the  axis 
of  ?/,  and  the  base  for  the  axis  of  x. 
Let  us  call  the  length  CR,  p,  and  the 
segments  BR,  AR,  s  and  s\  then  the 
equation  of  BC  (whose  intercept  on 
the  axis  of?/  =  j>,  and  on  the  axis  of  .t;  =  s)  is  (Art.  28) 


z  +  y-^i. 


X 

+ 
s      p 


Now,  the  equation  of  a  line  through  any  point  x'y\  perpendicular 
to  BC,  is  (Art.  39) 

-{x-x)  =  -{y-y). 

Therefore,  the  equation  of  the  perpendicular  AP,  passing  through 
the  point  A,  whose  y  =  0,  and  whose  x  =  -  s',  is 

-  (x  +  s )  =  -y- 
p^         '      s-^ 
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In  like  manner  the  equation  of  AC  is 

p      s 
(We  use  tlie  sign  -  since  the  intercept  AR  is  measured  on  the  ne- 
gative side  of  the  origin  R.) 

Therefore,  the  equation  of  BQ  perpendicular  to  AC,  and 
passing  through  B,  whose  y  =  0,  and  whose  x  =  s,  is  (Art.  39) 

From  this  equation,  and  that  of  AP, 

we  can  determine  the  x  and  y  of  their  point  of  intersection.  Sub- 
tract them,  and  we  get 

s  +  s       /I      1\  ss 

=-  +  -?/,       or  y  =  — 

Multiply  the  first  by  s\  and  the  second  by  s,  and  add  them,  and 
we  get  x  =  0. 

Now  c-r  =  0  is  the  equation  of  the  axis  of  y,  or  of  the  perpendicular 
CR ;  hence  we  see  that  the  perpendiculars  AP  and  BQ  intersect 

/ 

SS 

on  CR,  and  at  a  height  above  the  base  =  —  • 

°  p 

Ex.  2.   The  three  bisectors  of  the  sides  of  a  triangle  meet  in  a 
point. 

Let  us  retain  the  same  axes  as  in  the  last  Example. 

The  distance  MR  of  the  middle  point  of  the  base  from  the 

origin  =  — ^• 

Hence  (Art.  28)  the  equation  of  MC  is 

2x        y      ^ 
-  +  ^  =  1. 


s  -  s      p 

The  co-ordinates  of  D,  the  middle  point  of  BC,  are  (Art.  11) 
X  =  -^1  y  =\-  And  the  co-ordinates  of  A  we  saw  were  x--  s\y  =  0. 
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Forming,  therefore,  by  Art.  33,  the  equation  of  the  line  joining 
these  points,  we  find  for  the  equation  of  AD, 

In  like  manner  BE,  which  joins  the  points  B(cV  =  s,  y  =  0)  to 
E  ( cT  =  -  ^,  y  =  T)]"!  wi^l  have  for  its  equation 

f'^  +  (^  +  0y-f  =  0. 

In  order  to  find  the  co-ordinates  of  the  point  of  intersection  of  the 
last  two  lines,  subtract  their  equations,  and  we  get 

2  («  +  0 y  -  2  (*■  +  Op  =  0,  or  y  J~ 

Substitute  this  value  of  ?/  in  either  equation,  and  we  get 

s-  s 


X  = 


3 

Now  it  will  be  seen  that  these  values  of  x  and  y  will  satisfy  the 

equation  of  MC,  2x  '     v 

-,  +  ^=  1. 

5-5        p 

Hence  the  three  bisectors  meet  in  a  point.  They  also  trisect  each 
other  in  this  point,  as  may  be  seen  by  forming  (Art.  11)  the  co- 
ordinates of  the  point  of  trisection  of  any  of  them,  when  values 
will  be  obtained  identical  with  those  just  given. 

Ex.  3.  The  same  question  may  furnish  us  with  an  example 
of  the  occasional  use  of  oblique  co-ordinates.  We  might,  for 
example,  have  taken  the  middle  point  of  base  for  origin,  the  base 
for  axis  of  x,  and  the  bisector  MC  for  axis  of  y.  Let  us  call  the 
length  MC,  /3,  and  let  the  half  base  MB  =  c;  then  AD  joins  the 

point  A  (tr  =  -  c,  y  =  0)  to  D  i  a;  =  ■^,  y  =  ^  ].     Its  equation,  there- 

f<^^^'  ^^  dcy  -  (5.V  -  cjS  =  0. 

In  like  manner,  BE  joins  B{x  =  c,  y  =  0)  to  E  (  a;  =  -  -,  ?/  =  ^  j, 

and  its  equation  is  ^cy  +  (3x  -  eft  =  0. 
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To  find  the  co-ordinates  of  the  intersection  of  these  lines  add  the 
equations,  and  we  get  o 


y 


3 


Subtract  them,  and  we  get 

X  =  0. 

This  proves  that  the  two  lines  intersect  on  the  axis  of  y,  that  is, 
on  the  third  bisector,  and  at  a  distance  from  the  base  equal  to  its 
third  part. 

Ex.  4.  Tlie  three  perpendiculars  through  the  middle  points  of  the 
sides  of  a  tnangle  meet  in  a  j)oint. 

We  shall  leave  this  example  to  be  worked  out  by  the  learner. 
He  may  take  the  same  axes  as  in  Ex.  1.  He  will  find  given  in 
that  Example  the  equations  of  the  sides  of  the  triangle  AC  and 
BC.  He  must  then,  by  Art.  39,  form  the  equations  of  perpen- 
diculars to  these  lines  through  the  points  D  and  E,  whose  co-ordi- 
nates are  given  in  Ex.  2.  He  must  then  seek  the  co-ordinates  of 
the  point  of  intersection  of  these  perpendiculars,  and  he  will  find 

for  the  a;  of  this  point, 

s  -  s' 
a;  = 


2 

But  this  proves  that  the  perpendicular  from  the  point  of  intersec- 
tion on  the  base  will  pass  through  the  middle  point  of  base,  since 
we  saw  (Ex.  2)  that  the  distance  of  the  middle  point  of  base  from 

the  origin  =  — ^ — * 

Ex.  5.  The  three  middle  points  of  the  diagonals  of  a  complete 
quadrilaieral  lie  in  one  right  line. 

We  leave  this  Example  also  to  be  worked  out  by  the  learner. 
He  may  take  two  diagonals  for  axes,  and  if  the  segments  of  these 
diagonals  be  a,  a',  h,  h',  then,  as  in  Ex.  2,  he  will  have  for  one 

'  7       7' 

middle  point  x  =  — ^—  ;  for  another,  y  =  —^ — ;  and  for  the  line 

joining  them,  2x  2?/ 

•/  -I ^  =  1- 

a-  a'      h-h' 


•  For  a  proof  that  the  three  bisectors  of  the  angles  of  a  triangle  meet  in  a  point,  see 
next  chapter  (Art.  57). 
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He  can  then  form  (by  Art.  28)  the  equations  of  the  four  sides  ; 
thence  derive  (by  Art.  37)  the  co-ordinates  of  the  points  of  inter- 
section of  opposite  sides  ;  thence  (by  Art.  11)  form  the  co-ordi- 
nates of  the  middle  point  of  the  line  joining  these  intersections  ; 
and  finally  verify  that  these  co-ordinates  satisfy  the  equation  just 
given. 

43.  To  find  in  what  ratio  the  line  joining  two  given  points 
x'y',  x"y",  is  cut  hy  a  given  line  {Ax  +  B^  +  C). 

Let  the  required  ratio  be  m  :  n  ;  then  (Art.  11)  the  co-ordi- 
nates of  the  point  of  section  are 

mx"  +  nx  my"  +  ny 


m  +  71  m  +  n 


But,  by  hypothesis  these  co-ordinates  satisfy  the  equation  of  the 
given  line ;  therefore 


hence 


.   mx   +  nx       -r,  my   +  ny        _,      -, 

A +  B  -^ —-\-  C  =  0  ; 

m  +  n  m  +  n 

m         Ax'  +  By  +  C 
n^~  Ax"+By"+C' 


This  value  might  also  have  been  deduced  geometrically  from 
the  consideration  that  the  ratio  in  which  the  line  joining  x'y,  x'y" 
is  cut,  is  equal  to  the  ratio  of  the  perpendiculars  from  these  points 
upon  the  given  line;  but  (Art.  31)  these  perpendiculars  are 

Ax  +  By  +  C  Ax  +  By  +  C 

V(A2+B^')  "vW+B^' 

The  negative  sign  in  the  preceding  value  arises  from  the  fact 
that  in  the  case  of  internal  section  to  wliich  the  positive  sign  of 

Vfh 

—  corresponds  (Art.  11)  the  perpendiculars  fall  on  opposite  sides 

of  the  given  line,  and  must,  therefore,  be  understood  as  having 
different  signs  (Art  31). 

If  a  right  line  cut  the  sides  of  a  triangle  BC,  CA,  AB  in  the 
points  LMN,  then  bl  CM   AN 

CL.AM.BN  "  "  ^' 

Let  the  co-ordinates  of  the  vertices  be  x'y,  x'y",  x'y",  then 
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?L  -  _  Ao--"  +  By'  +  C      CM  _  _  Ax"  +  B/y"'  +  C 
CL  ~     Ax"  +  B/'  +  C    '  AM  ~      A^-'  +  By  +  C  ' 

AN  _  _  Ax  +  By'  +  C 
BN~     Ae^;"  +  B/+C' 

and  the  truth  of  the  theorem  is  manifest. 

44.    To  find  the  ratio  in  which    the  line  joining  two  points 
^i^u  ^^2^2,  is  cut  by  the  line  joining  two  other  points  Xzy^,  x\y\. 
The  equation  of  this  latter  line  is  (Art.  33) 

(^3  -  y\)  oc  -  (x^  -  Xi)  y  +  xzyx  -  x^y^  =  0. 
Therefore  by  the  last  article 

!!!  =  _  (y3  -  ^4)  .^1  -  (a?3  -  ^'4)  y\  +  ^3^4  -  x\yz 

*^  (i/3  -  ^4)  X-2  -  (.^3  -  Xi)  IJ.2+  xsy^  -  Xiy3 

It  is  plain  (by  Art.  35)  that  this  is  the  ratio  of  the  two  triangles 
whose  vertices  are 

«i?/i>  ^3^3^  -^4^4,  and  X2y2,  x-^yz,  x^y^, 
as  also  is  geometrically  evident. 

If  the  lines  connecting  any  assumed  point  icith  the  vertices  oj 
a  triangle  meet  the  opposite  sides  BC,  CA,  AB,  respectively  in 
L,  M,  N,  then  BL.CM.AN  _ 

CL.AM.BN"^ 
Let  the  assumed  point  be  Xiy^,  and  the  vertices  Xiyi,  x-zyz,  x^y^, 

then         BL  _  xi  (yz  -  yp  +  X2  (yi  ~  yi)  +  x^  (yi  -  y^ 
CL  ~  xi  (yi  -  r/a)  +  Xi  {y^  -  yi)  +  x^  {yi  -  y^) ' 

CM  ^  xo  (ya  -  yi)  +  xs  {y^  -  y-{)  +  x^  (zj2  -  y^) 
AM    xi  {y-i  -  yi)  +  x-z  {yi  -  yO  +  Xi  (yi  -  3/2)' 

AN  ^  .r,  {yi  -  ys)  +  Xi  (tjs  -  y,)  +  X3  (yi  -  ^4) 
BN    ^2  (ys  -  yd  +  ^3  (yi  -  2/3)  +  ^4(3/2  -  3/3)' 

and  the  truth  of  the  theorem  is  evident. 

45.  Analytic  geometry  adapts  itself  with  peculiar  readiness  t( 
the  investigation  of  loci.  We  have  only  to  find  what  relation  th( 
conditions  of  the  question  assign  between  the  co-ordinates  of  the 
point  whose  locus  we  seek,  and  then  the  statement  of  this  relatioi 
in  algebraical  language  gives  us  at  once  the  equation  of  the  re 
quired  locus. 
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Ex.  1.  Given  base  and  difference  of  squares  of  sides  of  a  triangle, 
to  find  the  locus  of  vertex. 

Take  the  base  for  axis  of  x,  and 
a  perpendicular  through  its  middle 
point  for  axis  of  y.  Call  the  length 
of  half  base  c,  and  let  the  co-ordi- 
nates of  vertex  be  .^■,  y.     Then 

BC^  =  CR3  +  RB^'  =  ?/2  +  (c  +  A-)2. 
In  like  manner  AC-  =  if  +  (c  -  xf ; 

therefore  BC-  -  AC'^  =  Ux ; 

and.  putting  this  equal  to  a  constant, 

is  the  equation  of  the  locus  of  vertex ;  but  this  is  (Art.  23)  the 
equation  of  a  line  perpendicular  to  the  base  at  a  distance  from 

middle  point  =  j- ,  and,  therefore  (as  easily  appears),  cutting  the 

base  so  that  the  difference  of  the  squares  of  segments  =  the  differ- 
ence of  squares  of  sides  (Euc.  I.  47,  Cor.  4). 

Ex.  2.  Given  base  and  sum  of  sides  of  a  tnangle,  if  the  i^erpen- 
dicular  be  produced  beyond  the  vertex  until  its  whole  length  equal  one 
of  the  sides,  to  find  the  locus  of  the  extremity  of  the  perpendicular. 

Take  one  extremity  of  the  base  (A)  for  origin ;  let  the  axis 
be  the  base  and  a  perpendicular  to  it  through  A ;  and  let  us  in- 
quire what  relation  exists  between  the  co-ordinates  of  the  point 
whose  locus  we  are  seeking.  The  x  of  this  point  plainly  is  AR, 
and  the  y  is,  by  hypothesis,  =  to  AC ;  and  if  m  be  the  given  sum 
of  sides,  BC  -  m  -  y. 

Now  (Euclid,  II.  13), 

BC'  =  AB2  +  AC-  -  2AB  .  AR ;  or,  denoting  AB  by  c,    . 
{m  -  yY  =  c-  +  ?/'  -  2cx. 
Reducing  this  equation,  we  get 

2my  -  '2 ex  =  w?  -  c'-^, 
the  equation  of  a  right  line. 

Ex.  3.   Given  two  fixed  lines,  OA  a}ul  OB,  if  any  line  be  draivn 
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to  intersect  them  parallel  to  a  third  fixed  Bie,  OC,  to  find  the  locus  of 
the  point  ichere  AB  is  cut  in  a  given  ratio. 

We  may  here  employ  oblique  axes,  since 
angles  are  not  concerned  (Art.  42).  Let  us 
take  the  fixed  line  OA  for  axis  of  .r,  and  the 
fixed  line  OC  for  axis  of?/,  then  the  equa- 
tion of  OB  must  be  of  the  form  y  =  mx,  and 
it  is  required  to  find  the  locus  of  the  point  P 

cutting  AB,  so  that  AP  may,  for  instance,  = 

Since  the  point  B  lies  on  the  line  whose  equation  is  y  =  mx, 
we  have  AB  =  mOA, 

therefore 


AP  =  -OA, 

n 

but  AP  is  the  y  of  the  point  P,  and  OA  its  x,  therefore  the 
locus  of  P  is  expressed  by  the  equation 

m 
y  =  —  X, 
•^       n 

and  is,  therefore,  a  right  line  through  the  point  O. 

Ex.  3.    To  find  the  locus  of  the  middle  points  of  rectangles  in- 
scribed in  a  given  triangle. 

Let  us  take  for  axes  CR  and  AB,  as 
in  Art.  42,  Ex.  I.  The  equations  of  AC 
and  BC  are  there  given 

^  -  -=1  and  ^  +  -=  1. 
p      s  p      s 

Now  if  we  draw  any  line  FS  parallel  to 
the  base  at  a  distance  FK  =  k,  and  whose 
equation,  therefore,  is  y  =  k 

we  can  find  the  abscissae  of  the  points  F  and  S,  in  which  the  line 
FS  meets  P>C  and  BC,  by  substituting  in  the  equations  of  AC 


and  BC  this  value,  y  =  k.     Thus  we  get  from  the  first  equation 

X  or  KR 


1-^ 

1'- 


k      X 
p      s 
and  from  the  second  equation 

-  +  -  =  1  .-.  .r  or  RL  =  s[  1  — 
p      s  \       P 
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Having  the  abscissae  of  F  and  S,  weliave  (by  Art.  11)  the  abscissa 
of  the  middle  point  of  FS,  viz.,  x  =  — —  .  (  1  —  j.  This  is  evi- 
dently the  abscissa  of  the  middle  point  of  the  rectangle.  But  its 
ordinate  is  ?/  =  -.      Now  we  want  to  find  a  relation  which  will 

subsist  between  this  ordinate  and  abscissa  whatever  k  be.  We 
have  only  then  to  eliminate  k  between  these  equations,  or  substi- 
tuting in  the  first  the  value  of  ^  (=  2y)  derived  from  the  second, 

we  have  ^        .         ,.  /  ^      2tj\ 

2,v={s-s)[l--^j, 

or  2x        2x1      , 

-,  +  -^  -  1. 

S  -   S  J) 

This  is  the  equation  of  the  locus  which  we  seek.  It  obviously 
represents  a  right  line,  and  if  we  examine  the  intercepts  which  it 
cuts  off  on  the  axes  we  shall  find  it  to  be  the  line  joining  the  mid- 
dle point  of  the  perpendicular  CR  to  the  middle  point  of  the 
base. 

Ex.4.  A  line  is  drawn  parallel  to  the  base  of  a  triangle,  and  its 
extremities  joined  transversely  to  the  base,  to  find  the  locus  of  the  point 
of  intersection  of  the  joining  lines. 

The  axes  remaining  as  in  the  last  example,  let  any  parallel  be 
drawn  {y  =  k) ;  then  one  transverse  line  joins  the  points 

B{y  =  0,  X  =  s),  and  F  ly  =  k,  x  ^- s'.l  -  -j  (see  last  Example), 
therefore  its  equation  is 


{  s-\-  s  .  1  -  -  ]u  -^  kx  -  ks  =  0. 

V  pJ 

In  like  manner,  since  AS  joins  _ 

A (?/  =  0,  X  =  -  s)  and  S  ( ^  =  /»■,  x  =  s  .  1 


k' 


its  equation  is  /  ,  ^       k 


'  +  s .  1 )  V  -  kx  -  ks  =  0. 

pr 


Now  since  the  point  whose  locus  we  are  seeking  lies  on  both 
the  lines  BF,  AS,  each  of  the  equations  just  given  expresses  a  re- 
lation which  must  be  satisfied  by  the  co-ordinates  of  the  point  O. 
Still,  since  these  equations  involve  k,  they  express  relations  which 
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are  only  true  for  that  particular  point  of  the  locus  which  corres- 
ponds to  the  case  when  the  parallel  FS  is  drawn  at  a  height  k 
above  the  base.  If,  however,  between  these  two  equations  we 
eliminate  the  indeterminate  k,  we  shall  obtain  a  relation  involving 
only  the  co-ordinates  and  known  quantities,  and  which,  since  it 
must  be  satisfied  whatever  be  the  position  of  the  parallel  FS,  will 
be  the  required  equation  of  the  locus. 

Subtract  the  equations  and  the  result  becomes  divisible  by  k. 

It  is  ,_,'  .  y        2^- 

y  +  zx  -  s  -  s  =^yj,   or  -  + ;  =  1. 


p  p      s  -  s 

This  is  the  equation  of  the  locus  we  seek;  but  we  have  seen 
(Art,  42,  Ex.  2)  that  this  is  the  equation  of  MC,  the  bisector  of 
the  base. 

Ex.  5.  It  may  be  useful  to  the  student  to  see  the  same  ques- 
tion solved  with  different  axes  of  co-ordinates.  And  as  this 
question  involves  no  relations  of  angles,  we  may,  without  incon- 
venience, choose  oblique  axes. 

Let  us  take  for  axes  the  sides  of  the  triangle  AC  and  CB ;  let 
their  lengths  be  a  and  b ;  then  any  parallel  to  the  base  will  cut 
off  proportional  intercepts  /na  and  f.ib. 

Hence  the  equations  of  the  transversals  will  be 

-  +  -^  =  1,  and  —  +  ^  =  1. 
a      fiO  fxa      b 


Subtract  these,  and  we  get 


=  0; 

,'    \"      u/ 

or,  dividing  by  the  constant, 

a      0 

This  relation,  which  must  be  always  satisfied  by  the  co-ordinates 
of  the  point  of  intersection,  is,  therefore,  the  equation  of  the  locus 
we  are  seeking,  but  it  is  evidently  the  equation  of  a  right  line 
through  the  vertex  of  the  triangle;  and  we  shall  have  occasion  to 
show  in  the  next  chapter  (Art.  66),  that  this  is  the  equation  of  the 
bisector  of  base,  the  sides  of  the  triangle  being  taken  for  axes  of 
co-ordinates. 
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Ex.  6.  A  parallel  is  drawn  to  the  base  of  a  triangle,  and  per- 
pendiculars to  the  sides  erected  at  its  extremities,  find  locus  of  their 
intersection. 

Take  the  same  axes  as  in  Ex.  4.     Then  the  line  FQ,  which 


IS  a 


perpendicular  to  the  line  AC  ( -  -  -=  1  )>  through  the  point 


F  ltj  =  k,  X  =  -  s  .1  —  ),  has  for  its  equation 


P\  PJ      -^ 

In  like  manner,  the  equation  of  SQ  is 


We  have  to  eliminate  k  between  these  equations.     Put  them 
into  the  form 

p      p      s         \s      p-'J 

SQ  ?^_f,l  =  i('i  +  i\ 

s      2^     P         y^      P'  / 

Eliminate  k  between  these  equations,  and  we  have,  for  the  equa- 
tion of  the  locus, 

/I    ^\(^   ^   y\  _  C^    ^'\(y    "^   ^V 
U ^ ¥v  \p ^ p^ «7 ~  v  ^ pv  V    p^ pJ' 

but  this  is  evidently  the  equation  of  a  right  line,  since  x  and  y 
are  only  in  the  first  degree,  and  it  will  be  found  that  it  passes 
through  the  vertex  of  the  given  triangle,  for  the  co-ordinates  of 
the  vertex  x  =  0,  y  =  p,  "^vill  satisfy  the  equation. 

Ex.  7.    PP'  and  QQ'  are  any  two  Q     P 

parallels  to  the  sides  of  a  parallelogram; 
to  find  the  locus  of  the  intersection  of  the 
lines  PQ  and  P'Q'.  -p  i 

Let  us  take  two  of  the  sides  for  our 
axes,  and  let  the  lengths  of  the  sides  ^   ^ 
be  a  and  b,  and  let  AQ'  =  m,  AP  =  n.     Then  the  equation  of 
PQ,  joining  P  {y  =  n,  x  =  0)  to  Q  (cC  =  m,  y  =  b)  is 

{b  -  n)  X  -  my  +  mn  =  0, 
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and  the  equation  of  P'Q'  joining  F'{x  =  a,y  =  n),  to  Q'(.r  =  m,y  =  0) 


IS 


n, 


X  -  {a  -  m)  y  -  mn  =  0. 


Tliere  being  two  indeterminates,  m  and  n,  we  should  at  first 
suppose  that  it  would  not  be  possible  to  eliminate  them  from  two 
equations.  However,  if  we  add  the  above  equations,  it  will  be 
found  that  both  vanish  together,  and  we  get  I'or  our  locus 

bx  -  ay  =  0, 

the  equation  of  the  diagonal  of  the  parallelogram. 

Ex.  8.  Example  4  is  only  a  particular  case  of  the  following  : 
A  line  is  draicn  'parallel  to  the  sides  of  a  triangle,  and  the  points 
ivhere  it  meets  sides  joined  to  any  tioo  fixed  points  on  the  base;  to 
find  the  locus  of  the  point  of  intersection  of  the  joining  lines. 

We  shall  preserve  the  same  axes,  &c.,  as  in  Ex.  4,  and  let  the 
co-ordinates  of  the  fixed  points,  T  and  V,  on  the  base,  be  for 
T  ?/  =  0,  X  =  m,  and  for  V  //  =  0,  x  =  n. 

We  already  found  (Ex.  4)  the  co-ordinates  of 


F I  ?/  =  Z;,  x  =  -  s  .1  --\     ^{y  =  h,  x=^  s.\  — 
Hence,  if  we  form  the  equation  of  FT,  we  get 


[s'.l 1-  in\  y  ■\-  hx  -  km  =  0, 

and  equation  of  SV  is 


{  s .1 n  ]y  -  kx  +  kn  =  0. 

We  can  eliminate  k  by  putting  the  equations  into  the  form 
FT  {s  +  m)  -  kr-  y  -x  +  m']  =  0, 

and  SV  {s  -  7i)  y  -  k  (  -  y  +  X  -  n  ]  =  0. 

Hence,  eliminating  k,  we  get  for  the  equation  of  the  locus 

(s  -  n){  -  y  -  X  -i-  m  i  =  (s'  +  m)  [  -  ?/  +  .r  -  n  ). 

But  this  is  the  equation  of  a  right  line,  since  x  and  y  are  only  ir 
the  first  degree. 
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Ex.  9.  If  on  the  base  of  a  triangle  tee  take  any  portion  AT, 
and  on  the  other  side  of  the  base  another  portion  BS,  in  a  fixed  ratio 
to  AT,  and  erect  the  perpendiculars*  ET  q 

andFS,  to  find  the  locus  of  O,  the  point  of 
intersection  of  EB  cmd  FA.  -g 

Call  AT  A,  let  the  fixed  ratio  be  m, 
then  BS  will  =  7/1^" ;  the  co-ordinates  of"  S  A  T   R         S 
will  be  ?/  =  0,  x  =  s-  mk,  and  of  T,  ?/  =  0,  a*  =  -  {s  -  k). 

The  ordinates  of  E  and  F  will  be  found  by  substituting  these 
values  of  x  in  the  equations  of  AC  and  BC.     We  get  for 

E,     x  =  -{s-k),     y=-^, 

s 

and  for  _,  ,  mpk 

b ,     X  =  s-  mk,     y  =  — ^ — 

Now  form  the  equations  of  the  transverse  lines,  and  the  equation 
of  EB  is 

{s  +  s  - k)y  +^x  - ^  =  0, 

s  s 

and  the  equation  of  AF  is 

.         ,         ,.         mpk        mpks 

(s  +  s-  mk)  y ^ —  x —  =  0. 

^^  s  s 

To  eliminate  k  subtract  the  equations,  and  they  will  become 
divisible  by  k,  and  we  get 

which  is  the  equation  of  a  right  line. 

Ex.  10.  Given  a  point  and  two  fixed  lines :  draw  any  two  lines 
through  the  fixed  point,  and  joi7i  transversely  the  points  ichere  they 
meet  the  fixed  lines,  to  find  the  locus  of  intersection  of  the  transverse 
lines. 

Take  the  fixed  lines  for  axes,  and  let  the  equations  of  the  lines 
through  the  fixed  point  be 

—  +  -=  1,     and  —  +  S=  1. 
m      n  rn       n 


vii 


*  The  following  investigation  will  apply  equally  if  ET  and  ES  be  not  perpendicular, 
)ut  parallel  to  any  fixed  line  CR. 

G 
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The  condition  tliat  these  lines  should  pass   through  the   fixec 
point  x'y  gives  us 


or,  subtracting, 


X       y       . 

-+  -=  1, 
m      n 


and  — 7  +  -,  =  1 ; 
m       n 


X 


-J  +  y  — ■ 

m      m  \n      n 


0. 


Now  the  equations  of  the  transverse  lines  clearly  are 


;/ 


or,  subtracting, 


X 

—  + 
m      n 


1, 


and  -^  +  ^  =  1 ; 
m       n 


x{ 


\m      m  J      ^  \n 
Now  from  this  and  tlie  equation  just  found  we  can  eliminate 

1      1 


7  )  and 

m      ml 


n 


and  we  have 

x'tj  +  y'x  =  0, 

the  equation  of  a  right  line  through  the  origin. 

Ex.  11.  Tioo  vertices  of  a  triangle  ABC  move  on  fixed  righ 
lines  LM,  LN,  and  the  three  sides  pass  through  three  fixed  pointt 
O,  P,  Q  lohich  lie  on  a  right  line ;  find  the  locus  of  the  third  vertex. 

Take  for  axis  of  x  the  right 
line  OP,  containing  the  three 
fixed  points,  and  for  axis  of?/  the 
line  OL  joining  the  intersection 
of  the  two  fixed  lines  to  the  point 
O  through  which  the  base  passes. 
Let 

OL-6,     OM  =  a,     ON  =  a',     OP  =  c, 

Then  obviously  the  equations  of  LM,  LN  are 


X  y  ^ 
-  +  f  =  1 
a      0 


and  -  +  if  =  1. 
a       0 


Now  in  solving  loci  we  have  generally  our  choice  of  two  methods 
we  may  either,  as  in  previous  examples,  introduce  an  inde 
terminate,  which  the  conditions  of  the  problem  enable  us  after 
wards  to  eliminate ;  or  else  we  may  endeavour  to  express  direct!; 
the  conditions  of  the  problem  in  terms  of  the  co-ordinates  of  th 
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point  whose  locus  we  are  seeking,  and  thus  obtain  a  relation  be- 
tween these  co-ordinates,  which  is  the  equation  of  the  required 
locus.  Thus  in  the  present  example  we  might,  by  the  first  method, 
assume  for  the  equation  of  OB,  ij  =  kx,  where  k  is  indeterminate, 
tlaence  obtain  the  co-ordinates  of  A  and  B,  thence  form  the  equa- 
tions of  AP  and  BQ,  and  finally,  by  eliminating  k  from  these, 
find  the  equation  of  the  locus  of  C. 

Or  else  we  may  begin  by  assuming  the  co-ordinates  of  C  x'lj ; 
thence  form  the  equations  of  CP,  CQ ;  thence  obtain  the  co-ordi- 
nates of  A  and  B ;  and  finally,  by  expressing  the  condition  that 
the  line  joining  AB  shall  pass  through  O,  have  a  relation  between 
x'y\  which  is  the  equation  of  the  required  locus. 

We  shall  now  for  variety  adopt  the  latter  method.  The  equa- 
tion of  CP  through  x'y  and  P  (?/  =  0,  x  =  c)  is 

(^x  -  c)  y  -  y'x  +  cy  =  0. 

The  co-ordinates  of  A,  the  intersection  of  this  line  with 

-  +  ^  =  1 
a      b 

are  ah  {x  -  c)  +  acy  _     h{a  -  c)  y 

'^^  "    h  {x  -  c)  +  ay   '     y^^  h  {x  -  c)  +  ay' 

The  co-ordinates   of  B  are  found  by   simply   accentuating   the 

letters  in  the  preceding  : 

ah  {x  -  c)  +  acy  _     b  {a  -  c) y 

""-=    h{x-c)  +  dy'    '     '^'-  h{x-c)  +  a'y'' 

Now  the  condition  that  two  points,  xiyi,  x-zy-i,  shall  lie  on  a  right 
line  passing  through  the  origin,  is  simply  (Art.  35)  —  =  -7- 

Applying  this  condition  we  have 

h  (a  -  c)  y  h  (a  -  c)  y 

ah  {x  -  c)  +  acy'  ~  ah  {x  -  c)  +  a'cy 

This  being  a  relation  then  which  must  always  be  satisfied  by  the 
co-ordinates  x'y,  the  equation  of  the  locus  is 

(a  -  c)  [ab  {x  -  c)  4  dc'y']  =  {a  -  c)  \_ah  {x  -  c)  +  acy'], 

or  (ac'  -  dc)  x  y 

cc  {a  -  d)  -  aa'  (c  -  c)       h         ' 

the  equation  of  a  right  line  through  the  point  L. 
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Ex.  12.  If  in  the  last  example  the  points  P,  Q,  lie  on  a  tight 
line  ixissing  not  through  O  hut  through  L,  find  the  locus  of  vertex. 

Take  for  axis  of  ^  the  line  LP,  and  for  axis  of?/  the  line  LO. 
Let  LP  =  a,  LQ  =  a',  LO  =  b,  and  let  the 
equations  of  LM,  LN  be  ?/  =  mx  and  y  =  mx. 
I  adopt  the  method  of  solution  used  in  the 
last  example.  The  equation  of  CP  through 
x'y  and  {x  =  a,  y  =  0)  is 

y  (x  -a)  =  {x  -  a)  y. 
The  co-ordinates  therefore  of  the  point  A 
Avhere  this  line  meets  y  =  mx  are 

ay  _  amy 


Xi 


2/1 


y  -  mx  +  am  '     " "     y  -  mx  +  am 

In  like  manner  the  co-ordinates  of  B  are 

ay  _  amy 


X2 


y 


mx  +  am 


y-^ 


y  -  7)1  X  +  am 


We  must  now  express  that  the  line  joining  these  points  passes 
through  O.     But  (Art.  33)  the  intercept  on  the  axis  of?/  by  the 

line  joining  two  points  x\y\,  xoy.>,  is  '-^ ^;   we  must  there- 

fore  form  this  quantity  and  equate  it  to  b.     Tliis  gives 

A'l  {y2  -  b)  =  X2  (tji  -  b). 
Substitute  in  this  the  values  just  obtained  for  x^yi,  Xzy-i,  and  clear 
of  fractions ;  the  equation  becomes  divisible  by  y,  and  we  have 
for  the  relation  to  be  satisfied  by  the  point  x'y, 

a  [  (am'  -  b)  y  +  m'b  (x  -a')}  =  a  { {am  -b)  y  +  mb  {x  -a)], 
the  equation  of  a  right  line. 

Ex.  13.   Given  bases  and  sum  of  areas  of  any  number  of  tri- 
angles having  a  common  vertex,  to  find  its  locus. 

Let  the  equations  of  the  bases  be 

X  cos  a  +  y  sin  a  -  p  =  0,     a*  cos  /3  +  ?/  sin  /3  -  ^^i  =  ^> 
X  cos  y  +  y  sin  7  -  joa  =  0,  &c. 

and  their  lengths,  a,  6,  c,  &c. ;  and  let  the  given  sum  =  m^ ;  then, 
since  (Art.  31)  x  cos  a  +  y  ^m  a  -  p  denotes  the  perpendicular 
from  the  point  xy  on  the  first  line,  a  {x  cos  a  +  ?/  sin  a  -  J9)  will 
be  double  the  area  of  the  first  triangle,  and  the  equation  of  the 
locus  will  be 
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a  {w  cosa  t  1/  sin  a  -  p)  +  b  (o)  cos  /3  +  ^  sin  (i  -  pi)  + 
c  {x  COS  y  +  J/  sin  y  -  2>2)  +  &c.  =  2m'^, 

which,  since  it  contains  x  and  y  only  in  the  first  degree,  will  re- 
present a  right  line. 

46.  We  shall  conclude  this  chapter  by  showing  how  questions 
may  be  solved  by  the  help  o^  polar  co-ordinates  (see  Art.  40). 
It  is,  in  general,  convenient  to  use  this  method,  if  the  question  be 
to  find  the  locus  of  the  extremities  of  lines  drawn  through  a  fixed 
point  according  to  any  given  law.     For  example, 

Ex.  1.  A  and  B  are  tivo  fixed  points;  draio  through  B  any 
line,  and  let  fall  on  it  a  perpendicular  from  A,  AP ;  produce  AP 
$0  that  the  rectangle  AP  .  AQ  may  he  constant :  to  find  the  locus  of 
the  point  Q. 

Take  AP  for  the  pole,  and  AB  for  the 
fixed  axis,  then  AQ  is  our  radius  vector,  de- 
signated by  /o,  and  the  angle  QAB  =  B,  and 
our  object  is  to  find  the  relation  existing  be- 
tween p  and  Q.  Let  us  call  the  constant 
length  AB  =  c,  and  from  the  right-angled 
triangle  APB  we  have  AP  =  c  cos  Q,  but 
AP  .  AQ  =  const  =  k-,  therefore, 

pc  COS  9  =  k^,  or  p  cos  0  =  —; 

but  we  have  seen  (Art.  40)  that  this  is  the  equation  of  a  right 

line  perpendicular  to  AB,  and  at  a  distance  from  A  =  — • 

Ex.  2.  Given  the  angles  of  a  triangle;  one  vertex  A  is  fixed, 
another  B  moves  along  a  fixed  right  line,  to  find  the  locus  of  the 
thi7'd. 

Take  the  fixed  vertex  A  for  pole,  and  AP 

perpendicular  to  the  fixed  line  for  axis,  then 

AC  =  p,  CAP  =  0.     Now  since  the  angles  of 

ABC   are  given,  AB   is  in  a  fixed  ratio  to 

AC  (=  7?iAC)  and  BAP  =  B  -  a;  but  AB  . 

cos  BAP  =  AP ;  therefore,  if  we  call  AP,  a, 

we  have 

mp  cos  {B  -  a)  =  a, 
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which  (by  Art.  40)  is  the  equation  of  a  right  line,  making  an 
angle  a  with  the  given  line,  and  at  a  distance  from  A  =  — 

Ex.  3.   Given  base  and  sum  of  sides  of  a  triangle,  if  at  either 
extremity  of  the  base  B  a  perpendicular  be  erected  to  the  conter- 
minous side  BC,  to  meet  the  external  bisector  of  vertical  angle  CP,  to 
find  the  locus  of  the  point  of  meeting  P. 

Let  us  take  the  point  B  for  our  pole,  then  BP  will  be  our 
radius  vector  p ;  and  let  us  take  the  base  produced  for  our  fixed 
axis,  then  PBD  =  0,  and  our  object  is  to 
express  jO  in  terms  of  Q.     Let  us  designate 
the  sides  and  opposite  angles  of  the  trian- 
gle a,  6,  c,  A,  B,  C,   then  it  is  easy  to       ^/  \     y^^ 
see,  that  the  angle  BCP  =  90°  -  ^0,  and   ^  ^g       g 
from  the  triangle  PCB,  that  a  =  p  tan  ^C. 

Hence  it  is  evident,  that  if  we  could  express  a  and  tan  ^C  in 
terms  of  0,  we  could  express  p  in  terms  of  ^.    Now  from  the  given 

triangle  we  have        /•>        <,       o      o  t> 

&  0^  =  a^  +  c^  -  lac  cos  J3, 

but  if  the  given   sum  of  sides  be  m,  we  may  substitute  for  6, 
m  -  a;  and  cos  B  plainly  =  sin  0 ;  hence 

w?  -  2am  +  a^  =  a^  +  c'  -  2ac  sin  9, 

hence  rr^  ■-  <? 

a  = 


2  {m  -  c  sin  6) 

Thus  we  have  expressed  a  in  terms  of  9  and  constants,  and  it 
only  remains  to  find  an  expression  for  tan  ^C. 

But  „ ,  „      (s  -  a)  (s  -  b)   ^  J.    ,   ,   „  .     .... 

tannic  =  -     s/slc)      '  ^        -^  "^    ^''^-  ^    ^' 

c2-(a-by  ,  .  ,         ^      c"^  -(a-  by 

=  -. J ^-T ^ r,  or  (since  a  +  b  =  7n)  =  - — „ — :^  I 

{a  +  b  +  c)  {a  +  b  -  c)         ^  ^  m'  -  c' 


again 


,      ^  m  sin  9  -  c 

a  -  b  =  2a  -  m  -  c = — 75- ; 

m  -  c  sm  9 


hence  „      .        ,.,       „  (m^  -  c^)  cos  ^0 

c2  _  (a  -  by  =  c^  ~ -■ — ziw  > 

^  ^  (in  -  c  sm  9y 

therefore  ,  „         c  cos  0 

tan  iC 


m  -  c  sin  9 
We  are  now  able  to  express  p  in  terms  of  9,  for,  substitute  in 
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the  equation  a  =  p  tan  ^C  the  values  we  have  found  for  a  and 
tan  ^C,  and  we  get 

m^  -  c^  pc  cos  0  vp?  -  <?■ 

o7 '• — S\  =  7 • — S\>     or  P  cos  \j  =  — 

2  (m  -  c  sm  t/)      (m  -  c  sin  t;)  ^  2c 

Hence  the  locus  is  a  line  perpendicular  to  the  base  of  the  triangle 
at  a  distance  from  B  = ; 

ZG 

The  student  may  exercise  himself  with  the  corresponding 
locus,  if  CP  had  been  the  internal  bisector,  and  if  the  difference  of 
sides  had  been  given. 

Ex.  4.  Given  n  fixed  right  lines  and  a  fixed  point  O;  ifthrougJt 
this  point  any  radius  vector  he  drawn  meeting  the  right  lines  in  the 
points  r[,  r-2,  rs  .  .  .  .  r„,  and  on  this  a  point  R  be  taken  such  that 

TT^  =  -^r—  +  ^ —  +  7:r—  +  .  .  .  .  7^^ — ,  to  find  the  locns  of  R. 
OR      Ori       O?'o       Ors  Orn       ''  "^ 

Let  the  equations  of  the  right  lines  be 

p  cos  (0  -  a)  =  p\ ;     p  cos  (0  -  j3)  =  p2,  &c. 

Hence  it  is  easy  to  see  that  the  equation  of  the  locus  is 

n      cos(9-a)      cos  (0-/3)      o 

-  = ^ + ^ —^  +  &c. 

the  equation  of  a  right  line  (Art.  40).     This  theorem  is  only  a 
particular  case  of  a  general  one  which  we  shall  prove  afterwards. 


CHAPTER  IV. 

APPLICATION    OF    ABRIDGED    NOTATION    TO    THE    EQUATION    OF   THE 

RIGHT  LINE. 

47.  In  the  preceding  examples  we  generally  endeavoured  to 
simplify  our  calculations  by  a  particular  choice  of  the  axes  of  co- 
ordinates. It  will  in  many  cases,  however,  be  found  more  advan- 
tageous to  give  the  axes  their  most  general  position ;  the  equations 
gaining  in  symmetry  more  than  an  equivalent  for  what  they  seem 
to  lose  in  simplicity.     And  in  the  present  chapter  we  proceed  to 


48  THE  RIGHT  LINE — ABRIDGED  NOTATION. 

lay  down  some  principles  of  importance  in  the  geometrical  inter- 
pretation of  equations,  whatever  be  the  position  of  the  axes. 

It  may  be  well,  however,  first  to  remark,  that  no  transformation 
of  co-ordinates  can  increase  or  diminish  the  degree  of  an  equation. 
It  cannot  increase  the  degree,  for  (Art.  14)  in  the  most  general 
case  of  transformation  we  have  to  substitute  for  x  and  y  functions 
of  the  form  {Ax  +  Bi/  +  C).  If,  therefore,  the  highest  powers  in 
the  original  equation  be  .«'",  t/"",  &c.,  the  highest  terms  in  the 
transformed  equation  will  be  {Ax  +  Bz/  +  C)'",  &c.,  which  evi- 
dently cannot  contain  powers  of  a*  or  y  beyond  the  m"*  degree. 

Nor  can  transformation  diminisli  the  degree  of  an  equation, 
since  by  transforming  the  transformed  equation  back  again  to  the 
old  axes,  we  must  fall  back  on  the  original  equation,  and  if  the 
first  transformation  had  diminished  the  degree  of  the  equation, 
the  second  should  increase  it,  contrary  to  what  has  been  just 
proved. 

48.  Let  the  equation  of  one  line  be  x  cos  a  +  y  sin  a  -  j?  =  0, 
and  of  another  x  cos  j3  +  ?/  sin  j3  -  p'  =  0,  then  the  equation 

{x  cos  a  +  ?/  sin  a  -  J9)  -  /;  {x  cos  /3  +  ?/  sin  j3  -  p')  =  0' 
where  k  is  any  constant,  will  represent  a  right  line  passing  through 
the  intersection  of  these  two  lines ;  for  it  is  evidently  the  equation 
of  a  right  line,  and  since  the  co-ordinates  of  the  point  of  inter- 
section must  satisfy  the  two  equations 

X  cos  a  +  ;y  sin  a  -  p  =  0,  and  x  cos  j3  +  ?/  sin  j3  -  p'  =  0, 
they  must  satisfy  the  equation 

{x  cos  a  +  y^ina  -  p)  -  k  {x  cos  /3  +  ?/  sin  j3  -  p')  =  0, 
for,  when  substituted  in  it,  they  will  render  each  member  =  0. 

The  principle  here  established  is  of  great  importance,  and  one 
of  which  we  shall  make  constant  use.  It  may  be  generalized  as 
follows :  Let  s  =  0,  s'  =  0,  be  the  abbreviations  for  two  equations 
of  any  degree  ;  then  s  +  ks  =  0  denotes  a  curve  passing  through 
every  point  common  to  the  loci  represented  by  s  =  0,  5  =  0.  For 
the  equation  is  manifestly  satisfied  by  any  values  of  the  co-ordi- 
nates which  make  s  and  s  separately  =  0. 

49.  Attention  to  this  principle  often  enables  us  simply  to  con- 
struct geometrically  the  right  line  represented  by  a  given  equa- 
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tion.  For  the  very  form  of"  tlie  equation  often  indicates  in  this 
manner  some  remarkable  point  through  which  it  passes,  and  if 
we  can  thus  determine  two  points  in  the  right  line,  we  can  of 
course  construct  the  right  line.  The  learner  will  find  it  a  profit- 
able exercise  to  go  over  the  examples  of  the  last  chapter,  and  to 
endeavour  in  this  manner  to  construct  geometrically  the  locus 
found  in  each.    Thus  in  Ex.  6,  p.  39,  we  obtained  the  equation 


P     V 1 

Now,  from  what  has  been  said,  it  appears  that  this  is  a  line  pass- 
ing through  the  intersection  of  the  lines 

-+-,  +  -=  0,     and  ^  -  -  +  -  =  0. 
p      s      p  s      p      p 

But  on  turning  to  the  example  cited,  it  will  be  found  that  these 
latter  are  the  equations  of  lines  drawn  through  the  extremities  of 
the  base  of  the  triangle  perpendicular  to  the  conterminous  sides  ; 
the  locus  is,  therefore,  the  right  line  joining  the  intersection  of 
these  perpendiculars  to  the  vertex.  And  so  in  like  manner  for 
the  other  examples. 

Or,  again,  the  same  principle  will  often  save  us  labour  in  the 
formation  of  equations.  Thus,  if  it  were  required  to  find  the 
equation  of  the  line  joining  the  point  x'y  to  the  intersection  of 
the  right  lines  Ax  +  By  +  C  =  0,  A!x  +  By  +  C  =  0,  instead  of 
first  finding  the  co-ordinates  of  the  intersection  of  these  lines,  and 
then  forming  the  required  equation  by  Art.  33,  we  may  at  once 
write  down  the  equation  of  a  line  through  the  intersection  of  the 
given  lines 

Ax  +  V,ij  +  C-k  (A'x  +  By  +  C)  =  0, 
and  determine  k  from  the  consideration  that  this  equation  must 
be  satisfied  by  the  co-ordinates  x'y.     The  required  equation  is, 
therefore, 

(AV  +  By  +  C)  {Ax  +  By  +  C)  =  (Ax  +  By'  +  C)  ( A;^  +  By  +  C). 

50.  The  reader  will  often  find  it  convenient  to  use  abbrevia- 
tions for  the  quantities  x  cos  a  +  y  sin  a  -  p,  &c.  Let  us  call 
a;  cos  a  +  y  sin  a  -  p,  a,  and  x  cos  /3  +  y  sin  j3  -  2^',  ft,  then  we 
have  proved  that,  if  a  =  0,  f 3  =  0,  be  the  equations  of  two  lines, 

H 
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a  -  A-/3  =  0  is  the  equation  of  a  line  passing  tlirough  the  point 
of  intersection  of  these  two  lines.  We  shall,  for  brevity,  call 
these  the  lines  a,  j3,  and  their  point  of  intersection  the  point  a/3. 
We  shall  too  have  occasion  often  to  use  abbreviations  for  the 
equations  of  lines  in  the  form  A.v  +  By  +  C  =  0.  We  shall  in  these 
cases  make  use  of  Roman  letters,  reserving  the  letters  of  the 
Greek  alphabet  to  intimate  that  the  equation  is  in  the  form 

ss  cos  a  +  ?/  sin  a  -  p  =  0. 

51.  The  principle  of  Art.  48  may  be  otherwise  stated  thus: 
Th?'ee  right  lines  ivill  pass  through  the  same  point,  if,  their  equations 
being  multiplied  each  by  any  constant  quantity  and  added  together, 
the  sum  is  identically  =  0.  For,  if  between  three  equations  a  =  0, 
j3  =  0,  7  =  0,  there  exist  the  identical  relation  la  +  w^jS  +  ny  =  0, 

I  7/1 

then  the  equation   of  the  third  line  is  7  = a 3  =  0,  an 

^  '  71  71 

equation  of  the  form  discussed  in  Art.  48  ;  or,  more  directly,  it 
is  evident  that  any  values  of  the  co-ordinates,  which  make  a  =  0, 
j3  =  0,  must,  by  virtue  of  the  relation,  la  +  m[5  +  7iy  =  0,  make 
7  =  0  also. 

52.  Let  us  take,  as  an  illustration  of  the  application  of  this 
principle,  the  first  example,  Art.  42,  "  the  three  perpendiculars  of 
a  triangle  meet  in  a  point." 

Let  the  co-ordinates  of  the  vertices  of  the  triangle  be  xi  y\, 
x.^y-z,  xzyz.     Now  (Arts.  33,  39)  the  equation  of  a  line  through 
xzyz^  perpendicular  to  the  line  joining  x^yx,  x^  y-z,  is 
{xi  -  x-z)  {x  -  xz)  +  (^1  -  yz)  (ij  -y^)  =  0. 

The  advantage  of  using  symmetrical  equations  is,  that  no  new 
calculation  is  necessary  to  find  the  equations  of  the  other  two 
perpendiculars,  but  that  we  have  merely  to  interchange  .^i  x-z  x^, 
&c.,  as  at  note,  p.  22.     The  equations  are 

{xz  -  X2)  {x  -  xi)  +  (t/2-  2/3)  (2/  -  !/i)  =  0, 
(^3  -  ^1)  (^  -  x-z)  +  (yz  -  ?/,)  (y  -  y.i)  =  0. 

Now,  it  will  be  seen  that  when  these  three  equations  are  added 
together,  their  sum  vanishes ;  therefore,  by  the  principle  just  laid 
down,  the  three  lines  meet  in  a  point.  The  reader  will  find  it 
useful  to  work  out  by  symmetrical  equations  the  other  examples 
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of  Art.  42.     We  shall  presently  give  still  shorter  solutions  of  the 
same  questions. 

53.  We  proceed  to  examine  the  meaning  of  the   coefficient  k 
in  the  equation  a  -  kj3  =  0.     We  saw  (Art.  31)  - 

that  the  quantity  a  (that  is,  x  cos  a  -^  ?/  sin  a  -  /')  /^\  p 

denoted  the  length  of  the  perpendicular  let  fall  from 
any  point  xi/,  on  the  line  OA  (which  we  suppose 
represented  by  a).     Similarly,  that  /3  is  the  length 
of  the  perpendicular  from  the  point  x>/,  on   the  line  OB,  repre- 
sented by  /3.     Hence  the  equation 


a  -  hS  =  0, 


or  -:;  =  X; 
.     i3 


asserts,  that  if  from  any  point  of  the  locus  represented  by  it,  per- 
pendiculars be  let  fall  on  the  lines  OA,  OB,  the  ratio  of  these 

PA 

perpendiculars,  that  is,  ^^jt-,  "^'ill  be  constant,  and  =  h.    Hence  the 

locus  represented  by  a  -  /./3  =  0  is  a  right  line  through  O,  and 


k  = 


PA 


sin  POA 


or  = 


PB'         ^'      sin  POB 

It  follows  from  the  conventions  concerning  signs  (Art,  31)  that 
a  +  kj3  =  0,  denotes  a  right  line   dividing  externally  the  angle 

.  „  „  .  .     ,       sin  POA       , 

AUB  into  parts  such  that  —. — t^,^„-  =  fc. 
^  sm  POB 

54.  If  a  -  li3  =  0,    a  -  1)3  =  0,   be  the 

equations  of  two  lines,   then  p   will  be    the 

anharmonic  relation  of  the  pencil  formed  by 
the  four  lines  a,  /3,  o  -  h\3.  a  -  1)3,  for 


k 


sin  POA 


k'  = 


sin  POA 


sin  POB  '         '^       sin  P  OB  ' 

k      sin  POA  ■  sin  P  OB 
•'T'~^iTPOB.sinP'OA' 

but  this  is  the  anharmonic  ratio  of  the  pencil.* 


*  I  suppose  the  reader  to  be  already  acquainted  with  the  fundamental  theorem,  that 
if  these  four  lines  be  met  by  any  transverse  line  in  four  points  A,  B,  P.  P  :  then  the  ratio 

'■ is  constant,  and  =  -  .     In  fact,  let  the  perpendicular  from  0  on  the  transverse 

Bl'  .  PA  k 
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The  pencil  is  an  harmonic  pencil  wlien  y>  =  -  1,  for  then  the 

angle  AOB  is  divided  internally  and  externally  into  parts  whose 
sines  are  in  the  same  ratio.  Hence  we  have  the  important  theo- 
rem, tico  lines  whose  equations  are  a  -  ^'/3  =  0,  a  +  ^/3  =  0,  form 
with  a,  (i,  an  harmonic  pencil. 

55.  In  general  the  anharmonic  relation  of  four  lines  a  -  k^, 

a  -  Ip,  a  -  7)in,  a  -  nlj,  is — -, — j^-     tor   let   the  pencil 

'  {?i  -  m)  {I  -  fc)  '■ 

be  cut  by  any  parallel  to  j3  in  the 

four  points  K,.  L,  M,  N   and  the 

.    .   NL . MK     ^       . 
ratio  IS  T-—-, — r-=^.    Jiut  since  p  has 
NM . Lk  ' 

the  same  value   for  each  of  these 
four  points,  the  perpendiculars  from  O  P 

these  points  on  a  are  (by  virtue  of  the  equations  of  the  lines)  pro- 
portional to  k,  I,  m,  n  ;  and  AK,  AL,  AIM,  AN,  are  evidently 
proportional  to  these  perpendiculars ;  hence  NL  is  proportional  to 
n  -  l\  MK  to  m  -  ^  ;  NM  to  n  -  m  ;  and  LK  to  ^  -  h. 

56.  We  infer,  as  a  particular  case  of  Art.  53,  that  the  equation 
of  the  line  bisecting  the  angle  betioeen  tioo  lines  a  and  j3  is  a  -  /3  =  0 ; 
for  the  perpendiculars  on  the  two  lines  from  any  point  of  the  bi- 
sector are  equal.  That  is,  writing  at  full  length,  the  equation  of 
the  line  bisecting  the  angle  between  the  lines 

.X  cos  a  +  y  sin  a  -  p  =  0,  and  a  cos  /3  +  ?/  sin  /3  -  p'  =  0, 
is  X  cos  a  +  t/  sin  a  -  p  =  tV  cos  /3  +  ?/  sin  /3  -  p. 

If  we  were  required  to  find  the  equation  of  the  line  bisecting 
the  angle  between  the  lines  ^^ 

A^  +  B?/  +  C  =  0  and  A'^  +  B'y  +  C  -  0, 

we  should  (Art.  30)  reduce  each  equation  to  the  form 

x  cos  a  +  y  sin  a  -  p  =  0, 
and  we  should  find  for  the  equation  of  the  bisector 

Ax  +  By  +  C  _  A'x  +  By  +  C  ' 

V(A2+B2)   ~    v/(A'2+B'2)  ' 

line  =  p,  then  p  .  AP  =  0 A .  OP .  sin  POA  (both  being  double  the  area  POA) ;  p.?'B  = 
O?  .  015 .  sin  P OB  ;  ;) .  BP  =  OB  .  OP  sin  BOP ;  /) .  FA  =  OP' .  OA  sin  POA  ;  hence 
the  truth  of  the  theorem  can  immediately  be  deduced. 


THE  RIGHT  LINE — ABRIDGED  NOTATION.  53 

The  equation  of  the  external  bisector  is,  in  like  manner, 
a  +  j3  =  0,  and  we  see  (from  Art.  54)  that  the  four  lines  a,  /3, 
o  -  /3,  a  +  /3,  form  an  harmonic  pencil  as  is  geometrically  evident. 

57.  Tlie  three  internal  bisectors  of  the  angles  of  a  triangle  meet 
in  a  point. 

Let  the  sides  be  a,  j3,  7,  and  the  equations  of  the  bisectors  are 
a_j3  =  0,  |3-7  =  0,  7-0=0,  and  since  the  sum  of  these  equa- 
tions is  identically  =  0,  it  follows  from  Art.  51,  that  the  three  lines 
meet  in  a  point. 

Any  two  external  bisectors  of  the  angles  of  a  triangle  meet  on  the 
internal  bisector  of  the  third. 

For  their  equations  are  a  +  /3  =  0,  /3  +  7  =  0,  y  -  a  =  O',  and 
if  we  multiply  the  second  by  -  1,  and  add  the  three  together,  the 
sum  is  identically  =  0. 

58.  The  lines  a  -  A-/3  =  0,  and  ka  -  (3  =  0,  are  plainly  such 
that  one  makes  the  same  angle  with  the  line  a  which  the  other 
makes  with  the  line  (5,  and  are.  therefore  equally  inclined  to  the 
bisector  a  -  /3. 

Hence,  if  through  the  vertices  of  a  triangle  there  be  draicn  any  three 
lines  meeting  in  a  point,  the  three  lines  drawn  through  the  same 
angles,  equally  inclined  to  the  bisectors  of  the  angles,  will  also  meet 
in  a  point. 

Let  the  sides  of  the  triangle  be  a,  /3,  7,  and  let  the  equations 
of  the  first  three  lines  be 

la  -  7w/3  =  0,     w?/3  -  ny  =^0,     ny  -  la  =  0, 
which,  by  the  principle  of  Art.  51,  are  the  equations  of  three  lines 
meeting  in  a  point,  and  which  obviously  pass  through  the  points 
a/3,  /37,  and  7a.     Now,  from  this  Article,  the  equations  of  the 
second  three  lines  will  be 

«      @..0,     e._I.O,     and:y-^  =  0, 
I       m  m      n  n      t 

which  (by  Art.  51)  must  also  meet  in  a  point. 

59.  We  may  apply  these  principles  to  deduce  analytically  the 
harmonic  properties  of  a  complete  quadrilateral. 

Let  the  equation  of  AC  be  a  =  0  ;  of  AB,  /3  =  0 ;  of  BD,  7  =  0 ; 
of  AD,  la  -  ?n/3  =  0 ;  and  of  BC,  m^  -  ny  =  0.    Then  we  are  able 
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to  express  in  terms  of  these  quantities  the  equations  of  all  the  other 
lines  of  the  figure. 

For  instance,  the  equation  of  CD 

is  la  -  ???/3  +  ny  =  0, 

for  it  is  the  equation  of  a  right  line 

passing  through   the  intersection  of 

la  -  m(5  and  y,  that  is,  the  point  D, 

and  of  a  and  m(5  -  ny,  that  is,  the     ^^       \  ^"^^-^^  F 

point  C.     Again,  la  -  ny  =  0  is  the    A 

equation  of  OE,  for  it  evidently  passes  through  the  intersection  of 

a  and  y  or  E,  and  it  also  passes  through  the  intersection  of  AD 

and  BC,  since  it  is  =  {la  -  »Jj3)  +  (?nj3  -  ny). 

The  equation  of  EF  is 

la  +  ny  =  0. 
This  is  evidently  the  equation  of  a  right  line  passing  through  the 
point  E  or  ay,  and  it  also  passes  through  the  point  F,  for  it  is 
=  {la  -  ?nj3  +  ny)  +  m^,  and,  therefore,  passes  through  the  inter- 
section of  CD  and  AB. 

From  Art.  54  it  appears,  that  the  four  lines  EA,  EO,  EB, 
and  EF,  form  an  harmonic  pencil,  for  their  equations  have  been 
shown  to  be  „^  ^^  /„  _  ny,  and  la  +  ny. 

Again,  the  equation  of  FO  is 

la  -  2m^  +  ny  =  0, 
for  this  is  a  Une  passing  through  the  points  {la  +  ny,  ft),   and 
{la  -  mft,  mft  -  ny). 

Hence  (Art.  54)  the  four  lines  FE,  FC,  FO,  and  FB,  are  an 
harmonic  pencil,  for  their  equations  are 

la  -  mft  +  ny,  ft,    la-  nift  +  ny  +  mft,  and  la  -  mft  +  ny  -  mft. 

Ao^ain,  OC,  OE,  OD,  OF,  are  an  harmonic  pencil,  for  their 
equations  are 

la  -  mft,  mft  -  ny,  la- mft  +  mft  -  ny,  and  la  -  mft  -  {mft  -  ny). 

60.  We  shall  choose,  as  another  example,  the  system  of  lines 
formed  by  drawing  through  the  angles  of  a  triangle  three  lines 
meeting  in  a  point. 

Let  the  equation  of  AB  be  7  =  0 ;  of  AC  ft  =  0;  of  BC  a  =  0 ; 
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tlien  we  shall  assume  for  OC  la  -  mjd ;  for  OA  m[5  -  ny ;  and  for 
OB  ?iy  -  ^a(as  in  Art.  58) ;  these  three  lines  meet  in  a  point,  since 
these  three  quantities  added  together  are  =  0. 

Now  we  can  form  the 
equations  of  all  the  other 
lines  in  the  figure. 

For  example,  the  equa- 
tion of  EF  is 

???/3  +  n-y  -  /a  =  0, 
since  it  passes  through  the 
points    (j3,  ny  -la)   or   E, 
and  (y,  ?7?j3  -  la)  or  F. 

In  like  manner,  the  equation  of  DF  is 

la  -  m(3  +  ny  =  0, 
and  of  DE  la  +  m/3  -  ny  =  0. 

Now  we  can  prove,  that  the  three  points  L,  M,  N  are  all  in 
one  right  line,  whose  equation  is 

la  +  m^  +  ny  =  0, 

for  this  line  passes  through  the  points  {la  +  w?|3  -  ny,  y)  or  N, 
{la  -  ?w/3  +  wy,  /3)  or  M,  and  (mj3  +  ny  -  la,  a)  or  L. 
The  equations  of  CN  is 

la  +  m^  =  0, 

for  this  is  evidently  a  line  through  (a,  j3)  or  C,  and  it  also  passes 
through  N,  since  it  =  (la  +  ???/3  +  ny)  -  ny. 

Hence  BN  is  cut  harmonically,  for  the  equations  of  the  four 
lines  CN,  CA,  CF,  CB,  are, 

a,  ft,  la  -  7)ift,   la  +  mft. 

We  shall  often  afterwards  meet  with  equations  of  the  form  dis- 
cussed in  this  article. 

61.  If  two  triangles  be  such  that  the  intersections  of  the  corres- 
ponding sides  lie  on  the  same  right  line,  the  lines  joining  the  corres- 
ponding vertices  meet  in  a  point. 

Let  the  sides  of  the  triangles  be  a,  j3,  y ;  a,  ft',  y  ;  then  the 
equation  of  the  line  (L)  on  which  the  sides  intersect  must  admit 
of  being  expressed  in  any  of  the  three  forms 

1j  ^  aa  -^  da  =  bft  +  b'ft'  =  cy  +  c'y  =  0. 
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Now  aa  -  bft  =  0,  is  the  equation  of  the  line  joining  a|3,  a')3';  for 
it  obviously  passes  through  a/3,  and  it  follows  from  the  equiva- 
lence of  the  first  two  expressions  for  L  that  aa  -  b[5  =  h'[5'  -  a'a  : 
it  must  therefore  also  denote  a  line  passing  through  a'/3'.  But 
the  three  lines 

aa-  h(i  =  0,     l>ft  -  cy  =  0,     cy  -  aa  =  0, 

meet  in  a  point.  It  is  easy  to  show  that  the  converse  of  this 
theorem  is  equally  true. 

The  three  points,  where  the  line  joining  a/3',  ali^,  meets  y,  where 
the  line  joining  /3y',  ^'y,  meets  a,  and  where  the  line  joining  ya,  ay, 
meets  /3,  lie  in  one  right  line. 

We  have  as  before 

aa  -  l>'[i'  =  5/3  -  a'a, 
therefore  aa  -  h'fd'  (=  aa  +  i/3  -  L)  =  0,  is  the  equation  of  the  line 
joining  a'/3,  a/3'.  And  aa  +  5/3  +  cy  -  L  =  0,  is  the  equation  of  a 
line  through  the  point  where  this  line  meets  -y.  But  the  sym- 
metry of  the  equation  shows  that  this  line  also  passes  through  the 
point  where  the  line  joining  (iy,  (i'y,  meets  a,  and  where  the  line 
joining  ya,  ay,  meets  (5* 

62.  In  the  last  Articles  we  were  given  the  equations  of  three 
lines  a,  /3,  y,  and  we  were  able  to  express  all  the  other  lines  with 
which  we  were  concerned,  by  equations  of  the  form 

a  +  l'(5  +  ly  =  0. 
We  proceed  now  to  show  that  there  is  no  line  whose  equation 
may  not  be  put  into  the  same  form,  for  since  this  equation  con- 
tains two  arbitrary  constants,  k  and  I,  we  can  determine  k  and  / 
so  that  a  +  A/3  +  ly'\  shall  pass  through  any  two  points,  and 
therefore  a  +  A'/3  +  ly  must  coincide  with  the  equation  of  the  line 
joining  the  two  points.     We  substitute  in  the  equation 

a  +  Jcft+  ly  =  0 

*  The  demonstrations  in  this  article  are  taken  from  a  memoir  by  M.  Plucker — (  Crelle, 
vol.  V.  p.  274.) 

f  It  is  evident  that  the  equation  la  +  mj5  +  ny,  though  it  appears  to  contain  a  con- 
stant more,  is  not  in  reality  more  general  than  the  equation  a  +  kfi  ■{  ly  =  0,  for,  dixdd- 

ing  by  the  coefficient  of  a,  it  is  reduced  to  the  same  form, 

t 
ni  ^     n 
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the  co-ordinates  of  the  two  points,  and  we  get  two  conditions 

a  +  k[i'  +  ly'  =  0,  and  a"  +  k^"  +  ly"  =  0, 

which  are  sufficient  to  determine  k  and  I  {a,  &c.,  being  what  a 
or  a;  cos  a  +  ?/  sin  a  -  p  becomes,  when  ,v'  and  ?/'  are  substituted  for 
a;  and  ?/).* 

63.  There  is  one  case,  however,  in  which  it  would  at  first  ap- 
pear impossible  to  affix  any  meaning  to  the  equation 

a-tk(^  +  ly^O. 

Let  the  sides  of  the  triangle  formed  by  the  lines  a,  /3,  y,  be 
a,  b,  c,  and  let  us  inquire  what  line  is  represented  by  the  equation 

aa  +  b(i  +  Cy  =  0. 
Since  a  denotes  the  perpendicular  from  any  point  O  on  a,  aa 
is  double  the  area  of  the  triangle  OBC  ;  in  like  manner,  bfi  is 
double  OAO,  and  cy  is  double  OAB ;  therefore,  aa  +  bji  +  cy  is 
always  double  the  triangle  ABC,  and  can  never  ==0,  if  O  be  any 
point  within  the  triangle.  Nor  is  the  difficulty  removed  by  sup- 
posing the  point  O  outside  the  triangle.  If,  for  instance,  the 
point  O  were  below  the  base,  we  must  then  give  a  negative  sign 
to  the  perpendicular  a,  and  the  quantity  aa  +  hl^  +  cy  will  then 
be  =  2  (OAC  +  OAB  -  OBC),  that  is,  still  =  twice  the  area  of 
the  triangle  ABC.  It  appears,  therefore,  that  no  point  can  be 
found  either  within  or  without  the  triangle  to  satisfy  the  equation 

aa  +  h(5  +  cy  =  0. 

64.  To  solve  this  difficulty,  let  us  return  to  the  general  equa- 
tion of  the  right  line,  Ax  +  B^  +  C  =  0.     We  saw  that  the  inter- 

O       C 

cepts  which  this  line  cuts  off  on  the  axes  are  -  -r-,  "  tT  '  conse- 
quently, the  smaller  A  and  B  become,  the  greater  will  be  the 
intercepts  on  the  axis,  and,  therefore,  the  more  remote  the  line 
represented  by  Ax  +  B_z/  +  C  =  0.  Let  A  and  B  be  both  =  0,  then 
the  intercepts  become  infinite,  and  the  line  is  altogether  situated 
at  an  infinite  distance  from  the  origin.     Hence  we  arrive  at  the 

*  It  is  worth  remarking  that  the  demonstration  of  Art.  1 1  applies  equally  to  prove 

that  the  length  of  the  perpendicular  on  the  line  o,  from  the  point  which  cuts  the  line 

...  ...  .     ,  ^a '+  mn 

joining  these  points  in  the  ratio  I  -.  m  —  — . 

I 
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conclusion,  that  the  paradoxical  equation  C  =  0,  a  constant  =  0, 
represents  a  right  line  situated  altogether  at  an  infinite  distance 
from  the  origin. 

The  equation,  therefore, 

aa+  l>(i  -{■  cj  =  0; 

or,  which  is  the  same  thing, 

a  sin  A  +  j3  sin  B  +  y  sin  C 

(where  sin  A,  &c.,  are  the  sines  of  the  angles  opposite  a,  &c.),  is 
only  another  form  of  the  equation  C  =  0,  and  is,  therefore,  the 
equation  of  a  line  situate  altogether  at  infinity. 

65.  We  saw  (Art.  38)  that  the  equations  of  two  parallel  lines 
only  differ  in  the  constant  part  of  their  equations,  or  that  a  line 
parallel  to  the  line  a  =  0  has  an  equation  of  the  form  a  +  C  =  0. 
Now  the  last  Article  shows  that  this  is  only  an  additional  illus- 
tration of  the  principle  of  Art.  48.  For,  a  parallel  to  a  may  be 
considered  as  intersecting  it  at  an  infinite  distance,  but  (Art.  48) 
an  equation  of  the  form  a  +  C  =  0  represents  a  line  through  the 
intersection  of  the  lines  a  =  0,  C  =  0,  or  (Art.  64)  through  the  in- 
tersection of  the  line  a  with  the  line  at  infinity. 

Hence  we  can  express  the  eqiiation  of  a  line  drawn  through  a 
point  a/3  parallel  to  a  line  7  =  0,  namely, 

a  sin  A  +  j3  sin  B  =  0, 

for  this  line  evidently  passes  through  the  point  aj3,  and  it  also 
passes  through  the  intersection  of  y  with  the  line  at  infinity, 

o  sin  A  +  /3  sin  B  +  y  sin  C. 

66.  We  shall  now  prove,  by  these  methods,  some  of  the  gene- 
ral properties  of  triangles,  already  investigated  in  the  last  chapter. 

The  three  bisector's  of  the  sides  of  a  triangle  meet  in  a  2^oint 
We  know  that  a  parallel  to  the  base  of  a  triangle,  drawn  through 
vertex,  forms  an  harmonic  pencil  with  the  bisector  of  the  base 
and  the  siaes  ;  therefore,  since  the  equation  of  the  parallel  is 
(Art.  65)  «sinA  +  /3sinB  =  0, 

therefore  (Art.  54),  the  equation  of  the  bisector  is 

asin  A  -  /3  sinB  =  0 
(or  the  truth  of  this  equation  may  be  seen  directly,  since  the  ratio 
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of  the  perpendiculars  on  sides  from  the  point  where  bisector 
meets  base,  plainly  is  sin  A  :  sin  B).     The  equations,  then,  of  the 
three  bisectors  being 
asin  A  -  /3  sin  B  =  0,  j3  sin  B  -  -y  sin  C  =  0,  -y  sin  C  =  asin  A  =  0 

(Art.  51),  these  lines  all  pass  through  the  same  point. 

21ie  three  perijendiculars  of  a  triangle  meet  in  a  point.     The 

perpendicular  of  a  triangle  divides  the  vertical  angle  into  parts, 

which  are  the  complements  of  the  base  angles;  hence  (Art.  53) 

its  equation  is 

a  cos  A  -  j3  cos  B  =  0, 

and  this  must  (Art.  51)  pass  through  the  same  point  with 

/3  cos  B  -  -y  cos  C  =  0,     y  COS  C  -  a  cos  A  =  0. 

67.  7/"  there  he  two  triangles  such  that  the  perpendiculars  from 
the  vertices  of  one  on  the  sides  of  the  other  meet  in  a  point.,  then,  vice 
versa,  the  perpendiculars  from  the  vertices  of  the  second  on  the  sides 
of  the  first  icill  meet  in  a  point. 

Let  the  sides  be  a,  /3,  y,  a,  /3',  7',  and  let  us  denote  by  (a/3) 
the  angle  between  a  and  j3. 

Then  the  equation  of  the  perpendicular 

from  a/3  on  y'  is  a  cos  (|3y')  -  /3  cos  (ay)  =  0, 
from  /3y  on  a  is  /3  cos  (ya)  -  y  cos  (/3a')  =  0, 
from  ay  on  /3'  is  y  cos  (o/3')  -  a  cos  (y/3')  =  0. 

The  condition  that  these  should  meet  in  a  point  is  found  by  elimi- 
nating /3  between  the  first  two,  and  examining  whether  the  re- 
sulting equation  coincides  with  the  third.     It  is 

cos  (a/3')  cos  (/3y')  cos  (ya')  =  cos  (a'/3)  cos  (/3'y)  cos  (ya). 
But  the  symmetry  of  this  equation  shows  that  this  is  also  the  con- 
dition that  the  perpendiculars  from  the  vertices  of  the  second 
triangle  on  the  sides  of  the  first  should  meet  in  a  point. 

68.  We  shall  hereafter  frequently  have  occasion  to  use  the 
equation  of  a  line  passing  through  two  points  given  by  such 
equations  as 

{ka  -  ^  =  0,  ^«  -  y  =  0),  and  (^'a  -  /3  =  0,   /'a  -  y  -  0). 

The  equation  must  be  of  the  form 

ha -{5-^  A  (la-  y)  =  0,   and  also  ^''o  -  ft  +  A' (I'a -  y)  =  0. 
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Comparing  these  we  have 

and  the  equation  is 

{H -  k'l)a+  {I -  0/3  -  (^  -  f-^')y  =  0. 

This  equation  is  that  of  a  line  through  the  two  points,  for  it  is  sa- 
tisfied either  by  putting 

(i  =  ka,  y  =  la,  or  |3  =  '^'a,   ■y=l'a. 

69.  We  shall  conclude  this  chapter  by  applying  the  principle 
established  in  Article  48  to  the  solution  of  an  important  class  of 
questions,  namely,  when  it  is  required  to  prove  that  a  right  line, 
whose  position  is  not  fully  determined  by  the  conditions  of  the 
question,  still  passes  through  a  fixed  point.  We  saw  there,  that 
the  line  Ax  +  B?/  +  C  +  -?•• .  {A\v  +  B>  +  C)  =  0 ; 

or,  what  is  the  same  thing, 

(A  +  kA')  a;  +  {B  +  kB')y  +  C+  kC  =  0, 
where  k  is  indeterminate,  always  passes  throiigh  a  fixed  point, 
namely,  the  intersection  of  the  lines 

Ax  +  B?/  +  C,  and  A'x  +  B'^  +  C. 
Hence,  conversely,  if  the  equation  of  a  right  line  contain  an  in- 
determinate quantity  in  the  first  degree,  the  right  line  will  always 
pass  through  a  fixed  point.     For  example : 

Ex.  1.  Given  vertical  angle  of  a  triangle  and  the  sum  of  the 
reciprocals  of  the  sides,  the  base  icill  always  pass  through  a  fixed 
point. 

Take  the  sides  for  axes,  and  (Art.  30)  equation  of  base  is 

-  +  ^  =  1 
a      0 

and  we  are  given  the  condition 

111  111 

-  +  ^  =  -,    or  -  = , 

a      b      c  oca 

therefore,  equation  of  base  is 

a      c       a 
where  c  is  constant  and  a  indeterminate,  that  is, 
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a 


{x-y)+l-l  =  0. 


1 


x^ 


where  -  is  indeterminate.  Hence  the  base  must  always  pass 
throucfh  the  intersection  of  the  two  lines 

X  -y  =  Q,    and  ^  -  1  =  0. 

Ex.  2.  Giventhree  fixed  lines,  OA,  OB,  OC,  meeting  in  a  jyoint, 
if  the  three  vertices  of  a  triangle  move  one  on  each  of  these  lines,  and 
two  sides  of  the  triangle  pass  through 
fixed  points,  to  prove  that  the  remaining  A. 

side  passes  through  a  fixed  point. 

Take  for  axes  the  fixed  lines  OA, 
OB,  on  which  the  base  angles  move, 
then  the  line  on  which  the  vertex 
moves  will  have   an   equation  of  the 

form  y  =  mx,  and  let  the  fixed  points  be  x'y,  x"y".  Now,  in  any 
position  of  the  vertex,  let  its  co-ordinates  be  x  =  a,  and,  conse- 
quently, y  =  ma ;  then  the  equation  of  AC  is 

{x  -a.)y  -  {xj  -  ma)  x  -t  a  {y  -  7nx')  =  0. 

Similarly,  the  equation  of  BC  is 

(a'"  -  a)y  -  (y"  -  ma)  x  -^  a  (y"  -  mx")  =  0. 

Now,  the  length  of  the  intercept  OA  is  found  by  making 

vr  =  0  in  equation  AC,  or 

a(y' -  mx) 


y 


X 


a 


Similarly,  OB  is  found  by  making  _?/  =  0  in  BC,  or 

a  (y"  -  mx") 


X  = 

y '  -  ma 

Hence,  from  these  intercepts,  equation  of  AB  is 

y"  -  mxi  X  —  a 

X  4 7,  -  y ;  =  a- 

y   -  mx         y  -  mx 

But  since  a  is  indeterminate,  and  only  in  the  first  degree,  this  line 
always  passes  through  a  fixed  point.  The  particular  point  is 
found  by  arranging  the  equation  in  the  form 

/      mx  y 


y 


X 


X  - 


y  -  mx         y  -  mx 


^y  -  mx       y  -  mx 


-  +  1  U  0. 
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Hence  the  line  passes  through  the  intersection  of  the  two  lines 

•^        X  - ,y  =  0, 


y  -  viw  y  -  mx 

and  ^nx  y  ,      /^ 

~7, -,  -    ,  ^     ,  +  1=0. 

y  -  mx       y  -  mx 

Ex.  3,  If  in  the  last  example  the  line  on  tvhich  the  vertex  C 
moves  do  not  pass  through  O,  to  determine  lohether  in  any  case  the 
base  loill  pass  thi'ough  a  fixed  point. 

We  retain  the  same  axes  and  notation  as  before,  with  the  only 
difference  that  the  equation  of  the  line  on  which  C  moves  will  be 
y  =  mx  +  n,  and  the  co-ordinates  of  the  vertex  in  any  position  will 
be  a,  and  ma  +  n.     Then  the  equation  of  AC  is 

(x  -  a)y  ~  {y  -  nia  -  n)  x  +  a  (y  -  mx)  -  nx  ~  0. 

The  equation  of  BC  is 

{m'  -  a)y  -  (?/"  -  ma  -  n)  x  ^-  a  (y"  -  mx")  -  nx"  =  0, 

,   .  a  (y  -  mx)  -  nx  ^      ^-j,      a  (y"  -  mx")  -  nx" 

X  -  a  y  -  ma  -  n 

The  equation  of  AB  is  therefore 

y"  -  ma  -  n  x  -a 

'  a  (?/" -  mx")  -  nx"     ^    a  {y  -  mx)  -  nx 

Now  when  this  is  cleared  of  fractions,  it  will  in  general  contain  a 
in  the  second  degree,  and,  therefore,  the  base  will  in  general  not 
pass  through  a  fixed  point ;  if,  hoioever,  the  points  x'y',  x'y",  lie  in 
a  tight  line  (y  =  kx)  passing  through  O,  we  may  substitute  in  the 
denominators  y"  =  kx",  and  y  =  kx',  and  the  equation  becomes 

y"  -  ma  -  n           x  -  a         ^ ,  . 

X  • T, -  y  ■ ; —  =  a(k  -  m)-  n, 

X  ^  X  V  /  ' 

which  only  contains  a  in  the  first  degree,  and,  therefore,  denotes  a 
right  line  passing  through  a  fixed  point. 

70.  Ex.  ^.  If  a  line  he  such  that  the  sum  of  the  perpeyidiculars 
let  fall  on  it  from  a  number  of  fixed  p>oints,  each  midtiplied  by  a 
constant,  may  =  0,  it  nnll  pass  through  a  fixed  j)oint. 

Let  the  equation  of  the  line  be 

X  cos  «  4-  ?/  sin  a  -  p  =^  0, 
then  the  perpendicular  on  it  from  x'y  is 
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X  COS  a  +  y  sin  a  -  p, 
and  the  conditions  of  the  problem  give  us 
on  {x  cos  a  +  y'  sin  a  -  jo)  +  m  {x"  cos  a  +  y"  sin  a  -  jt?) 

+  m"  {x"  cos  a  +  ?/"'  sin  a  -  p)  +  &c.  =  0, 
or  S  {mx)  cos  a  +  2  {my)  sin  a  -  jt? 2  {m)  =  0, 

using  the  abbreviations  2  {mx)  for  the  sum*  of  the  mx,  that  is, 

mx  +  m  X  +  m  X    +  &c. 
In  like  manner  S  (wi?/')  for 

my  +  m  y   +  m  y    +  &c., 

and  2  {m)  for  the  sum  of  the  ?n's  or 

m  +  m  +  7?i    +  &c. 
Hence  we  get 

p2  (m)  =  2  {7iuv')  cos  a  +  2  (?^??/')  sin  a. 
Substituting  the  value  of  p  in  the  original  equation,  we  get  for 
the  equation  of  the  moveable  line 

xl.  (m)  cos  a  +  ?/2  (m)  sin  a  -  2  {mx)  cos  a  -  2  {iny)  sin  a  =  0, 
or  .t2  (w)  -  2  {mx)  +  {y'2  (m)  -  2  {my')}  tan  a  =  0. 

Now  as  this  equation  involves  the  indeterminate  tan  a  in  the 
first  degree,  it  passes  through  the  fixed  point  determined  by  the 
equations 

a;2  (m)  -  2  (mx)  =  0,  and  ?/2  (m)  -  2  (my)  =  0, 
or,  writing  at  full  length, 

/     /  It     ft  lit     mo  II  II    11  III    III  n 

mx  +  m  X   +  m  X    +  &c.  my  +  my  +  m  y    +  &c. 

m'  +  m"  +  vi"  +  &c.  "^  ?n'  +  m!'  +  m"  +  &c. 

This  point  has  sometimes  been  called  the  centre  of  mean  posi- 
tion of  the  given  points. 

71.  If  the  equation  of  any  line  involve  the  co-ordinates  of  a 
certain  point  in  the  first  degree,  thus, 

(A*'  +  By  +  C)  X  +  {Kx  +  By  +  C)  7/  +  {K'x  +  B"?/'  +  C")  =  0. 

Then  if  the  point  xy  move  along  a  right  line,  the  line  whose 
equation  has  just  been  written  will  always  pass  through  a  fixed 
point.     For,  suppose  the  point  always  to  lie  on  the  line 

\,x  +  My  +  N  =  0, 

*  B\'  sum  we  mean  the  algebraic  sum,  for  any  of  the  quantities  mm',  &c.,  may  be 
negative. 
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then,  if  by  the  help  of  this  relation,  we  eliminate  x  from  the 
given  equation,  the  indeterminate  y  will  remain  in  it  of  the  first 
degree,  therefore  the  line  will  pass  through  a  fixed  point. 

Or,  again,  if  the  coefficients  in  the  equation  Ax  +  By  +  C  =  0, 
be  connected  by  the  relation  aA  -f  iB  +  cC  =  0  {ivhere  a,  b,  c,  are 
constant  and  A,  B,  C,  may  vary)  the  line  represented  by  this  equation 
will  alioays  i^ass  through  a  fixed  point. 

For  by  the  help  of  the  given  relation  we  can  eliminate  C  and 
write  the  equation 

{ex  -  rt)  A  -f  (cy  -  6)  B  =  0, 

a  right  line  passing  through  the  point  [  a"  =  -,     y  =  -\ 


CHAPTER    V. 

EQUATIONS  ABOVE  THE  FIRST  DEGREE  REPRESENTING  RIGHT  LINES. 

72.  Before  proceeding  to  speak  of  the  curves  represented  by 
equations  above  the  first  degree,  we  shall  examine  some  cases 
where  these  equations  represent  light  lines. 

If  we  take  the  equations  of  any  two  lines  and  multiply  them 
together,  the  product  will  represent  the  two  right  lines,  since  it 
is  rendered  =  0  by  any  values  of  the  co-ordinates  which  render 
either  of  its  factors  =  0.  Conversely,  if  any  equation  of  the  second 
degree  can  be  resolved  into  two  factors  of  the  first  degree,  it  re- 
presents two  right  lines. 

The  simplest  example  of  this  is  the  equation  xy  =  0,  which, 
being  satisfied  by  either  of  the  suppositions  a*  =  0  or  ?/  =  0,  is  evi- 
dently the  equation  of  the  two  axes  of  co-ordinates.  Again, 
x^  -  ?/2  =  0  is  divisible  into  the  factors  .r  -  3/  =  0,  .r  +  y  =  0,  and  is, 
therefore,  the  equation  of  the  two  bisectors  of  the  angles  between 
the  axes  (Art.  56).     More  generally,  let  us  take  the  equation 

.f2  -  2)xy  +  q^f  =  0.  I 

Divide  this  by  ?/'■*,  and  it  is  reduced  to  the  form 
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This  quadratic  can  be  resolved  into  the  factors 

I X 


-  M  =  0, 

a  and  b  being  its  roots.  Hence  the  original  equation,  being  the 
product  of  the  two  factors  {x  -  ay)  (x  -  by)  represents  the  two 
lines  signified  by  the  equations  x  -  ay  =  0,x  -  by  =  0,  both  of  which 
pass  through  the  origin. 

73.  Let  us  consider  more  minutely  the  three  cases  where  the 
roots  of  this  equation  are  real  and  unequal,  real  and  equal,  or  both 
imaginary. 

The  first  case  presents  no  difficulty :  a  and  b  are  the  tangents 
of  the  angles  which  the  lines  make  with  the  axis  of?/  (the  axes 
being  supposed  rectangular),  p  is  therefore  the  sum  of  those  tan- 
gents, and  q  their  product. 

In  the  second  case,  when  a  =  b,  it  was  once  usual  among  geo- 
meters to  say  that  the  equation  represented  but  one  right  line 
{x  -  ay  =  0).  We  shall  find,  however,  many  advantages  in  making 
the  language  of  geometry  correspond  exactly  to  the  language  of 
algebra,  and  as  we  do  not  say  that  the  equation  above  has  only 
one  root,  but  that  it  has  two  equal  roots,  so  we  shall  not  say  that  it 
represents  only  one  line,  but  that  it  represents  two  coincident  right 
lines. 

Thirdly,  let  the  roots  be  both  imaginary. 

It  was  usual  to  say,  that  in  this  case  the  equation  does  not  re- 
present any  right  lines,  for  no  real  co-ordinates  can  be  found  to 
satisfy  it,  except  the  co-ordinates  of  the  origin  a'  =  0,  ?/  =  0 ;  hence 
it  was  said  that  in  this  case  the  equation  was  the  equation  of  the 
origin.  Now  this  language  appears  to  ixs  very  objectionable,  for 
we  saw  (Arts.  17,  18)  that  two  equations  are  required  to  deter- 
mine any  point,  hence  we  are  unwilling  to  acknowledge  any 
single  equation  as  the  equation  of  a  point.  Moreover,  we  have 
been  hitherto  accustomed  to  find  that  two  different  equations 
always  had  different  geometrical  significations,  but  here  we  should 
have  innumerable  equations,  all  purporting  to  be  the  equation  of 
the  same  point  ;  for  it  is  obviously  immaterial  what  the  values  of 
p  and  q  are,  provided  only  that  they  give  imaginary  values  for 
the  roots,  or  that  p-  be  less  than  ^q.     We  think  it,  therefore, 
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much  preferable  to  make  our  language  correRpond  exactly  to  the 
language  of  algebra ;  and  as  we  do  not  say  that  the  equation  above 
has  no  roots  whenp^  ig  i^gg  tj^^n  iq,  but  that  it  has  two  iinaginary 
roots,  so  we  shall  not  say  that,  in  this  case,  it  represents  no  right 
lines,  but  that  it  represents  two  imaginary  right  lines.  In  short 
the  equation  a'^  -  pxy  +  qy'^  =  0  being  ahcays  reducible  to  the  form 
{x  -  ay)  {x  -  by)  =  0,  we  shall  always  say  that  it  represents  two 
right  lines  drawn  through  the  origin;  but  when  a  and  b  are  real, 
we  shall  say  that  these  lines  are  real ;  when  a  and  b  are  equal,  we 
shall  say  that  the  lines  coincide ;  and  when  a  and  b  are  imaginary, 
that  the  lines  are  imaginary.  It  may  seem  to  the  student  a  mat- 
ter of  indifference  which  mode  of  speaking  we  adopt ;  we  shall 
find,  however,  as  we  proceed,  that  we  should  lose  sight  of  many 
important  analogies  by  refusing  to  adopt  the  language  here  re- 
commended. 

Similar  remarks  apply  to  the  equation 
Ax^  +  Bxy  +  C?/2  =  0, 

which  can  be  reduced  to  the  form  x^  -  pxy  +  qy^  =  0,  by  dividing 
by  the  coefficient  of  x"^.  This  equation  will  always  represent  two 
right  lines  through  the  origin ;  these  lines  will  be  real  if  B'-^  -  4A0 
be  positive,  as  at  once  appears  from  solving  the  equation ;  they 
will  coincide  if  B-  -  4AC  =  0 ;  and  they  will  be  imaginary  if 
B^  -  4x\C  be  negative. 

74.    To  find  the  angle  contained  by  the  lines  represented  by  the 
equation  a*^  -pxy  +  qy'^  =  0. 

Let  this  equation  be  equivalent  to  (x  -  ay)  {x  -  by)  =  0,  then 

the  tangent  of  the  angle  between  the  lines  is  (Art.  38)  -z -,,  but 

1  +  ab 

the  product  of  the  roots  of  the  given  equation  =  q,  and  the  differ- 
ence =  x/ip"^  -  4q).     Hence 

^  I  +  q 

If  the  equation  had  been  given  in  the  form 

A.t-2  +  Bxy  +  C//2  =  0, 
it  will  be  found  that 

V  (B^  -  4AC) 
*^"^=        ATC       • 


I 


I 
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Hence  the  lines  will  coincide,  or  tan  ^  will  =^  0,  if  p^  =  4.q  in  the 
first  case,  or  B^  =  4AC  in  the  second. 

The  lines  will  cut  at  right  angles,  or  tan  0  will  become  infi- 
nite, if  5"  =  -  1  in  the  first  case,  or  if  A  +  C  =  0  in  the  second. 

75.  It  will  be  a  useful  exercise  on  the  preceding  Articles,  to 
find  the  equation  which  will  represent  the  lines  bisecting  the  an- 
gles between  the  lines  represented  by  the  equation 

Aa'2  +  Ba'^  +  Cf  =  0. 

Let  these  lines  be  .v  -  at/  =  0,  x  -  hy  =  0;  let  the  equation  of 
the  bisector  he  x  -  fxy  =  0,  and  we  seek  to  determine  fx.  Now  it 
is  plain  (Art.  27)  that  fx  is  the  tangent  of  the  angle  made  by  this 
bisector  with  the  axis  of?/,  and  that  this  angle  is  half  the  sum  of 
the  angles  made  with  this  axis  by  the  lines  themselves.  Equating, 
therefore,  tangent  of  twice  this  angle  to  tangent  of  sum,  we  get 

2jjL  a  +  It 

but,  from  the  theory  of  equations, 

a+6  =  -^,         ah  =-^; 
therefore  2fi  B 


^2+2-j5-^-l  =  0. 


1-/^2  C-A' 

or  „     .A-_C 

B 

This  gives  us  a  quadratic  to  determine  fx,  one  of  whose  roots  will 
be  the  tangent  of  the  angle  made  with  the  axis  of?/  by  the  inter- 
nal bisector  of  the  angle  between  the  lines,  and  the  other  the 
tangent  of  the  angle  made  by  the  external  bisector.  We  can  find 
the  combined  equation  of  both  lines  by  substituting  in  the  last 

X 

quadratic  for  fx  its  value  =  -,  and  we  get 

.^•2-h2^^.r?/-?/2  =  0,* 

*  It  is  remarkable  that  the  roots  of  this  last  equation  will  always  be  real,  even  if  the 
roots  of  the  equation  kx'^  +  Bxy  +  Cy^  =  0  be  imaginary,  which  leads  to  tlie  curious 
result,  that  a  pair  of  imaginary  lines  may  have  a  pair  of  real  lines  bisecting  the  angle 
between  them.  It  is  the  existence  of  such  relations  between  real  and  imaginary  lines, 
which  makes  the  consideration  of  the  latter  profitable. 
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and  the  form  of  this  equation  shows  that  the  bisectors  cut  each 
other  at  right  angles  (Art.  74). 

The  student  may  also  obtain  this  equation  by  forming  (Art. 
56)  the  equations  of  the  internal  and  external  bisectors  of  the 
angle  between  the  lines  x  -  ay  =  0,  x  -  by  =  0,  multiplying  these 
together,  and  then  substituting  for  a  +  h,  and  ah  their  values  in 
terms  of  A,  B,  C. 

76.  What  has  been  here  said  of  equations  of  the  second  de- 
gree can  easily  be  extended  to  equations  of  any  degree.  If  we 
take  any  number  of  equations  and  multiply  them  together,  the 
compound  equation  will  represent  the  aggregate  of  all  the  lines 
represented  by  its  factors  ;  for  it  will  be  satisfied  by  the  values  of 
the  co-ordinates  which  make  any  of  its  factors  =  0  :  and,  con- 
versely, if  an  equation  of  any  degree  can  he  resolved  into  otliers  of 
lower  degrees,  it  will  represent  the  aggregate  of  all  the  loci  represented 
by  its  different  factors.  If  an  equation  of  the  n^^  degree,  for  ex- 
ample, can  be  resolved  into  n  factors  of  the  first  degree,  it  will 
represent  n  right  lines.  An  instance  of  this  occurs  in  the  homo- 
geneous equation  of  the  w"*  degree, 

x""  -  px'^'^y  +  qx'^-'^y"-  -  &c.  .  .  .  +  ty"*  =  0. 

Divide  by  y^,  and  we  get 


'aA«-3 


+   (7      -  -&C.  =0. 

Hence  the  equation  is  equivalent  to 

{x  -  ay)  (x  -  hy)  {x  -  cy)  (&c.)  =  0, 
where  a,  b,  c  are  the  roots  of  the  last  equation.  The  homoge- 
neous equation,  therefore,  represents  n  right  lines  passing  through 
the  origin.  Tlie  same  remarks  concerning  equal  or  imaginary 
roots  apply  as  in  Art.  73. 

In  precisely  a  similar  manner,  it  may  be  seen  that  the  equa- 
tion 

(x  -  ay  -p{x  -  ay-^iy  -b)  +  q{x  -  ay-^{y-by  -  &c.  +  t{y  -by=  0 

represents  n  real  or  imaginary  right  lines  passing  through  the 
point  {x  =  a,  y  =  b). 

11.  We  have  seen  (Art.  73)  that  equations  of  the  second  de- 
gree will,  in  some   cases,  represent   riglu  lines  ;    they   will  not, 
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however,  alioays  represent  right  lines,  because  an  equation  of 
the  second  degree  between  two  variables  cannot  in  general  be 
resolved  into  two  factors  of  the  first  degree.  In  order  that  this 
le  should  be  possible,  it  is  necessary  that  a  certain  relation  should 
•e  be  satisfied  by  the  co-efiicients  of  the  equation.  For  example, 
a    suppose  we  were  given  the  general  equation  of  the  second  degree, 

1  +  Aa;  +  B?/  +  C.«2  +  j^xy  +  E?/2  =  0, 

and  that  we  examine  whether  this  can  be  identical  with  the  pro- 
duct of  the  equations  of  any  two  right  lines, 

(1  +  aA-  +  hy)  (1  +  dx  +  h'y)  =  0 
(we  have  made  the  absolute  term  in  each  case  =  1,  in  order  to 
facilitate  the  comparison  of  the  equations) ;  multiplying  out  this 
last  product,  and  equating  the  co-efiicients  of  each  term  to  the 
corresponding  co-efficients  of  the  first  equation,  we  obtain  five 
conditions,  which  must  be  satisfied,  in  order  that  the  equation 

1  +  Ax  +  By+  C.«2  +  D^^,,j  +  E7/2  =  0, 
■^     should  be  resolvable  into  the  factors 

(1  +  ax  +  by)  (1  +  a'x  +  b'y). 
Now  a,  a',  6,  h'  being  arbitrary,  we  can  find  their  values  so  as  to 
satisfy  four  of  these  conditions,  and  if  we  substitute  these  values 
in  the  fifth  equation,  we  shall  obtain  a  relation  -which  must  be 
satisfied  by  the  co-efficients  of  the  equation  of  the  second  degree, 
in  order  that  it  should  represent  two  right  lines.* 


*  We  have  indicated  in  the  text  the  mode  of  proceeding  which  is  most  easily  extended 
to  equations  of  higher  degrees.  In  the  case  of  the  second  degree,  however,  it  is  more 
simple  to  solve  the  equation  directly  for  x  or  y.     Thus,  solving  for  x  the  equation 

A.r2  +  Bxy  +  Cy2  -f  Dx  +  Ey  +  F  =  0, 
we  have 

By  +  D±/{  (B2  -  4AC)  y2  +  2  (BD  -  2AE)  y  +  D^  -  4AF} 
x=- 2A  • 

In  order  that  this  may  be  capable  of  being  reduced  to  the  form  x  =  my  +  «,  it  is  necessary 
that  the  quantity  under  the  radical  should  be  a  perfect  square,  and  the  equation  will  de- 
note two  right  lines  according  to  the  diflerent  signs  we  give  the  radical.  But  the  condi- 
tion that  the  quantity  under  the  radical  should  be  a  perfect  square,  is 

(B2-  4AC)  (D3-  4AF)  ==  (BD  -  2AE)2, 
or  expanding  and  dividing  by  4A, 

AE2  +  CD2  +  FB2  -  BDE  -  4ACF  =  0. 


70  EQUATIONS  REPRESENTING  RIGHT  LINES. 

78.  The  general  equation  of  the  >i"'  degree  will  not  represent 
n  right  lines,  imless  a  still  greater  number  of  conditions  be  ful- 
filled. 

If  it  were  required  to  ascertain  the  number  of  these  conditions, 
we  should  proceed  exactly  as  in  the  last  article.  We  should  mul- 
tiply together  the  equations  of  n  right  lines, 

{I  -V  ax  +  hy)  {I  +  dx  +  Uy)  (1  +  ax  +  h"y)  (&c.)  =  0, 

and  equate  the  co-efficients  of  the  terms  of  the  product  to  the  cor- 
responding co-efficients  in  the  general  equation  of  the  w"*  degree. 
In  order  to  see  how  many  equations  this  would  give  us,  we  must 
examine  how  many  terms  there  are  in  the  general  equation  of  the 
w"*  degree.     Put  it  into  the  form 

1 

+  Ax  +  B^ 

+  Cx""  +  Dxy  +  E^2 

+  F«3  ^.  Qrc2y  +  Hcrj/2  +  K?/3 

+  &c., 

and  it  is  plain  that  the  number  of  terms  in  the  equation  is  the 

sum  of  the  arithmetic  series 

1       o      Q      A  /        IX      (n  + 1)  (w  +  2) 

1  +  2  +  3  +  4. ..  +  («  +  1)  =  ^^- — Y^ " 

Now  the  number  of  conditions  arising  from  the  comparison  of  the 
two  equations  is  one  less  than  this,  since  the  first  term,  1,  is  the 
same  in  both  ;  therefore,  the  number  of  conditions 

_  (/i+  l)(n  +  2)         _  rt  {n  +  3) 

1.2        ^-  ~t:t~' 

Now  there  are  two  arbitrary  quantities  in  the  equation  of  each  of 
the  «  right  lines,  which  will  enable  us  to  satisfy  2n  of  these  con- 
ditions. Hence  the  number  of  relations  remaining  to  be  satisfied 
by  the  co-efficients  of  the  equation  of  the  n^^  degree  is 

w  (n  +  3)  n  (n  -  1) 

LtX  = 


1.2  1.2 


This  is  the  condition  that  the  general  equation  of  the  second  degree  should  represent  two 
right  lines.     It  miglit  also,  in  like  manner,  have  been  expressed 

CB2  -  4AC)  (E2-  4CF)  -  (BE  -  2CD)2  =  0, 

or  (D2  -  4AF)  (E^  -  4CF)  -  (DE  -  2BF)2  =  0. 

We  sliall  afterwards  mention  other  modes  of  obtaining  it. 
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79.  If  it  were  required  to  find  how  many  conditions  should  be 
fulfilled,  that  the  equation  of  the  ?*"'  degree  should  represent  n 
right  lines,  all  passing  through  a  given  point.  Beside  the  con- 
ditions found  in  the  last  Article,' we  shall  have  an  additional  one 
for  each  line  which  is  required  to  pass  through  a  fixed  point ;  the 
number,  therefore,  is 

n  .n-1  n(n  +  1) 

— .1--^ '^  = -172- 
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80.  Before  we  proceed  to  the  general  investigation  of  the 
curves  represented  by  the  complete  equation  of  the  second  degree, 
it  seems  desirable  that  we  should  examine  the  equation  of  the 
circle,  which  ranks  next  to  that  of  the  right  line  in  simplicity. 

In  order  to  find  its  equation  we  have  only  to  express  analyti- 
cally its  fundamental  propert}^,  viz.,  that  the  distance  of  any  point 
on  the  curve  from  the  centre  is  constant. 

Let  the  axes  be  rectangular,  and  the  co-ordinates  of  the  centre 
X  =  a,  y  =  h,  then  (Art.  9)  the  square  of  the  distance  of  any  point 
from  the  centre  is 

and,  putting  this  equal  to  the  square  of  the  radius,  we  get  for  the 
equation  of  the  cvirve 

{x  -  af  +  {y-  by  =  r\ 

If  the  axes  were  oblique  we  should  obtain  in  like  manner  for 
the  equation  of  the  circle  (Art.  10), 

{x  -  aY  +  (y  -  by  +  2  (x  -  a)  (y  -  b)  cos  w  =  r^. 

We  shall,  however,  rarely  employ  oblique  co-ordinates  in  ques- 
tions relating  to  circles. 

81.  By  comparing  these  forms  with  the  general  equation  of  the 
second  degree, 

A.^2  +  J^,ry  +  Cy^  +  Dx  +  'Ey  +  F  =  0, 
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we  can  ascertain  the  condition  that  this  hitter  equation  shoukl 
represent  a  circle. 

If  the  axes  be  rectangular  it  is  evident  that  B  must  =  0  and 
A  =  C,  in  order  that  when  we  divide  by  A  the  equation  may  be 
capable  of  being  put  into  the  form 

(^x  -  a)'  +  {i,  -  by  =  ?'2,  or  .t-2  +f-2aa^-2bi/  +  a^-^  //-  -  ?^  =  0. 

If  the  axes  be  oblique  we  must  compare  the  general  equation 
with  the  equation 

{x  -  ay  +  {y  -  by  +  2(.v  -  a)  {y  -  b)  cos  w  =  r^, 
and  we  find  that  in  this  case  the  general  equation  will  represent 

a  circle,  if  A  =  C,  and  -^  =  2  cos  w. 

A 

If  the  general  equation  of  the  second  degree,  referred  to  rect- 
angular axes,  fulfil  the  conditions  B  =  0,  A=C,  loe  can  find  the 
radius  of  the  circle  represented  by  it,  and  also  the  co-ordinates  of  its 
centre,  thus  fully  determining  the  circle,  both  in  magnitude  and 
position ;  for,  comparing  the  equations, 

D        E        F 

x^  -^  y^  +  —  x  +  -r  y  +  —  =  0, 
^       A        A^     A 

and  .r2  +  y^  -  2ax  -  2by  +  a^  -^  b'  -  r^  =  0, 

we  get        D         _        E         07F       070       o 
A  A  A 

and,  therefore, 

__D       7__^       ^     D2  +  E3  -  4AF 
''""2A'  2A'     '""  4A2  ' 

and  the  general  equation  is  equivalent  to 

/         D  V      /         E  \2     D2  +  E^  -  4AF 

i^^2AJ   ^V-'2a)   = iA^ 

Since  the  coefEcient  F  is  not  used  in  determining  the  co-ordinates 
of  the  centre,  a,  b,  we  learn  that  tico  circles  icill  be  concentric  if 
their  equations  only  differ  in  their  constant  term. 

82.  We  shall  here  give  some  of  the  particular  forms  of  the 
equation  of  the  circle  which  occur  most  frequently  in  practice. 

Firstlv.  Let  the  centre  be  the  origin.  The  co-ordinates  a  and  b 
in  Article  80  become  both  =  0,  and  the  equation  is  .*,•-  +  3/^  =  ^'^.^ 
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This  is  the  simplest  form  of  the  equation  of  the  circle.  It  ex- 
presses (Art.  9)  that  the  distance  of  any  point  on  the  curve  from 
the  origin  is  constant. 

Secondly.  Let  the  centre  lie  on  either  of  the  axes.  If  tlie 
centre  lie  on  the  axis  of  y  we  get  a.  the  .r  of  the  centre,  =  0. 
Hence  the  equation  of  the  curve  is 

or,  if  the  centre  lie  on  the  axis  of  .r.  the  equation  is 

{x  -  ay  -f  r  =  r^- 
By  ob£er\*ing  the  values  of  the  co-ordinates  of  the  centre  given  in 
the  last  section,  we  see  that  the  equation 

a;3  ^  y2  +  D.i'  4-  Ej/  ^  F  =  0 

will  represent  a  circle  having  its  centre  on  the  axis  of  _?/  if  D  -  0, 

and  on  the  axis  of  .r  if  E  =  0. 

Thirdlv.  Let  the  oricria  lie  on  the  circle.     In  this  case  the 

term  F  in  the  general  equation  \Yill  be  =  0,  or  the  equation  will 

be  of  the  form 

a^  +  f  +  Dx  -f  Er/  =  0, 

for  it  is  e^"ident  that  this  equation  "will  be  satisfied  by  the  values 
^  =  0,  y  =  0,  that  is,  by  the  co-ordinates  of  the  origin.*  The  same 
thing  will  be  indicated  by  the  equation 

(x  -  af  -{y-  h)-  =  ?",  if  o:^  -l/^  =  r\ 
that  is,  if  the  distance  of  the  centre  from  the  origin  be  equal  to 
the  radius. 

Fourthly.  Let  the  axes  be  a  diameter  and  a  perpendicular  to 
it  throuofh  either  extremity.  In  this  case  the  two  last  suppositions 
are  combined,  for  we  have  both  the  origin  lying  on  the  circle, 
and  also  the  centre  on  one  of  the  axes.  Hence  in  the  general 
equation  we  must  both  have  F  =  0,  and  also  either  D  or  E  =  0, 
and  the  equation  will  be  .r-  -r  y-  -f  T)x  —  0,  if  the  diameter  be  taken 
for  the  axis  of  .r,  or  x-  ^  y~  +  Y.y  =  0,  if  the  diameter  be  taken  for 
the  axis  of  y. 

In  this  case  the  co-ordinates  of  the  centre  are  either 

X  =  }'  and  y  =  0,  or  else,  x  =  0  and  y  =  r. 


*  The  same  aigument  will  prove,  in  general,  that  an  equation  of  any  degree,  wanting 
tiie  absolute  term,  will  represent  a  cxutk^  passing  through  the  origin. 

L 
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Using  these  values  for  a  and  b  in  the  equation 

(x  -  ay  +  {i/-  by  =  ?-2, 

we  obtain,  for  the  eqviation  of  the  circle, 

x-  -\-  y~  -  2ra;  =  0,  or  else,  a;-  +  ?/-  -  2ri/  =  0. 

This  form  of  the  equation  of  tlie  circle  is  only  second  in  simplicity 
and  usefulness  to  that  first  given  in  this  Article. 

Fifthly.  Let  the  radius  of  the  circle  =  0.  We  have  seen 
(Art.  81)  that  the  square  of  the  radius  of  the  circle  represented 
by  the  equation  Ax^  +  Ay^  +  D^i-  +  P]?/  +  F  =  0  is 

D^^  +  E^  -  4AF 

'  4A^  ' 

hence,  if  D^  +  E^  =  4AF,  the  radius  will  ==  0,  and  the  equation 
may  be  put  into  the  form 

{x  -  ay  +  (i/-  bf  =  0, 

a  and  b  being  the  co-ordinates  of  the  centre. 

It  is  plain,  that  this  equation  can  be  satisfied  by  the  co-ordi- 
nates of  no  point  save  those  of  the  point  (a-  =  a,  y  =  b);  hence  it 
has  been  common  to  say,  that  the  equation 

{x  -  ay  +  (y  -  by  =  0 

is  the  equation  of  this  point.  We  think  it  more  accurate  to  say, 
that  it  is  the  equation  of  an  infinitely  small  circle,  having  for  centre 
the  point  {ab),  though  we  may  occasionally  use  the  shorter -ex- 
pression. We  have  seen  (Art.  76)  that  it  may  also  be  considered 
as  the  equation  of  two  imaginary  y^iglit  lines  passing  through  the 
point  {ab),  since  it  can  be  resolved  into  the  factors 

{x  -a)  +  {y-  b)  v/  (-  1)  =  0,  and  {x  -  a)  -  (y  -  b)  v/  (-  1)  =  0. 

These  remarks,  of  course,  apply,  in  like  manner,  to  the  equation 

x'  +  3/2  =  0,  ; 

which  is  a  particular  case  of  the  above.  ! 

Lastly,  in  the  general  equation, 

Ax^  +  Ay^  +  Bx  +  Ey  +  F  =  0, 

let  D^  +  E^  be  less  than  4AF ;  the  radius  of  the  circle  becomes 
imaginary,  and  the  equation,  being  equivalent  to  one  of  the  form 

{x  -  ay  +  (y  -  by  +  i?'2  =  0, 
cannot  be  satisfied  by  any  real  values  of  the  co-ordinates  x  and  y. 
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83.  We  next  proceed  to  show  how  to  form  the  equations  of 
some  of  the  remarkable  lines  connected  with  the  circle,  and  exa- 
mine in  the  first  place  the  equation  of  the  tangent. 

We  shall  in  general  define  the  tangent  to  any  curve  as  the 
line  joining  two  indefinitely  near  points  on  the  curve,  and  its 
equation  will  be  found  by  first  forming  the  equation  of  the  line 
joining  any  two  points  {x'y,  x"y")  on  the  curve,  and  then  making 
x  =  x"  and  y  =y"  in  that  equation. 

To  apply  this  to  the  circle  :  first,  let  the  centre  be  the  origin, 
and,  therefore,  the  equation  of  the  circle  x'^  +y^  =  r^. 

The  equation  of  the  line  joining  any  two  points  (x'y)  and 
{x"y")  is  (Art.  33), 

y -y  ji  -y  . 

SC  XAJ  VU  tAJ 

now  if  we  were  to  make  in  this  equation  y  =y"  and  x'  =  x'\  the 
risfht  hand  member  would  assume  the  indeterminate  form  of  x- 

The  cause  of  this  is,  that  we  have  not  yet  introduced  the  condi- 
tion, that  the  two  points  {x'y\  x'y")  are  on  the  circle.  By  the  help 
of  this  condition  we  shall  be  able  to  put  the  equation  in  a  form 
which  will  not  become  indeterminate  when  the  two  points  are 
made  to  coincide.     For,  since 

r^-  ^  x-'  ^  y-  =  x^  -^^  y^  we  have  x^-x-=y--y^, 
and,  therefore,  y'  _  y"         ^  +  ^" 

X  -  X  y  +  y 

Hence  the  equation  of  the  chord  becomes 

y  —  y         x'  +  x" 
X  -  x         y  ^  y" 

And  if  we  now  make  x  =  x"  and  y  =  y",  we  find  for  the  equation 
of  the  tangent,  y  _  W         x 

X  -  X      y' 

or,  reducing,  and  remembering  that  x'^  +  ?/'-  =  r"^,  we  get  finally 

XX  +  yy  =  ?'^. 

We  might  have  obtained  the  equation  of  the  tangent  {xx  +  yy  =  r-) 
in  another  way,  by  forming  the  equation  of  a  line  through  the 
point  x'y,  perpendicular  to  the  radius,  whose  equation  is  easily 
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seen  to  be  yx  =  x'y.  We  have  preferred,  however,  the  method 
actually  adopted,  both  because  it  is  the  same  as  that  which  we 
shall  employ  in  the  case  of  other  curves,  and  also  because  we 
wish  the  learner  to  perceive  that  all  the  properties  of  the  circle 
can  be  deduced  from  its  equation  without  a  previous  acquaint- 
ance with  the  geometrical  theory  of  the  curve ;  as  in  the  present 
instance,  where  the  equation  just  fovmd  might  be  used  to  'prove 
that  the  tangent  to  a  circle  is  perpendicular  to  the  radius. 

84.  The  method  we  have  used  is  equally  applicable  if  we 
were  given  the  equation  of  the  circle  in  its  most  general  form 
referred  to  any  axes 

Kx^  +  B^r/  +  Kf  +  Da-  +  Ej/  +  F  =  0, 

where  B  =  2A  cos  w.     We  form,  as  before,  the  equation  of  the 

line  joining  two  points,  and  then  by  the  help  of  the  conditions 

that  x'y\  x'y"  are  points  on  the  circle^  we  can  get  an  expression  for 

y  — 11  .         . 

— — ^,  which  will  not  become  indeterminate  when  the  two  points 

coincide.     We  have  the  two  conditions 

A^'2  +  BA-y  +  Ay2  +  D^'  +  Ey  +  F  =  0, 
Kx""  +  ^xy  +  A/2  +  Yix  +  E/  +  F  =  0. 

Subtracting  them 

A  (^'3  -  x^)  -t-  B  {xy-  x'y)  +  A  {y^  -  /2)  +  V>{x-  x")  +  E  (ij-  y")  =  0. 

JNow  xy  -  X  y  =  <v  {y  -  y  )  +  y  \x  -  X  ). 

Hence,  dividing  by  x  -  x",  and  solving  for  —, — ^„  w^e  find 

X  -  X 

y  -  y"         A  {x  +  x")  +  B?/"  +  D 
Z^^  ^  ~  My  +  y")  +  Bx  +  E  ' 

The  equation  of  the  chord  is,  therefore, 

y  -  y  _     A  {x  +  x")  +  By"  +  D 
Z^'  ~  ~  A{y'  +  y")  +  Bx  +  E  ' 

If  the  points  x'y,  x'y  coincide  we  have  the  equation  of  the  tangent 

y-y  _     2  Ax  +By'  +  V> 
x-x  ~~2Ay+B^'  +  E' 

or,  reducing,  and  remembering  that  x'y  satisfies  the  equation  of 
the  curve, 
{2 Ax  +  By  +  D)  X  +  (2Ay  +  Bx  -f  E)  ?/  +  Dx  +  Ey  +  2F  =  0. 
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The  equation  of  the  tangent  when  the  axes  are  rectangular  is 
found  by  making  B  =  0,  in  the  preceding  equation.  If  the  equa- 
tion had  been  given  in  the  form 

0^  -  ay  +  (y  -  bf  =  r\ 

the  equation  of  the  tangent  is 

{x  -  a)  {x  -  a)-r{y-h)  {y  -  b)  =  r^, 

a  form  easily  remembered  from  its  similarity  to  the  equation  of 
the  circle  itself.  This  might  also  have  been  obtained  by  trans- 
formation of  co-ordinates  from  the  equation  given  in  the  last 
article. 

85.  To  find  the  co-ordinates  of  the  points  in  u'hich  a  given  right 
line  meets  a  given  ciixle. 

Let  the  equation  of  the  circle  be  x'^  +  y'^  =  r-,  and  that  of  the 
right  line  x  cos  a+y  sin.  a  =  p.  These  two  equations  are  sufficient 
(Art.  18)  to  determine  the  x  and  y  of  the  intersection.  For  ex- 
ample, finding  the  values  of?/  from  both,  and  equating  them  to 
each  other,  we  get  for  determining  x,  the  equation 

sm  a 

or,  reducing       x-  -  2px  cos  a  +  jo^  -  7'3  sin^a  =  0 ; 

hence,  x  =  p  cos  a  +  sin  o  V  {r-  -  p-), 

and,  in  like  manner, 

y  =  p  sin  a  +  cos  a  ^/  {r^  -  P')- 

(The  reader  may  satisfy  himself,  by  substituting  these  values 
in  the  given  equations,  that  the  -  in  the  value  of  y  corresponds 
to  the  +  in  the  value  of  .r,  and  vice  versa). 

Since  we  obtained  a  quadratic  to  determine  x^  and  since  every 
quadratic  has  two  roots,  we  must,  in  order  to  make  our  language 
conform  to  the  language  of  algebra,  assert  that  every  line  meets 
a  circle  in  two  points. 

86.  Let  us,  however,  examine  separately  the  three  cases  of 
this  solution  : 

First.  If  p,  which  is  the  distance  of  the  line  from  the  centre, 
be  less  than  the  radius,  we  get  two  real  values  for  x  and  y,  and 
the  line  meets  the  circle  in  two  real  points. 
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Secondly.  Let  p  =  r,  or  the  distance  of  the  line  from  the  cen- 
tre =  the  radius.  In  this  case  it  is  evident  geometrically  that  the 
line  is  a  tangent  to  the  circle,  and  our  analysis  points  to  the  same 
conclusion,  since  the  two  values  of  x  in  this  case  become  equal, 
and  so  likewise  will  the  two  values  of  y.  Consequently,  the 
points  answering  to  these  two  values,  which  are  in  general  diffe- 
rent, will  in  this  case  coincide.  We  shall,  therefore,  not  say  that 
the  tangent  meets  the  circle  in  only  one  point,  but  rather  that  it 
meets  it  in  two  coincident  points;  just  as  we  do  not  say  that  the 
equation  for  this  case 

-J.2  _  2rx  cos  a  +  r^  cos^  a  =  0, 
has  only  one  root,  but  rather  that  it  has  two  equal  roots.     This 
accords  with  the  general  definition  of  a  tangent  which  has  been 
already  given  (Art.  83). 

Thirdly.  Let  p  be  greater  than  r.  In  this  case  it  is  usual 
to  say,  that  the  line  does  not  meet  the  circle  at  all.  Analysis, 
however,  though  it  fails  to  furnish  us  with  real  values  for  x  and 
?/,  yet  supplies  us  with  imaginanj  values.  We  shall,  there- 
fore, find  it  more  consistent  to  say  that  in  this  case  the  line 
meets  the  circle  in  two  imaginary  points.  By  an  imaginary  point 
we  mean  nothing  more  than  a  point,  one  or  both  of  whose  co- 
ordinates are  imaginary.  It  is  a  purely  analytical  conception. 
We  do  not  attempt  to  represent  it  geometrically.  But  the  neo-lect 
of  those  imaginary  points  would  lead  to  as  great  a  want  of  gene- 
rality in  our  reasonings,  and  to  as  much  inconvenience  in  our 
language,  as  if,  only  paying  attention  to  the  real  roots  of  equa- 
tions, we  were  to  deny  tliat  every  equation  has  as  many  roots  as 
it  has  dimensions,  or  to  assert  that  the  equation 

x^  -  2px  cos  a  =  r^  sin^  a  -  p^ 
has  no  root  at  all  when  p  is  greater  than  r. 

87.  If  we  were  to  form  the  equation  of  the  line  joining  the 
points  whose  co-ordinates  are 

X  =pcosa+  sin  a  \/  {r'^  -  p^)        ^  x  =  p  cos  a  -  sm  a  ^/  (r^  -  p^) 
y  =  ps'ma  -  cos  a  \/  (r^  -  p^y  '        ?/  =  jo  sin  a  +  cos  a  v'  {r^-  -  p^ 

we  should  of  course  fall  back  on  the  given  equation 

X  cos  a  +  y  sm  a  -  p  =  0. 
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This  will  be  true  whether  the  points  be  real  or  imaginary. 
Hence  the  line  joining  two  imaginary  points  may  be  real,  and 
we  saw  (Art.  73)  that  two  imaginary  lines  might  intersect  in  a 
real  point.  This  circumstance  increases  the  necessity  of  attend- 
ino-  to  imaginary  points,  for  we  shall  presently  see  many  cases  in 
which  the  real  line,  joining  two  imaginary  points,  enjoys  all  the 
geometrical  properties  of  the  corresponding  line  in  the  case  where 
the  points  are  real. 

The  student  will  find  no  difficulty  in  determining  the  points 

where   a  line   given  by   the    general   equation  ax  +  bi/  -h  c  =  0 

meets  the  circle 

Ax^  +  Af  +  D^'  +  E^  +  F  =  0. 

We  only  think  it  necessary  to  notice  the  particular  case  where  the 
given  line  is  one  of  the  axes  of  co-ordinates.  The  points,  for 
instance,  where  the  axis  of  .2;  meets  the  circle,  are  found  by  mak- 
ing ?/  =  0  in  the  general  equation,  and  are,  therefore,  given  by  the 
quadratic  Ax-  +  Bx  +  F  =  0. 

The  intercepts  on  the  axis  o£  y  are  given  by  the  quadratic 

Ay2  +  Ey  +  F  =  0. 
Hence  the  axis  of  x  will  be  a  tangent,  if 

D2  =  4AF, 

and  the  axis  of  _y,  if  E-  =  4AF. 

In  general,  the  rectangle  under  the  intercepts  made  on  the 

F  .    . 

axis  of  X  =  -r- ;  but  this  is  the  same  value  as  we  find  for  the  rec- 

tangle  under  the  intercepts  on  the  axis  of?/  (Euclid,  III.  36). 

We  might,  in  the  same  manner,  find  the  condition,  that  the 
line  Ax  +  B_y  +  C  =  0  should  touch  the  circle 

{x  -  ay  +(y-  hf  =  7-2 ; 

or  we  can  obtain  it  at  once,  by  expressing  the  condition  that  the 
perpendicular  on  the  line  from  the  point  ab  is  =  r,  that  is  (Art.  31) 

Aa  +  Bb  +  C 


V  (A-^  +  B-^ 


=  r. 


88.    To  find  the  points  of  contact  of  tangents  drawn  to  a  circle 
from  a  given  point.     Let  the  given  point  be  x'j/',  and  let  the  co- 
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ordinatcs  of  the  point  ul'  contact  which  wc  are  seeking  be  x'\  y". 
Then  (Art.  83)  the  equation  of  the  tangent  will  be 

xx   +  yy"  =  r- ; 

but  by  hypothesis  this  line  passes  through  the  point  x'y\  hence 

we  set  the  condition  ,  „       ,  „       ., 

°  XX   ■{■  yy   -  r~ ; 

and  since  the  point  x'y  is  on  the  circle,  we  have  also  the  condi 
tion  g;'-2  +  y"i  =  y.2. 

These  two  conditions  are  sufficient  to  determine  the  co-ordinates 
x\  y".     Solving  the  equations,  we  get 

r^x  ±  ry  y/ {x^  +  ?/'^  -  ?'-) 


X    = 


^'2  ^  y'-z 


and  „ _  r^y  +  rx  V  {x'^  +  y'^  -  r~) 

y  "  x'^  +  y"- 

Hence,  from  every  point  may  be  drawn  two  tangents  to  a  circle. 
These  tangents  will  be  real  when  x-  +  y"^  is  >  r~^  or  the  point 
outside  the  circle  ;  they  will  be  imaginary  when  cc'^  +  y"^  is  <  r-, 
or  the  point  inside  the  circle  ;  and  they  will  coincide  when 
x^  +  y^  -  r~,  or  the  point  on  the  circle. 

89.  To  find  the  equation  of  the  line  joining  the  points  of  contact 
of  tangents  from  any  point.  That  is,  to  form  the  equation  of  the 
line  joining  the  two  points  whose  co-ordinates  were  found  in  the 
last  article.  It  will  not,  however,  be  necessary  to  set  about  this 
in  the  usual  manner,  if  we  attend  to  the  remark  at  the  end  of 
Art.  33.  We  saw  in  the  last  article  that  the  co-ordinates  of  each 
point  of  contact  were  connected  with  those  of  the  given  point  by 
the  relation  ^fx"  +  yy"  =  rK 

The  equation,  therefore,  of  the  line  joining  the  points  of  contact, 
must  be  ^-j.^'  ^  yy  _  ^.3^ 

for  this  is  the  equation  of  a  right  line,  and  is  satisfied  for  each 
point  of  contact.  The  co-ordinates  found  in  the  last  Article  are 
evidently  precisely  the  same  as  those  which  we  should  obtain  if 
we  sought  the  intersection  of  the  circle  x'^  +  y"^  =  r^  with  the  right 
line  xx  +  yy  =  r'^.  This  latter  equation  is  exactly  similar  in  form 
to  the  equation  of  the  tangent,  only  that  in  the  present  case  the 
point  x'y  need  not  be  supposed  on  the  curve. 
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It  is  plain  that  if  the  co-ordinates  x  and  y  be  real,  the  equa- 
tion xx  +  yy  =  v'^  will  be  real,  whether  the  point  be  within  or 
without  the  circle.  The  line  it  represents  is  familiar  to  the  learner 
as  the  polar  of  the  point  x'y  ;  and  we  see  that,  when  the  point 
x'y'is,  outside  the  circle,  the  polar  is  the  line  joining  the  points  of 
contact  of  real  tangents  ;  and  that,  when  the  point  is  inside  the 
circle,  the  polar  must  be  considered  as  the  line  joining  the  points 
of  contact  of  the  imaginary  tangents  from  tlie  point.  When  the 
point  x'y  is  on  the  circle,  it  is  evident  from  the  equation  that  its 
polar  is  the  tangent. 

The  polar  is  evidently  perpendicular  to  the  line  {x'y  -  y'x  =  0) 
joining  the  centre  to  the  point  x'y,   and  its   distance  from  the 


centre 


A»* 


^/{x'  +  y^) 

90.  We  can  by  the  same  process  find  the  equation  of  the  polar 
of  any  point  x'y  with  regard  to  a  circle  expressed  by  its  most  ge- 
neral equation 

A.r2  +  Kvy  +  A?/2  1  D.^  +  E?/  +  F  =  0. 

The  equation  of  the  tangent  at  any  point  x"y",  may  be  written 
^Art.  84) 

(2Aa'  +  B?/  +  D)  x"  +  (iKy  +  Kx  +  E)  /  +  D.r  +  E^  +  2F  =  0 ; 

md  since  this  line  by  hypothesis  passes  through  the  point  x'y,  the 
30-ordinates  of  each  point  of  contact  must  fulfil  the  relation 

(2Ar'  +  By'  +  D)  x"  +  (2Ay  +  Bx  +  E)  /  +  Dx  +  Ey  +  2F  =  0. 

The  equation  then  of  the  line  joining  the  points  of  contact  must  be 

{2 Ax  +  By  +  D)  .r  +  (2A^'  +  B^'  +  E)  7/  +  Dx  +  Et/'  +  2F  =  0, 

m  equation  precisely  similar  in  form  to  the  equation  of  the  tan- 
gent.    Hence  the  polar  of  tlie  origin  with  regard  to  this  circle  is 

Dx  +  E^  +  2F  =  0. 

We  can  find  the  co-ordinates  of  the  pole,  with  regard  to  the 
nrcle  (x^  +  y^  =  *"')>  of  any  line  {A.x  +  B?/  +  C  =  0),  by  comparing 
his  last  equation  with  the  equation  xx  +  yy  -  r"^,  where  x,  y 
ire  the  co-ordinates  of  the  pole.     Hence  we  shall  find 


A»-3  ,     .         Br 


2 


x  =-  -^,       and  y  =- 


C  '  '  C 

M 
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91.  To  find  the  ratio  in  which  the  line  joining  two  giveii  points., 
xd\  x"y'\  is  cut  by  a  given  circle. 

We  proceed  precisely  as  in  Article  43.  Tlie  co-ordinates  o! 
any  point  on  the  line  must  (Art.  11)  be  of  the  form 

Ix"  +  mx      hj"  +  my 
in  \  n  '       m  +  n 

Substituting  these  values  in  the  equation  of  the  circle 

and  arranging,  we  have  to  determine  the  ratio  / :  m,  the  qua- 
dratic 
P  (.«"2  +  /2  -  ^2)  +  mn  {x'x"  +  y'y"  -  r"")  +  rn"  (.r^  +  y^  -  r^)  =  0. 

The  values  of  I :  m  being  determined  from  this  equation,  we  have 
at  once  the  co-ordinates  of  the  points  where  the  right  line  meets 
the  circle.  The  symmetry  of  the  equation  makes  this  method 
sometimes  more  convenient  than  that  used  Art.  85. 

M  x"y"  lie  on  the  polar  o^  x'y,  we  have  (Art.  89)  x'x"  +  y'y"  - 
r^  =  0,  and  the  roots  of  the  preceding  equation  must  be  of  the 
form  /  +  jitm,  I  -  /am  ;  the  line  joining  x'y,  x"y"  is  therefore  cui 
internally  and  externally  in  the  same  ratio,  and  we  deduce  the 
well-known  theorem,  aiiy  line  drawn  through  a  point  is  cut  harmo- 
nically by  the  point,  the  circle,  and  the  polar  of  the  point. 

92.  To  find  the  equation  of  the  tangents  from  a  given  point  to  c 
given  circle. 

We  have  already  (Art.  88)  found  the  co-ordinates  of  the  poini 
of  contact ;  substituting,  therefore,  these  values  in  the  equatior 
xx"  +  yy"  -  r'^  =  0,  we  have  for  the  equation  of  the  tangent 

r  {xx  +  yy  -  x'^  -  y"^)  +  {xy  -  yx)  y/ {x-  +  xf^  -  r"^)  =  0, 

and  for  the  other 

r  {xx  •:-  yy  -  x^  -  y'~)  -  {xy'  -  yx)  ^  {x'^  +  xf^  -  ?-3)  =  0. 

These  two  equations  multiplied  together  give  the  equation  of  the 
pair  of  tangents  in  a  form  free  from  radicals.  The  preceding 
article  enables  us,  however,  to  obtain  this  equation  in  a  still  more 
simple  form.  For  the  equation  which  determines  I :  m  will  have 
equal  roots  if  the  line  joining  x'y,  x"y"  touch  the  given  circle  ;  il 
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then  x'y"  be  any  point  on  either  of  the  tangents  through  xy  ^  its 
co-ordinates  must  satisfy  the  condition 

■^   '  y     '")  \^'  +  y     *  )  =  (^^  +  yy  ~  ^ )  • 

This,  therefore,  is  the  equation  of  the  pair  of  tangents  through 
the  point  x'y.  It  is  not  difficult  to  prove  that  this  equation  is 
identical  with  that  obtained  by  the  method  first  indicated. 

93.  To  find  the  length  of  the  tangent  drawn  from  any  point  to 
the  circle,  ichose  equation  is 

(x  -  af  +  {y-  by  -  r'^  =  0. 

The  square  of  the  distance  of  any  point  from  the  centre 

=  {X-  af  +  (y  -  by-, 

and  since  this  square  exceeds  the  square  of  the  tangent  by  the 
square  of  the  radius,  the  square  of  tangent 

=  {x  -  ay  +  (y  -  by  -  r^. 

Hence  the  square  of  the  length  of  the  tangent  from  any  point  is 
found  by  substituting  the  co-ordinates  of  that  point  for  x  and  y 
in  the  equation  of  the  circle 

(x  -  af  +{y-  by  -  7-2  =  0. 
Since  the  general  equation  to  rectangular  co-ordinates 

A.t'2  +  A7/2  +  Da-  +  E^  +  F  =  0, 
Avhen  divided  by  A,  is  (Art.  81)  equivalent  to  one  of  the  form 

{X  -  ay  +  {y  -  by  =  T\ 

We  learn  that  the  square  of  the  tangent  to  a  circle  whose  equa- 
tion is  given  in  its  most  general  form,  is  found  by  dividing  by 
the  co-efficient  of  .t'",  and  then  substituting  in  the  equation  the  co- 
ordinates of  the  given  point. 

The  square  of  the  tangent  from  the  origin  is  found  by  making 
X  and  y  =  0,  and  is,  therefore,  =  the  absolute  term  in  the  equation 
of  the  circle. 

The  same  reasoning  is  applicable  if  the  co-ordinates  be  ob- 
lique. 

94.  We  shall  conclude  this  chapter  by  showing  how  to  find 
the  folar  equation  of  a  circle. 

We  may  either  obtain  it,  by  substituting  for  x,  p  cos  9,  and 
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for  v/,  psind  (Art.  15),  in  cither  of  the  equations  of  the  circle 
ah'eady  given, 

A.r2  +  A/  +  D.r  +  E^  +  F  =  0,  or  (x  -  ay  +  (i/ ~  hf  =  r^, 

or  else  we  may  find  it  independently,  from  the  definition  of  the 
circle,  as  follows  : 

Let  O  be  the  pole,  C  the  centre  of 
the  circle,  and  OC  the  fixed  axis  ;  let 
the  distance  OC  =  c?,  and  let  OP  be  any 
radius  vector,  and,  therefore,  =  p,  and 
the  angle  POC  =  0,  then  we  have 

PC2  =  OP^  +  OC^  -  20P .  00  cos  POC, 
that  is,  r2  =  p2  +  ^p  -  2pd  cos  0, 

or  p2  _  2ap  cos  d  +  cP  -  r^  =  0. 

This,  therefore,  is  the  polar  equation  of  the  circle. 

If  the  fixed  axis  did  not  coincide  with  OC,  but  made  with  it 
any  angle  a,  the  equation  would  be,  as  in  Art.  40, 

/)2  -  2dp  cos  {9  -a)  +  d^  -r^  =  0. 
If  we  suppose  the  pole  on  the  circle,  the  equation  will  take  a  sim- 
pler form,  for  then  r  =  d,  and  the  equation  will  be  reduced  to 

p  =  2r  cos  0, 

a  result  which  we  miglit  have  also  obtained  at  once  geometrically 
from  the  property  that  the  angle  in  a  semicircle  is  right ;  or  else 
by  substituting  for  .v  and  y  their  polar  values  in  the  equation 
(Art.  82,  IV.)  a^+f  =  2ra^. 


CHAPTER    VII. 

EXAMPLES   ON   THE   CIRCLE. 


95.  We  purpose  in  the  present  chapter  to  illustrate  by  ex- 
amples the  principles  laid  down  in  the  preceding  chapter.  Having 
suificiently  shown,  in  Chapter  HI.,  how  in  general  to  apply  the 
analytical  method  to  the  solution  of  problems,  ^vo  do  not  think 
it  necessary  to  enter  into  the  subject  here  with  equal  minuteness, 
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and  shall  feel  ourselves  at  liberty  to  suppress  many  details  which 
can  easily  be  supplied  by  the  reader  who  has  worked  out  the  ex- 
amples there  given. 

We  commence  by  illustrating  the  applications  of  the  condi- 
tions (Art.  81)  for  determining  when  the  equation  of  the  second 
degree  represents  a  circle. 

Example  1.  When  ivill  the  locus  of  a  point  be  a  circle,  if  the 
square  of  its  distance  from  the  base  of  a  triangle  be  hi  a  constant 
ratio  to  the  product  of  its  distances  frorn  the  sides  ? 

Let  the  equation  of  the  base  be  ?/  =  0,  and  those  of  the  sides 

xcosa  +  ysina  -  p  =  0,     x  cos  j3  +  ?/  sin  /3  -  ^i  =  0. 
Then  by  the  conditions  of  the  question 

(a:  cos  a  +  ?/  sin  a  -  p)  (a;  cosfi  +  y  sin  (5  -  pi)  =  k-y^. 

In  order  that  this  should  represent  a  circle,  the  two  conditions 

B  =  0,  and  A  =  C, 

give  us  sin  (a  +  j3)  =  0 ;  cos  {a  +  (5)  =  k^. 

From  the  first  condition  the  sides  make  equal  angles  with  the 
base,  and  the  triangle  is  therefore  isosceles.  From  the  second  we 
have  k~  =  1. 

These  conditions  being  fulfilled,  the  locus  will  be  a  circle,  and 
it  will  be  found  that  it  will  touch  the  two  sides  of  the  triangle  at 
the  extremities  of  the  base.  Hence  we  have  the  following  pro- 
perty of  a  circle  :  "7/"  ft'om  any  point  on  a  circle  perpendicidars 
be  let  fall  on  any  tioo  tangents  and  on  their  chord  of  contact,  the 
square  of  the  last  loill  be  equal  to  the  rectangle  under  the  other  tiooP 

Ex.  2.  When  will  the  locus  of  a  point  be  a  circle  if  the  sum  of 
the  squares  of  the  three  perpendiculars  from  it,  on  the  sides  of  any 
triangle,  be  constant  ? 

Using  the  same  notation  as  in  the  last  example,  the  conditions 
of  the  question  give  us 

{x  cosa  +  y  sin  a  -  pY  +  {x  cos  (5  +  y  sin  j3  -  pi)'^  +  y^  =  ni^. 
In  order  that  this  should  represent  a  circle  we  have 
sin  2a  +  sin  2/3  =  0,     cos  2a  +  cos  2j3  =  1. 

The  first  condition  is  satisfied  if  |3  =  -  a,  or  if  the  triangle  be 
isosceles.    Then  the  second  condition  gives  us  cos  2a  =^  h   Hence 
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{Luhifs  Trig.,  p.  14)  a  =  30°.  But  a  is  tlie  angle  which  the  per- 
pendicular on  one  of  the  sides  makes  with  the  base  :  the  angle, 
therefore,  which  the  side  itself  makes  with  the  base  will  be  60°, 
and  the  triangle  will  be  equilateral.  Hence  we  see  that  in  an 
cqviilateral  triangle  the  locus  of  a  point  for  which  the  sum  of 
squares  of  perpendiculars  on  sides  is  constant  will  be  a  circle  ; 
and  it  will  be  found  that  the  centre  of  this  circle  is  the  intersec- 
tion of  the  perpendiculars  of  the  triangle. 

Ex.  3.  When  loill  the  locus  of  a  point  he  a  circle,  if  the  product 
of  perpendiculars  from  it  on  tico  opposite  sides  of  a  quadtnlateral  be 
in  a  given  ratio  to  the  product  of  perpendiculars  from  it  on  the  other 
tivo  sides. 

Let  the  equations  of  the  sides  of  the  quadrilateral  be 

a;  cos  a  +  ysma  - p  =  0,  x  cos  /3  +  ?/  sin  /3  -  p,  =  0,  &c., 
then  the  equation  of  the  locus  will  be 

{x  cosa  +  y  sin  a  -  p)  {x  cos  y  +  ?/  sin  ^  -  p,) 

=  k  (x  cos  /3  +  ?/  sin  j3  -  p)  (x  cos  S  +  ?/  sin  S  -  p^J. 
The  usual  tests  applied  to  this  equation  will  give  the  conditions 
cos  {a  +  y)  =k  cos  (/3  +  8),  sin  {a  ^-  y)  =  k  sin  (/3  +  S). 

Squaring  these  equations,  and  adding  them,  we  find  ^'  =  1 ;  and 
if  this  condition  be  fulfilled,  we  must  have 

a  +  7  =  j3  +  S,  ora-j3  =  S-y. 
Recollecting  that  a  -  j3  is  the  angle  between  the  perpendi- 
lars  on  the  lines  a  and  j3,  and  is,  therefore,  equal  or  supplemen- 
tal to  the  angle  between  the  lines  themselves,  it  is  easy  to  see 
that  this  condition  will  be  fulfilled  if  the  given  quadrilateral  be 
inscribable  in  a  circle.  Indeed  from  the  form  of  the  equation  it 
may  be  seen,  as  in  Art.  48,  that  the  curve  represented  by  the 
equation  must  pass  through  the  angles  of  the  given  quadrilateral, 
and  therefore  cannot  be  a  circle  unless  the  quadrilateral  be  in- 
scribable in  r,  circle. 

OG.  We  shall  next  give  illustrations  of  the  method  of  deter- 
mining the  position  of  a  circle  from  its  equation.  Beside  the 
method  (Art.  81)  by  finding  the  co-ordinates  of  the  centre,  and 
the  radius,  there  is  another  which  we  may  occasionally  employ. 
For  a  circle  is  given  if  any  three  points  on  it  are  given  ;  and  if 
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we  find,  as  in  Art.  87,  the  points  in  which  the  circle  meets  each 
of  the  axes,  we  shall  know  four  points  on  the  circle,  which  will 
thus  be  completely  determined, 

Ex.  1.   Given  base  and  vertical  angle  of  a  triangle,  to  find  the 
locus  of  vertex. 

Let  us  take  the  base  for  axis  of  x,  and  a  perpendicular  through 
its  middle  point  for  axis  of?/;  let  the  co-ordinates  of  the  vertex 
be  X,  y,  and  let  the  base  =  2c.  Then  the 
tangent  of  the  base  angle  CAB  will  be 
CR  ?/  .     .^^^     CR  y 


or 


•^  -,  andofCBR  =  ^^ 


or 


AR'  ^'  c  +  X  "  BR'       c  - X 

Hence  we  can  find  the  tangent  of  the 

sum  of  the  base  angles,  and  make  it  =  - 

the  tangent  of  C,  the  given  vertical  angle, 

or  y     ,     y 


R    B 


+ 


1- 


r 


=  -  tan  C, 


^^ 


and,  reducing  this  equation,  the  equation  of  the  locus  will  be 
found  to  be  ,^.2  +  ^2  _  2cy  cot  C  -  c-  -  0. 

This  (Art.  82,  II.)  is  the  equation  of  a  circle  having  its  centre  on 

the  axis  of  y,  at  a  distance  from  the  origin  =  c  cot  C ;  this  distance 

will  be  positive,  or  the  centre  will  lie  above  the  base,  if  the  vertical 

angle  be  acute ;  it  will  lie  on  the  base  if  the  vertical  angle  be  right, 

and  below  it  if  the  angle  be  obtuse.      By  making  ?/  ==  0  in  this 

equation,  we  find  that  the  circle  will  pass  through  each  extremity 

c 
of  the  base ;  and  the  radius  of  the  circle  is  found  = 


sm 


C 


Ex.  2.  Given  base  and  ratio  of  sides,  find  locus  of  vertex. 
With  same  axes  as  before,  if  ratio  be  m  :  n,  we  find,  for  equa- 
tion of  locus, 

w-{?/2  +  (c  -  xf]  =  n^y^  +  (c  +  xY}, 

or 


x'-  +  y 


2-2 


m^  +  71^ 


m 


,2  _  ;^2 


ex  +  c'^  =  0. 


Hence  locus  is  a  circle,  whose  centre  is  on  the  axis  of  x,  at  a  dis- 

-            .   .        wi'^  +  n-          ^     ,             ,.            2mn 
tance  irom  ons^m  =  — ^ t,  c,  and  whose  radius  =  -r, c. 


nf 


w 
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By  making  y  =  0  we  find,  I'or  the  co-ordinates  of  the  points 
where  the  circle  meets  base, 

tn  +  n  ,         m  -  n 

X  =  c,      and  ,v  = c ; 

m  —  n  m  +  n 

and  since  the  co-ordinates  of  the  extremities  of  base  are  x  =  +  e, 
and  X  =  -  c,  these  (Art.  11)  are  the  two  points  where  the  base 
is  cut  in  the  ratio  of  ?«  :  n. 

Ex.  3.  Find  locus  of  a  j^oint  the  square  of  ichose  distance  fro^n 
a  given  jjoint  is  jyroportiojial  to  its  distance  from  a  given  right  line. 
Determine  positio7i  and  magnitude  of  the  resulting  circle. 

Ex.  4.  Given  base  of  a  triangle,  and  m  times  square  of  one 
side  ±  n  times  square  of  the  other  =  a  constant ;  find  locus  of  vertex : 
find  centre  and  radius  of  the  residting  circle,  and  determine  the 
point  where  it  cuts  base. 

Ex.  5.  A  line  of  constant  length  moves  between  two  fixed  right 
lines,  and  jyerpendiculars  to  the  lines  aj^e  raised  at  its  extremities,  find 
the  locus  of  their  intersection. 

Ex.  6.  In  general,  given  any  number  of  points,  to  find  locus  of 
a  p)oint  such  that  rn  times  square  of  its  distance  from  the  first  +  m" 
times  square  of  its  distance  from  the  second  +  4*c.,  =  a  constant :  or 
(adopting  the  notation  used  in  Art.  70)  such  that  S  (mr^)  may  be 
constant. 

The  square  of  the  distance  of  any  point  xy  from  x'y  is 
{x  -  xf  +  (y-  y'f. 
Multiply  this  by  m,  and  add  it  to  the  corresponding  terms  found 
by  expressing  the  distance  of  the  point  xy  from  the  other  points 
x"y",  &c.    If  we  adopt  the  notation  of  Art.  70,  we  may  write,  for 
the  equation  of  the  locus, 
SCm).^^  +  S(7n)?/-  -  2^{mx')x  -  2^{my)y  +  ^{mx'^-)  +  ^{my'^)  =  C. 

Hence  the  locus  will  be  a  circle,  and,  by  Article  81,  the  co-ordi- 
nates of  its  centre  will  be 


X  - 


'2{mx)  'S.imy') 


5:(m)  '        ^       S(w)  ' 

that  is  to  say,  the  centre  will  be  the  point,  which,  in  Article  70, 
was  called  the  centre  of  mean  position  of  the  given  points. 

If  we  investigate  the  value  of  the  radius  of  this  circle,  we  shall 
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where  2  {mrY  =  C  =  sum  of  ?n  times  square  of  distance  of  eacli  of 
the  given  points  from  any  point  on  tlie  circle,  and  S  (wijo^)  =  sum 
of  m  times  square  of  distance  of  each  point  from  centre  of  mean 
position. 

Ex.  7.  Given  base  and  vertical  angle  of  a  triangle,  to  find  the 
locus  of  the  point  of  intersection  of  the  perpendiculars  of  the  tri- 
angles. 

Take  the  same  axes  as  in  Example  1.  We  found  there  that 
the  following  relation  existed  between  the  co-ordinates  of  the 
vertex,  ,^,2  +  yi  _  2cy  cot  C  =  c\ 

which,  since  the  y  of  the  vertex  is  the  perpendicular,  we  may 
write  p3  _  2pc  cot  C  =  c^  -  x'^. 

But  we  found  (Art.  42,  Ex.  1),  that  the  x  of  the  point  whose 
locus  we  seek,  is  the  same  as  the  x  of  the  vertex,  and  that  its 


SS  C^  -  A'^ 


y  =  -'       °^ 


p  p 

(since  s  =  c  +  a*,    and  s  =  c  -  x).     Substitute,  therefore,  for  p, 

;  the  equation  will  then  become  divisible  by  (?  -  .i'-,  and 


9  O 

C^  ~X' 


y 

can  be  reduced  to       ^.3  +  yi  +  ^cy  cot  C  =  c'. 

Now  this  equation  only  differs  in  the  sign  of  cot  C,  from  that 
found  in  Example  1 ;  hence  we  see  that  it  is  the  locus  which  we 
should  have  found  had  we  been  given  the  same  base  and  a  vertical 
angle  equal  to  the  supplement  of  the  given  one  ;  and  that  it  is, 
therefore,  a  circle  passing  through  the  extremities  of  the  base. 

97.  We  come,  next  in  order,  to  illustrate  the  use  of  the  equa- 
tions given  in  Art.  83,  viz.,  of  the  tangent  {xx  +  yy  =  r^),  and  of 
the  chord         r^  (^r^'  ^.  ^-^"^  +  ^  (^'  +  y"^  =  ,.3  +  ^y;^."  _,_  y'y'\ 

We  shall  first  put  them  into  a  form  which  is  sometimes  more 
convenient  in  practice.  Let  &  be  the  angle  which  the  radius  to 
x'y  makes  with  the  axis  of  x,  then  x'  =  r  cos  &,  y  =  r  sin  0',  and 
the  equation  of  the  tangent  becomes 

X  cos  B'  -V  y  sin  0'  =  r. 

Conversely,  if  the  equation  of  any  right  line  can  he  jJ^^i  into  the  form 

X  cos  0  +  y  sin  6  =  r, 

N 
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lohere  r  is  constant,  and  0  indeterminate,  we  may  infer  that  this  light 
line  touches  the  cuive  x'  +  y^  =  ?'^  (see  Examples  1  and  2). 

If  a  similar  substitution  be  made  in  the  equation  of  the  chord, 
this  equation  may  be  reduced  to  the  form 

X  cos  i  {$'  +  6")  +  ?/  sin  1  {$'  +  &')  =  r  cos  i  {&  -  &'), 

&  and  Q"  being  the  angles  which  radii  drawn  to  the  extremities  of 
the  chord  make  with  the  axis  o^  x. 

This  equation  might  also  have  been  obtained  directly  from 
the  general  equation  of  a  right  line  (Art.  30), 

X  cos  a  +  ?/  sin  a  =  jt?,  i 

for  the  angle  which  the  perpendicular  on  the  chord  makes  with 
the  axis  is  plainly  half  the  sum  of  the  angles  made  with  the  axis 
by  radii  to  its  extremities ;  and  the  perpendicular  on  the  chord 

=  rcosi(0'-0"). 
Let  us  now  apply  these  formulas  to  examples. 
Ex.  1.  If  a  chord  of  a  constant  length  be  inscribed  in  a  circle  it 
will  always  touch  another  circle. 

We  must  first  express  the  condition,  that  the  chord  joining 
two  points  should  be  of  a  constant  length.     It  is  (Art.  9), 

{x  -  x"Y  +  {y  -  y"y  =  const, 
or,  since  x'^  +  y'^  =  r^,  and  x"'^  +  y"^  =  r'^, 

the  condition  may  be  expressed  in  the  simpler  form  : 

x'x"  +  y'y"  =  const. 
This  condition  will  take  another  form  if  we  use  the  substitu- 
tions r  cos  %',  r  cos  0",  r  sin  0',  r  sin  0",  for  x ,  x",  y,  y".     The  con- 
dition will  then  become 

cos  {&  -  e")  =  const,  or  &  -  0"  =  a  const. 
Hence,  in  the  equation  of  the  chord  which  we  have  just  found, 

X  cos  i  {&  +  6")  +  y  sin  i  {$'  +  0")  =  r  cos  i  {9'  -  &'), 

the  right  hand  side  of  the  equation  is  constant,  and  the  angle 
^  {&  +  &')  is  indeterminate ;  therefore,  by  the  principle  just  lai(^ 
down,  the  chord  must  always  touch  the  circle  whose  equation  is 

x"^  +  y""  ^  r'^ co^""  \{0' -  &'), 

a  circle  concentric  with  the  given  one. 
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Ex.  2.  Given  any  number  of  points,  if  a  rigid  line  be  such  that 
m  times  the  perpendicular  on  it  from  the  first  point,  +  in  times  the 
perpejulicidar  from  the  second,  +  ^'c,  be  constant,  the  line  millalicays 
touch  a  circle. 

This  only  differs  from  the  question  in  Art.  70,  in  that  the 
ura,  in  place  of  being  =  0,  is  constant.  Adopting  then  the  nota- 
tion of  that  Article,  instead  of  the  equation  there  found, 

{a-S  (?n)  -  2  {mx')]  cos  a  +  {yS  (m)  -  S  {my')}  sin  a  =  0, 
we  have  only  to  write 

{a'Sw  -  S  {mx')]  cos  a  +  [i/S  {m)  -  S  {my')]  sin  a  =  const. 

Hence  this  line  must  always  touch  the  curve 

/         S(7n.r')Y      f         S  {my)  \ 
X  — -^: — -^     +    V  — ^\  \       =  const., 

:hat  is  a  circle  whose  centre  is  the  centre  of  mean  position  of  the 
jiven  points. 

Ex.  3.  Find  the  locus  of  the  point  where  a  chord  of  a  constant 
'^ngth  is  cut  in  a  constant  ratio. 

We  insert  this  example  here,  as  we  have  just  given  the  condi- 
ion  {x'x"  +  y'y"  =  const.)  that  a  chord  should  be  of  a  constant 
ength.  The  co-ordinates  of  a  point  cutting  the  chord  in  a  con- 
stant ratio  are  (Art.  11), 

mx"  +  nx  ,         my"  +  mi 

X  = ,         and  y  =  ' 


m  -\-  n  m  +  n 

»nd  by  the  help  of  this  condition  it  will  be  found,  that  x'^  +  y'^  is 
jonstant,  or  that  the  locus  is  a  circle  concentric  with  the  sriven 
jne. 

Ex.  4.  If  tangents  be  draicnat  the  extremities  of  a  chord  of  a 
constant  length,  to  find  the  locus  of  their  intersection. 

The  co-ordinates  of  the  point  of  intersection  of 

X  cos  0  +  y  sin  6  =  r,  and  x  cos  &  +  y  sin  &  =  r, 

we  easily  found  to  be 

cos  1(0+0')  _     sin  i  (0  +  0') 

^  "  ''  cos  i  (0  -  0') '  ^  "  ''  cos  i  (0  -  0^) ' 

iind  if  (0  -  0')  is  constant,  plainly  x"^  +  y-  is  constant,  and,  thcrc- 
bre,  the  locus  is  a  circle. 
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98.  We  sliall  next  give  one  or  two  examples  involving  the 
problem  of  Art.  85,  to  lind  the  co-ordinates  of  the  points  where  a 
given  line  meets  a  given  circle. 

Ex.  1.   To  find  ilie  locus  of  the  middle  points  of  chords  of  a  fjiven  i 
circle,  draum  parallel  to  a  given  line. 

Let  the  equation  of  any  of  the  parallel  chords  be 

a: cos  a  +  1/  sina  - p  =  0, 

where  a  is,  by  hypothesis,  given,  and  p  is  indeterminate ;  the  ab- 
scissae of  the  points  where  this  line  meets  the  circle  are  (Art.  85) 
found  from  the  equation 

x^  -  2p,v  cos  a  +  p^  -  r^  sin^  o  =  0. 
Now,  if  the  roots  of  this  equation  be  x  and  ,v",  the  :c  of  the  middle 

/     ,  //  I 

X     ~\-    3(/  ' 

point  of  the  chord  will  (Art.  11)  be  — - — ,  or,  from  the  theory  ' 

of  equations,  will  =  j)  cos  a.  In  like  manner,  the  _y  of  the  middle 
point   will  equal  p  sin  o.     Hence  the  equation  of  the  locus  is  ; 

-  =  tan  a,  that  is,  a  right  line  drawn  through  the  centre  perpen- 1 

dieular  to  the  system  of  parallel  chords,  since  a  is  the  angle  made 
with  the  axis  of  x  by  a  perpendicular  to  the  chord  j 

A'  COS  a  +  y  sin  a  -  p  =  0.  a 

Ex.  2.  Given  a  line  and  a  circle,  to  find  a  point  such  that  ifany^ 
chord  be  draioyi  through  it,  and  perpendicidars  lei  fcdl  from  its  ex-  ■ 
tremities  on  the  given  line,  the  rectangle  under  these  perpendiculars 
ivill  be  constant.  f 

Take  the  given  line  for  axis  of  y,  and  let  the  axis  of  x  be  the 
perpendicidar  on  it  from  the  centre  of  the  given  circle,  whose 
length  we  shall  call  p.  Then  the  equation  of  the  circle  is  (Art.  82) 

y^  +  (x  -  pf  =  r"^. 

Again,  if  the  co-ordinates  of  the  sought  point  be  x,  y,  the  equa 
tion  of  any  line  through  it  will  be 

[y  -  y)  =  m  (x  -  x),  or  y  =  mx  +  y  -  mx. 

Substitute  this  value  of  y  in  the  equation  of  the  circle,  and  we  ^^ 
shall  get,  to  determine  the  x  of  the  points  where  the  line  meets 
the  circle,  j 

(1  +  m"^)  x^  +  {2/n(7/'  -  mx)  -  2p]  x  +  {y  -  mx'f  +  p-  -  r^  =  0 
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But  X  is  the  perpendicular  on  the  given  line,  and  the  product  of 
the  two  perpendiculars  (by  the  theory  of  equations) 

(y  -  mx'Y  -\-  p~  -  r"^ 
~  1  -\-  m^ 

This  will  not  be  independent  of  m,  unless  the  numerator  be 
divisible  by  1  +  m^,  and  it  will  be  found  that  this  cannot  be  the 
case  unless  ?/'  =  0  and  x^  =  p^  -  r^.  Hence  there  are  two  such 
points  situated  on  the  axis  of  x,  and  at  a  distance  from  the  origin 
=  the  tangent  drawn  from  it  to  the  given  circle. 

Ex.  3.  If  any  chord  be  drcaon  tliroxujh  a  fixed  point  on  a  dia- 
meter of  a  circle,  and  its  extremities  joined  to  either  end  of  the 
diameter,  the  joining  lines  icill  cut  off  on  the  tangetU,  at  the  other  end 
of  the  diameter,  portions  whose  rectangle  is  constant. 

Let  us  take  the  diameter  for  axis  of  x,  and  either  extremity 
of  it  for  origin,  then  (Art.  82)  the  equation  of  the  circle  will  be 
x^  jf.y2  =  2rx,  and  that  of  any  chord  through  a  fixed  point  on  the 
diameter  will  be  ?/  =  m {x  -  x).  By  combining  these  equations 
we  can  determine  the  co-ordinates  of  the  extremities  of  the  chord. 
We  can,  however,  without  solving  for  these  co-ordinates,  obtain 
directly  from  the  equations  the  equation  of  the  lines  joining 
these  extremities  to  the  origin.  For  if,  by  combining  the  equa- 
tions, we  can  obtain  a  homogeneous  function  of  the  second  de- 
gree, it  will  be,  by  Art.  72,  the  equation  of  two  right  lines  drawn 
through  the  origin,  and  it  evidently  must  be  satisfied  by  the  co- 
ordinates of  the  points  wliich  satisfy  the  two  given  equations. 

Write  these  equations  thus, 

or  +  g"^  =  2rx,  and  mx'  =  mx  -  g, 

and,  multiplying  them  together,  we  get 

mx'  (x^  +  g^)  =  2rx  (mx  -  g). 

This  being  homogeneous  in  x  and  g,  is  the  required  equation  of 
the  joining  lines.     It  may  be  written  thus, 

mx  .  g"^  +  2r .  xg  +  m  {x  -  2r)  x^  =  0. 

This  equation  enables  us  to  find  the  values  of  ?/  corresponding 
to  any  value  of  x,  and  we  see  that  the  product  of  these  values  will 

be  ' ; — x^,  and,  therefore,  independent  of  ?».     The  intercepts 
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made  on  a  perpendicular  at  the  extremity  of  the  diameter  arc 
found  by  making  .^•  =  2?'  in  the  preceding  equation,  and  their 

product  is  4:r^ -, — ,  which  will  be  constant  as  long  as  x  is  con- 

stant. 

99.  We  shall  next  give  one  or  two  examples  requiring  the  use 
of  the  equation  of  the  polar  of  a  point  (found  in  Art.  89). 

Ex.  1.  If  any  chord  be  drawn  through  a  fixed  point  and  tan- 
gents at  its  extremities  :  to  find  the  locus  of  their  point  of  inter- 
section. 

Let  any  point  on  the  locus  be  XY,  then  the  chord  joining 
points  of  contact  of  tangents  passing  through  XY,  is 

X^  +  Y^  =  7*3  ; 

but  by  hypothesis,  this  line  passes  through  the  point  x'y\  therefore, 

Xa''  +  Yy  =  r^ ; 

this  is  the  relation  connecting  the  co-ordinates  of  the  point  XY, 

its  locus,  therefore,  is  the  line 

xx  +  yy  =  r^, 

or  the  polar  of  the  point  x'y. 

The  proposition  just  proved  may  be  stated  otherwise,  thus : 
If  one  poijit  lie  on  the  polar  of  a  second  point,  the  second  point 

will  lie  on  the  polar  of  the  first  point. 

For  the  equation  of  the  polar  of  the  second  point  is 

XX  +  yy  =  ')'^, 

and  the  condition  that  x'y'  should  lie  on  this  line  is 

XX  +  yy  =  I'". 

But  this  is  also  the  condition  to  be  fulfilled,  in  order  that  the  point 
x"y"  should  lie  on  the  line 

xx  +  yy'  =  r^. 

We  reserve  a  more  detailed  consideration  of  the  properties  of 
poles  and  polars,  imtil  we  come  to  treat  of  conic  sections,  as  the 
reader  is  presumed  to  be  familiar  with  the  geometrical  demonstra- 
tion of  these  properties  in  the  case  of  the  circle. 

Ex.  2.  Given  any  point  O,  and  any  two  lines  through  it ;  join 
both  directly  and  transversely  the  points  in  ivhich  these  lines  meet  a 
circle  ;  then,  if  the  direct  lines  intersect  each  other  in  P  and  the  trans- 
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vet'se  in  Q,  the  line  PQ  will  be  the  pokn'  of  the  point  O,  loith  regajxl 
to  the  circle. 

Take  the  two  fixed  lines  for  axes,  and  let  the  intercepts  made 
on  them  by  the  circle  be  a  and  a,  h  and  b'.     Then 

-  +  1-1  =  0,      ^,  +  1-1^0, 
a      b  a      b 

will  be  the  equations  of  the  direct  lines ;  and 

a      b  a      b 

the  equations  of  the  transverse  lines.     Now,  the  equation  of  the 

line  PQ  will  be 

X      a;      y     y      r.      r. 
a      a       b      b 

(for,  see  Art.  48,  this  line  passes  through  the  intersection  of 


a^  b      ^' 

^  ,y 

a      b 

-1, 

and  also  of 

^    y    1 

a      b 

d      h 

-!)• 

If  the  equation  of  the  circle  be 

A^3  +  B^^  +  Axf  +  J)x  +  E?/  +  F  =  0, 
a  and  a  are  determined  from  the  equation  Kx^  +  Da*  +  F  =  0  (Art. 

87),  therefore, 

11         D       ,  1      1         E 

-  +  -  =  -  ^,  and  -  +  -  -  -  :p  • 
a      a  b  bo  Jb 

Hence,  equation  of  PQ  is 

D^  +  E?/4  2F  =  0; 

but  we  saw  (Art.  90)  that  this  was  the  equation  of  the  polar  of 

the  origin  O.     Hence  it  appears,  that  if  the  point  O  were  given, 

and  the  two  lines  through  it  were  not  fixed,  the  locus  of  the  points 

P  and  Q  would  be  the  polar  of  the  point  O. 

Ex.  3.   Given  any  two  j^oints  A  and  B,  and  their  polars,  ivith 

respect  to  a  circle  lohose  centre  is  O :  let  fall  a  perpendicular  AP 

from  A  on  the  jyolar  of  B,  and  a  perpendicidar  BQ  from  B  on  the 

,       ,  ,      ,      OA     OB 
polar  of  A;  then  -^p  =  j--^- 


,.2 
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The  equation  of  the  polar  of  A(.i-y)  is  xx  +  yij  -  r^  =  0,  if  we 
take  the  centre  of  the  circle  for  our  origin ;  and  BQ,  the  perpcn- 

dicular  on  this  line  from  B  (.'<;"?/")  is  (Art.  31)  ' — tt-^—t^t 

Hence,  since  \/(x"-  +  y^)  =  OA,  we  find 
OA .  BQ  =  xx"  +  y'y  -  r-, 
and,  for  the  same  reason, 

OB  .  AP  =  XX  +  y'y"  -  r^, 
Hence  OA     OB 


/. 


AP      BQ  { 

Ex.  4.  Given  a  circle  and  a  triangle  ABC,  if  toe  take  the  polai's 
with  respect  to  the  circle  of  the  three  vertices  of  the  triangle,  we  shall 
form  a  new  triangle  A'B'C  (tvhere  A'  is  the  pole  of  BC,  B'  the  pole 
of  AC,  and  C  the  pole  o/ AB),  then  the  lines  A  A',  BB',  CC,  ivill 
all  pass  through  the  same  p)oint. 

The  equation  of  the  line  joining  the  point  x'y  to  the  intersec- 
tion of  the  two  lines  xx"  +  yy'  -  ?'^  =  0  and  xx"  +  yy"  -r^  =  0  is 
(Art.  49) 

A  A'     {x'x"  +  y'y"  -  7^^)  {xx  +  yy"  -  r^) 

XX  +yy  -7"')  {xx   +yy   -  r-)  =  U. 
In  like  manner, 

BB'     (xx"  +  y'y"  -  r^)  {xx"  +  yy"  -  r^)  ■* 

XX  +y  y  -r^)  {xx  ^ yy  -  r-)  =  U ; 

and  CC     {xx"  +  y"y"  -  r-)  {xx  +  yy  -  r^) 

-  {x'x"  +  y'y"  -  r")  {xx"  +  yy"  -  r^)  =  0 ; 

and  by  Art.  51  these  lines  must  pass  through  the  same  point. 
From  Art.  61  it  appears  that  the  three  points  of  intersection  of 
AB  and  A'B',  of  AC  and  A'C,  and  of  BC  and  B'C,  will  lie  in  one 
right  line.  '^ 

The  following  is  a  particular  case  of  the  present  example.    If 
a  circle  be  inscribed  in  a  triangle,  and  each  vertex  of  the  triangle 
joined  to  the  point  of  contact  of  the  circle  with  the  opposite  side,  the: 
three  joining  lines  iiill  meet  in  a  point.  H 

100.  We  shall  conclude  this  chapter  with  some  examples  of 
the  use  of  polar  co-ordinates.  f 

Ex.  1.  We  take  for  our  first  example  the  well-known  theorem 
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(Euclid,  III.  35,  36),  that  if  through  a  fixed  point  any  chord  of  a 
circle  he  drawn,  the  rectangle  under  its  segments  icill  be  constant. 

Take  the  fixed  point  for  the  pole,  and  this  theorem  is  an  im- 
mediate consequence  from  the  form  of  the  polar  equation  (Art.  94), 

p2  -.  2pd  cos  0  +  (^3  _  ,,3  ^  0 ; 

for  the  roots  of  this  equation  are  evidently  OP,  OP',  the  values  of 
the  radius  vector  answering  to  any  given  value  of  B  or  POC. 

Now,  by  the  theory  of  equations,  OP .  OP,  the  product  of 
these  roots  will  =  cp  -  r-,  a  quantity  independent  of  0,  and  there- 
fore constant,  whatever  be  the  direction  in  which  the  line  OP  is 
drawn.  If  the  point  O  be  outside  the  circle,  it  is  plain  that  d^  -  7^ 
must  be  =  the  square  of  the  tangent. 

Ex.- 2.  If  through  a  fixed  point  O  any  chord  of  a  circle  be 
drawn,  and  OQ  tahen  an  arithmetic  mean  between  the  segments  OP, 
OP' ;  to  find  the  locus  of  Q. 

We  can  at  once  find  the  polar  equa- 
tion of  the  locus,  that  is  to  say,  the 
relation  between  the  radius  vector 
OQ,  and  the  angle  d  or  QOC.  For 
OP  +  OP',  or  the  sum  of  the  roots  of 
the  quadratic  in  the  last  example  =  2cZ  cos  Q ;  but  OP  +  OP'  =  20Q, 
therefore,  OQ  =  d  cos  d.    Hence  the  polar  equation  of  the  locus  is 

p  =  d  cos  Q. 

Now  it  appears  from  the  final  equation  in  Art.  94,  that  this  is 
the  equation  of  a  circle  described  on  the  line  00  as  diameter. 

The  question  in  this  example  might  have  been  otherwise 
stated:  "  To  find  the  locus  of  the  middle  points  of  chords  which 
all  pass  through  a  fixed  point." 

Ex.  3.  If  the  line  OQ  had  been  taken  an  harmonic  mean  between 

OP  and  OP',  to  find  the  locus  of  Q. 

9    OP    OP' 
That  is  to  say,  OQ  =    qp^qJt.  but  OP  .  OP'  =  d^  -  r\  and 

OP  +  0P'=  2cZcos0,  therefore,  the  polar  equation  of  the  locus  is 

d^  -  7-2  a      ^^-  ^"^ 

p  =  —, r.-,  or  p  cos  y  =  — -: — 

^      cZcosO  ^  d 

This  is  the  equation  of  a  right  line  (Art.  40)  perpendicular  to 

o 
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OC,  and  at  a  distance  from  O  =  d-  -r,  and,  therefore,  at  a  dis- 

tance  from  C  =  -,.     Hence  (Art.  90)  the  locus  is  i\\Q  polar  of  the 
a 

point  O. 

From  Example  1  it  appears,  that  if  OQ  had  been  taken  a 
geometric  mean  between  OP  and  OP',  the  locvis  would  be  a  circle 
whose  centre  would  be  O. 

We  can  in  like  manner  solve  this  and  similar  questions  when 
the  equation  is  given  in  the  form 

A^'2  +  A/  +  D^  +  E?/  +  F  =  0, 
for,  transforming  to  polar  co-ordinates,  the  equation  becomes 

^  COS0+  -^sin0Jp  +  ^  =  O, 

and,  proceeding  precisely  as  in  this  example,  we  find,  for  the 

locus  of  harmonic  means, 

-  2F 

^~  Dcos0+  Esin0' 
and,  returning  to  rectangular  co-ordinates,  the  equation  of  the 
locus  is  J)x  +  E?/  +  2F  =  0, 

the  same  as  the  equation  of  the  polar  obtained  already  (Art.  90). 

Ex.  4.  If  on  any  radius  vector  through  a  fixed  point  O,  OQ  he 
taken  in  a  constant  ratio  to  OP,  find  the  locus  of  Q 

Let  the  equation  of  the  given  circle  be 

p2  _  2pd  cos  Q  +  d^  -r^-  =  0. 
Then,  since  by  hypothesis  the  radius  vector  OP  = /u .  OQ,  we 
must  substitute  up  for  />,  in  order  to  find  the  equation  of  the  lo 
cus,  and  we  get 


I 


I 


)2  -  2p -COS0  + ^-  =  0. 


1 


Hence  the  locus  is  a  circle  having  its  centre  on  the  line  joining 
the  point  O  to  the  centre  of  the  given  circle,  and  at  a  distance 

d  .  .  r 

from  O  =  -,  while  its  radius  =  — 
jit  ^ 

If  the  equation  of  the  first  circle  had  been  given,  with  regard 

to  rectangular  co-ordinates, 

Kx^  +  A?/2  +  Dx  +  Ey  +  F  =  0. 
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By  transforming  to  polar  co-ordinates  it  will  be  found,  that  the 
equation  of  the  second  is 

ju".  A0^'2  +  3/')  +  M  •  (^^  +  %)  +  ^'  =  0. 
The  point  O  has  many  important  properties  in  relation  to  these 
two  circles. 

If  any  line  drawn  through  it  meet  the  first  circle  in  the  points 
P,  P',  and  the  second  in  the  points  Q,  Q',  then,  by  hypothesis, 
OP  =  ftOQ,  and  OP'  =  ^OQ'.  From  this  property,  that  every 
line  through  O  is  cut  similarly  by  the  two  circles,  the  point  O  is 
called  the  centre  of  similitude  of  the  two  circles. 

A  line  drawn  through  O,  to  touch  the  first  circle,  must  touch 
the  second  also,  for  in  this  case  the  points  P  and  P'  will  coincide, 
therefore  OP  =  OP',  and,  therefore,  the  proportionate  quantities 
OQ  and  OQ'  must  be  equal,  and,  therefore,  the  points  Q  and  Q' 
will  coincide,  or  (Art.  83)  the  line  OQ  will  touch  the  second 
circle. 

Since,  then,  the  pair  of  tangents  drawn  through  O  to  the  first 
circle  touch  the  second  also,  we  learn  that  O,  the  centre  of  simi- 
litude, is  the  poiJit  in  which  the  common  tangents  to  the  circles  in- 
tersect. 

Ex.  5.  If  OQ  he  taken  inversely  as  OP,  find  the  locus  of  Q. 

This  locus  is  obtained  by  substituting  in  the  equation  of  the 

circle  —  for  p.  This  will  give  an  equation  exactly  similar  in  form 

to  that  found  in  the  last  example,  therefore  the  locus  will  be  a 

circle,  and  the  two  circles  will  have  the  point  O  for  their  centre 

.OP 

of  similitude.     Indeed,  since,  in  the  last  example,  the  ratio  -^tt^^ 

OP 
OQ' 

stant  (Ex.  1),  it  is  evident  that  the  rectangle  OP.OQ'  =  OQ  .  OP' 
is  constant. 

Ex.  6.  Given  a  point  and  a  right  line  ;  if  OQ  be  taken  in- 
versely as  OP,  the  radius  vector  to  the  right  line,  find  the  locus  of  Q. 

Ex.  7.  Given  vertex  and  vertical  angle  of  a  triangle  and  rect- 
angle under  sides  ;  if  one  base  angle  desciibe  a  right  line  or  a  circle,, 
find  locus  described  by  the  other  base  angle. 

Take  vertex  for  pole ;  let  the  lengths  of  the  sides  be  p  and  p, 


or  7=^7^.,  was  constant,  and  since  the  rectangle  OP .  OP'  is  con- 
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and  the  angles  they  make  with  the  axis  B  and  d',  then  we  have 
pp=fc^  and0-0'-C. 

The  student  must  write  down  the  polar  equation  of  the  locus 
which  one  base  angle  is  said  to  describe ;  this  will  give  him  a  re- 

lation  between  p  and  9 ;  then,  writing  for  p,  —^,  and  for  0,  C  +  0', 

P 
he  will  find  a  relation  between  p  and  6',  which  will  be  the  polar 

equation  of  the  locus  described  by  the  other  base  angle. 

This  example  might  be  solved  in  like  manner,  if  the  ratio  of 
the  sides,  instead  of  their  rectangle,  had  been  given. 

Ex.  8.  Iftht'ough  miy  point  O,  on  the  circumference  of  a  circle, 
any  three  chords  be  drawn,  and  on  each,  as  diameter,  a  circle  he  de- 
scribed, these  three  circles  (which,  of  course,  all  pass  through  O)  will 
intersect  in  three  other  points,  lohich  lie  in  one  right  line*  \ 

Take  the  fixed  point  O  for  pole,  then  if  d  be  the  diameter  of  \ 
the  original  circle,  its  polar  equation  will  be  (Art.  94)  ^, 

p  =  d  cos  0.  i 

In  like  manner,  if  the  diameter  of  one  of  the  other  circles  make  ] 
an  angle  a  with  the  fixed  axis,  its  length  will  be  =  c^cosa,  and  j 
the  equation  of  this  circle  will  be  J 

p  =  d  cos  a  .  cos  (0  -  a). 

The  equation  of  another  circle  will,  in  like  manner,  be 

p  =  d  cos  j3.  cos  {B  -  j3). 

To  find  the  polar  co-ordinates  of  the  point  of  intersection  of 
these  two,  we  should  seek  what  value  of  B  would  render 


I 


cos  a.  cos  (0-  a)  =  cos /3.  cos  (0  -  j3), 

and  it  is  easy  to  find  that  B  must  =  o  +  /3,  and  the  corresponding 
value  of  p  =  c?  cos  a  cos  ^. 

Similarly,  the  polar  co-ordinates  of  the  intersection  of  the  first 
and  third  circles  are 

B  =  a  +  y,  and  p  =  d  cos  a  cosy. 

Now,  to  find  the  polar  equation  of  the  line  joining  these  two 
points,  take  the  general  equation  of  a  right  line,  p  cos  {k-  B)  =p 

*  See  Cambridge  Math.  Jour.,  I.  169,  for  an  ingenious  solution  of  this  question  by  a 
different  method.  The  theorem  itself  was  probably  originally  obtained  by  the  method  of 
deformation  of  curves  to  be  explained  afterwards. 
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(Art.  40),  and  substitute  In  it  successively  these  values  of  0  and  p, 
i  and  we  sliall  get  two  equations  to  determine  p  and  k.  We  shall  get 

p  =  d  cosa  cos/3  cos(^  -  a  +  (i)  =  d  cosa  cosy  cos(X;  -  a  +  y). 

Hence  ^.  =  „a.^  +  y^  and  p  =  cZcosa  cos/3  cosy. 

The  symmetry  of  those  values  shows  that  it  is  the  same  right 
line  -which  joins  the  intersections  of  the  first  and  second,  and  of 
the  second  and  third  circles,  and,  therefore,  that  the  three  points 


are  in  a  right  line. 


CHAPTER  VIII. 

THE   CIRCLE,    CONTINUED. 

101.  In  the  last  two  chapters  we  investigated  chiefly  pro- 
perties which  only  required  the  consideration  of  one  circle,  and  in 
-these  we  simplified  our  calculations  by  a  particular  choice  of  the 
axes  of  co-ordinates ;  in  the  present  chapter  we  purpose,  first,  to 
discuss  some  properties  of  a  single  circle  (the  axes  having  any 
position),  and  then  to  show  how  to  obtain  analytically  the  pro- 
perties of  a  system  of  two  or  more  circles. 

To  find  the  equation  of  a  circle  passing  through  three  given 
points. 

We  shall  first  suppose  one  of  the  given  points  the  origin,  and 
having  found  the  equation  for  this  case,  we  can  obtain  the  equa- 
tion for  the  more  general  case  by  writing  x  -  xi  for  a',  and  y  -yx 
for  y.     The  equation  of  any  circle  through  the  origin  is  (Art.  ^2) 

aj2  +  ^3  +  D^  +  Ej/  =  0 ; 

and  we  determine  D  and  E  by  substituting  in  it  the  co-ordinates 
of  the  two  given  points.     Writing  p^  for  x^  +  y-,  this  gives  us 

p.^  -t-  T>X2  +  E?/2  =  0, 
^3^  +  D^'3  +  E.y3  :=  0. 

From  these  equations  D  and  E  are  determined,  and  then 
writing  x  -  xi  for  x,  and  y  ~  y\  for  ?/,  the  equation  of  a  circle 
through  the  three  points  .ti?/i,  x-2y2^  x^y^,  will  be  found  to  be 


102  THE  CIRCLE. 

(a;2  +  rf)  { x,{y-2  -  3/3)  +  x>{y-i  -  yi)  +  A'a(y  1  -  tjo } 

-  (^r  +  yr)  [Mm  -y)  +  My  -  yd  +  ^<y-i  -  y^) ) 
+  {o^i+yz^)  [My  -  yi)  +  -^'(3/1  -  yd  +  ^1(^3  - y)} 
- (^3^  +  3/3')  {.t'(j/i  - y2)  +  My-2 -y)  ^  My -yO)  =  ^^ 

If  it  were  required  to  find  the  condition  that  four  points  should 
lie  on  the  circumference  of  the  same  circle,  we  have  only  to  write 
the  co-ordinates  x^y^  for  x  and  y  in  this  equation. 

From  the  resulting  equation  it  appears  that  if  A,  B,  C,  D  be 
any  four  points  on  a  circle,  and  O  any  fifth  point  taken  arbi- 
trarily, 

0A2.  BCD  +  0C3.  ABD  ==  OB^.  ACD  +  OD^.  ABC, 
denoting  by  BCD  the  area  of  the  triangle  BCD,  &c. 

102.  In  the  last  article  we  obtained  the  equation  of  the  circle  ., 
circumscribing  a  triangle  in  terms  of  the  co-ordinates  of  its  angles ;  i 
it  is,  however,  often  more  convenient  in  practice  to  express  it  in  i 
terms  of  the  equations  of  its  sides,  as  follows: 

Let  the  equations  of  the  three  sides  be  a  =  0,  /3  =  0,  7  =  0, 
then  any  equation  of  the  form  . 

l[iy  +  mya  +  wa/3  =  0,  ' 

is  the  equation  of  a  curve  of  the  second  degree  passing  through 
the  three  given  points,  since  it  is  satisfied  by  supposing 

a  =  0/3  =  0,     a  =  07  =  0,     or|3-07  =  0. 

We  must  then  (as  in  Art.  95)  find  what  the  values  of  ^  and  'j 

must  be,  in  order  that  this  should  be  the  equation  of  a  circle. 
Writing  for  a,  &c.,  at  full  length,  .rcosa  +  ysina  -  p,  and  deve- 
loping the  equation,  we  obtain  the  two  following  conditions, 

Zcos(/3  +  7)  +  mcos(7  +  a)  +  «cos(a  +  /3)  =  0, 
lsm{(5  +  y)  +  msin(7  +  a)  +  ?zsin(a  +  /3)  =  0. 

Solving  these  equations  we  obtain 

m      sin  (7 -a)         n_sin(a-/3) 
T  "  sin(/3-7)'       7  ~  sin(/3-7)' 

Now  if  C  be  the  angle  contained  by  the  sides  a,  (3,  then 
sin  C  =  sin  («  -  (i),  &c.  (since  a  -  j3)  is  the  angle  between  the 
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perpendiculars  on  tliose  sides),  hence  the  equation  of  the  circle 
circumscribing  a  triangle  is, 

/Sy  sin  A  +  7a  sin  B  +  a(5  sin  C  =  0. 
103.  The  geometrical  interpretation  of  the  equation  just  found 
deserves  attention.  If  from  any  point  O 
we  let  fall  perpendiculars  OP,  OQ,  on 
the  lines  a,  /3,  then  (Art.  53)  a,  /3,  are  the 
lengths  of  these  perpendiculars;  and  since 
the  angle  between  them  is  the  svipple- 
ment  of  C,  the  quantity  a/3  sin  C  is  dou- 
ble the  area  of  the  triangle  OPQ.  In 
like  manner,  ay  sin  B  and  j3y  sin  A  are 
double  the  triangles  OPR,  OQR.     Hence  the  quantity 

j3y  sin  A  +  ya  sin  B  +  a/3  sin  C 

is  double  the  area  of  the  triangle  PQR,  and  the  equation  found 
in  the  last  Article  asserts,  that  if  the  point  O  be  taken  on  the  cir- 
cumference of  the  circumscribing  circle,  the  area  PQR  will  va- 
nish, that  is  to  say  (Art.  35),  the  three  points  P,  Q,  R  will  lie 
on  one  right  line. 

If  it  were  required  to  find  the  locus  of  a  point  from  which,  if 
■we  let  fall  perpendiculars  on  the  sides  of  a  triangle,  and  join  their 
feet,  the  triangle  PQR  so  formed  should  have  a  constant  magni- 
tude, the  equation  of  the  locus  would  be 

/3y  sin  A  +  ya  sin  B  +  a/3  sin  C  =  const. 

■and,  since  this  only  differs  from  the  equation  of  the  circumscrib- 
ing circle  in  the  constant  part,  it  is  (Art.  81)  the  equation  of  a 
circle  concentric  with  the  circumscribing  circle. 
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104.  From  the  equation 

/3y  sin  A  +  ya  sin  B  +  a/3  sin  C  =  0, 

we  can  find  the  equations  of  the  tangents  to  the  circle  at  the  ver- 
tices of  the  triangle.     Put  the  equation  into  the  form 

y  (/3  sin  A  +  a  sin  B)  +  a/3  sin  C  =  0, 

and  we  saw  (in  Art.  102)  that  y  meets  the  circle  in  the  two  points 
iwhere  it  meets  the  lines  a  and  /3,  since,  if  we  make  y  =  0  in  the 
equation  of  the  circle,  that  equation  will  be  reduced  to  a/3  =  0. 
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Now,  for  the  very  same  reason,  the  two  points  in  which  the  line 
j3  sin  A  +  a  sin  B  meets  the  circle,  are  the  two  points  where  it 
meets  the  lines  a  and  /3.  But  these  two  points  coincide,  since 
)3  sin  A  +  a  sin  B  passes  through  the  point  aj3.  Hence,  since  the 
line  /3  sin  A  +  a  sin  B  meets  the  circle  in  two  coincident  points,  it 
is  (Art.  83)  a  tangent  at  the  point  a/3. 

We  saw  (Art.  63)  that  a  sin  A  +  j3  sin  B  is  the  equation  of  a 
parallel  to  the  base  (7)  drawn  through  the  vertex  a(5.  Hence, 
by  Art.  58,  the  tangent  a  sin  B  +  j3  sin  A  makes  the  same  angle 
with  one  side,  that  the  base  makes  with  the  other  (Euclid,  HI.  32). 

From  the  forms  of  the  equations  of  the  three  tangents. 


a 


+ 


/3     _n      _&_^     T__n     _1 


-0,     :,^+^:^  =  0,     -^  +  -,^  =  0, 


sin  A      sin  B         '     sin  B       sin  C        '     sin  C      sin  A 
it  appears,  that  the  three  points  in  which  they  intersect  each  the 
opposite  side  are  in  one  right  line,  whose  equation  is 


fori 


indf 


«    ^J^^^y,  =  o. 


sin  A       sin  B      sin  C 
It  will  be  found  that  the  equations  of  the  lines  joining  the  ver- 
tices of  the  inscribed  triangle  to  those  of  the  circumscribed,  are, 

_^ g_^0       -2 I_  =  0       -J r^-0; 

sin  A      sinB        '     sinB      sinO        '     sm  C      smA 

and  these  meet  in  a  point,  the  equations  being  of  the  form  dis- 
cussed in  Art.  60. 

105.  We  shall  next  show  how  to  obtain  the  equation  of  the 
circle  inscribed  in  the  triangle  a,  (3,  y.     The  equation 

12^2  +  ^2^2  +  ,j2^2  _  2nw[5y  -  2nlya  -  2/ma/3  -  0, 

represents  a  curve  of  the  second  degree,  inscribed  in  the  triangle 
a/Sy,  for  if  we  seek  the  point  where  any  side  (7)  cuts  the  figure, 
making  7  =  0,  we  obtain  the  perfect  square, 

Z^a"  +  wi2/32  -  2lma[5  =  0 ; 
the  roots  of  this  equation  being  equal,  we  infer  that  the  two  points 
coincide  in  which  7  cuts  the  figure,  and  therefore  (Art.  83)  that 
7  is  a  tangent. 

In  tlic  same  manner  it  can  be  proved  that  the  sides  a  and  /3 
touch  the  curve  represented  by  the  preceding  equation.  J 
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This  equation  may  also  be  written  in  a  convenient  form, 
l^a'  +  m*/3*  +  n'j^  =  0 ; 

for  if  we  clear  this  equation  of  radicals  we  shall  find  it  to  be  iden- 
tical with  that  just  written. 

For  the  simplest  method  of  obtaining  the  particular  values  of 
Z,  m,  n,  for  which  the  preceding  equation  represents  a  circle,  I  am 
indebted  to  Dr.  Hart,  who  derives  the  equation  of  the  inscribed 
circle  from  that  of  the  circumscribed,  as  follows :  Join  the  points 
of  contact  of  the  circle  inscribed  in  a  triangle ;  let  the  equations 
of  the  sides  of  the  triangle  so  formed  be  a  =0,  j3'  =  0,  7'  =  0, 
and  its  angles  A',  B',  C;  then  (Art.  100)  the  equation  of  the 
circle  must  be 

jSy  sin  A'  +  yV  sin  B'  +  a'|3'  sin  C  =  0. 

Now  we  have  proved  (Art.  93,  Ex.  1)  that  for  any  point  on  the 
circle  a'2-/37;     jS'^  =  7a  ;     7'^  =  ajS, 

and  it  is  easy  to  see  that 

A'=90°-iA;     B'=90°-iB;     C'=90°-iC. 

Substituting  these  values,  the  equation  of  the  circle  becomes 

a^  cos  ^ A  +  j3"  cos -^B  +  7'  cos  ^C  =  0. 
The  general  equation  will,  therefore,  represent  a  circle  if  I,  'in,  «, 
be  proportional  to       eos-^A,  cos^B,  cos^  iC. 

It  can  be  proved,  in  like  manner,  that  the  equation  of  the  circle 
touching  the  side  a,  and  the  sides  h  and  c  j^roduced,  is 

a^  cos  i  A  +  j3*  sin  IB  +  74  sin  i  C  =  0. 

106.  In  the  last  article  we  saw  that  the  general  equation 
might  be  written  in  the  form 

ny  {nj  -  2la  -  2m[i)  +  {la  -  m[5y  =  0, 

and  hence  that  the  line  {la  -  wij3),  which  obviously  passes  through 
the  point  a/3,  passes  also  through  the  point  where  7  meets  the 
curve.  The  three  lines,  then,  which  join  the  points  of  contact  of 
the  sides  with  the  opposite  angles  of  the  circumscribing  triangle, 

*^®  la  -  m^  =  0,     7nj3  -  ny  =  0,     ny  -  la  =  0, 

and  these  obviously  meet  in  a  point. 

The  very  same  proof  which  showed  that  7  touches  the  curve 
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shows  also  that  ny  -  2la  -  2?»/3  touches  the  curve,  for  when  this 
quantity  is  put  =  0,  we  have  the  perfect  square  (la  -  w?/3)-  =  0  ; 
hence  this  line  meets  the  curve  in  two  coincident  points,  that  is, 
touches  the  curve,  and  la  -  ?nj3  passes  through  the  point  of  con- 
tact. Hence,  if  the  vertices  of  the  triangle  be  joined  to  the 
points  of  contact  of  opposite  sides,  and  at  the  points  where  the 
joining  lines  meet  the  circle  again,  tangents  be  drawn,  their  equa- 
tions are 

2la  +  2???j3  -  ny  =  0,   2w?j3  +  2ny  -  la  =  0,  2ny  +  2la  -  w?j3  =  0. 
Hence  we  infer  that  the  three  points,  where  each  of  these  tan- 
gents meets  the  opposite  side,  lie  in  one  right  line, 

la  +  m[5  +  ny  =  0, 
for  this  line  passes  through  the  intersection  of  the  first  line  with 
y,  of  the  second  with  a,  and  of  the  third  with  /3. 

107.  We  now  proceed  to  examine  the  properties  of  two  or 
more  circles,  and  commence  with  the  question:  "  To  find  the  equa- 
tion of  the  chord  of  intersection  of  two  circles^ 

If  S  =  0,  S'  =  0,  be  the  equations  of  two  circles,  then  any 
equation  of  the  form  S  -  Jc^'  =  0  will  be  the  equation  of  a  figure 
passing  through  their  points  of  intersection  (Art.  48). 

Let  us  write  down  the  equations 

S  =  {x  -  af  +(y-  hf  -  r2  =  0, 

and  it  is  evident  that  the  equation  S  -  kS'  =  0,  will  in  general 
represent  a  circle,  since  the  co-eflicient  o^  xy  =  0,   and  that  of| 
x^  =  that  of  y-.     There  is  one  case,  however,  where  it  will  repre- 
sent a  right  line,  namely,  when  ^  =  1.     The  terms  of  the  second 
degree  then  vanish,  and  the  equation  becomes 
S  -  S'  =  2  (a  -  a)  X  +2(b'  -  h)y  +  r"^  -  r^  +  a^  _  ^'z  ^  yi  _  yi  ^  q. 

This  is,  therefore,  the  equation  of  the  right  line  passing  through 
the  points  of  intersection  of  the  two  circles.* 

108.  The  points  of  intersection  of  the  two  circles  are  found 
by  seeking,  as  in  Art.  85,  the  points  in  which  the  line  S  -  S' 


*  We  shall  have  occasion,  in  the  next  Part,  to  examine  more  closely  the  nature  of  the 
chords  of  intersection  of  two  circles. 
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meets  either  of  the  given  circles.  These  points  will  be  real,  co- 
incident, or  imaginary,  according  to  the  nature  of  the  roots  of  the 
resulting  equation ;  but  it  is  remarkable  that,  whether  the  circles 
meet  in  real  or  imaginary  points,  the  equation  of  the  chord  of  in- 
tersection, S  -  S'  =  0,  always  represents  a  real  line,  having  impor- 
tant geometrical  properties  in  relation  to  the  two  circles.  This 
confirms  our  assertion  (Art.  87),  that  the  line  joining  two  points 
preserves  its  existence  and  its  properties  when  those  points  have 
become  imaginary. 

In  order  to  avoid  the  harshness  of  calling  the  line  S  -  S'  =  0 
the  chord  of  intersection  in  the  case  where  the  circles  do  not  geo- 
metrically appear  to  intersect,  it  has  been  called  the  radical  axis 
of  the  two  circles. 

109.  One  of  the  most  remarkable  properties  of  this  line  is 
found  by  examining  the  geometric  meaning  of  the  equation 
S  -  S'  =  0.  We  saw  (Art.  93)  that  if  the  co-ordinates  of  any  point 
xy  be  substituted  in  the  quantity  S,  it  represents  the  square  of 
the  tangent  drawn  to  the  circle  S,  from  the  point  xy.  So  also 
S'  is  the  square  of  the  tangent  drawn  to  the  circle  S',  and  the 
equation  S  -  S'  =  0  asserts,  that  if  from  any  point  on  the  radi- 
cal axis  tangents  he  drawn  to  the  two  circles,  these  tangents  icill  be 
equal. 

The  line  (S  -  S')  possesses  this  property  whether  the  circles 
meet  in  real  points  or  not.  When  the  circles  do  not  meet  in  real 
points,  the  position  of  the  radical  axis  is  determined  geometri- 
cally by  cutting  the  line  joining  their  centres,  so  that  the  differ- 
ence of  the  squares  of  the  parts  may  =  the  difference  of  the 
squares  of  the  radii,  and  erecting  a  perpendicular  at  this  point ; 
as  is  evident,  since  the  tangents  from  this  point  must  be  equal  to 
'  each  other. 

If  it  were  required  to  find  the  locus  of  a  point  wlience  tangents 
to  two  circles  have  a  given  ratio,  it  appears,  from  Art.  93,  that 
the  equation  of  the  locus  will  be, 

S  -  PS'  =  0, 

which  (Art.  107)  represents  a  circle  passing  'through  the  real  or 
imaginary  points  of  intersection  of  S  and  S'.  When  the  circles 
S  and  S'  do  not  intersect  in  real  points,  we  may  express  the  rela- 
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tion  which  they  bear  to  the  circle  S  -  ^^S'  by  saying  that  the 
three  circles  have  a  common  radical  axis. 

110.  From  the  form  of  the  equation  of  the  radical  axis  of  two 
circles  we  at  once  derive  the  following  theorem. 

Given  any  three  circles,  if  ive  take  the  radical  axis  of  each  pair 
of  circles,  these  three  lines  will  meet  in  a  point,  and  this  point  is 
called  the  radical  centre  of  the  three  circles. 

For  the  equations  of  the  three  radical  axes  are, 

S  -  S'  =  0,     S'  -  S"  =  0,     S"  -  S  ==  0, 

which,  by  Art.  51,  meet  in  a  point. 

From  this  theorem  we  immediately  derive  the  following  : 
If  several  circles  pass  through  tioo  fixed  points,  their  chord  of  in- 
tersection ivith  a  fixed'  circle  will  pass  th?'Ough  a  fixed  point. 

For,  imagine  one  circle  through  the  two  given  points  to  be 
fixed,  then  its  chord  of  intersection  with  the  given  circle  will  be 
fixed ;  and  its  chord  of  intersection  with  any  variable  circle  drawn 
through  the  given  points,  will  plainly  be  the  fixed  line  joining 
the  two  given  points.  These  two  lines  determine,  by  their  inter- 
section, a  fixed  point  through  which  the  chord  of  intersection  of 
the  variable  circle  with  the  first  given  circle  must  pass. 

111.  A  system  of  circles  having  a  common  radical  axis  pos- 
sesses many  remarkable  properties  which  are  more  easily  investi- 
gated by  taking  the  radical  axis  for  the  axis  of  y,  and  the  line 
joining  the  centres  for  the  axis  of  ^.  Then  the  equation  of  any 
circle  will  be  ,^2  ^  ^2  _  2kx  +  g3  =  0, 

where  S~  is  the  same  for  all  the  circles  of  the  system,  and  the 
equations  of  the  different  circles  are  obtained  by  giving  different 
values  to  k. 

For  it  is  evident  (Art.  82)  that  the  centre  is  on  the  axis  of  x, 
at  the  variable  distance  k,  and  if  we  take  any  two  circles, 

a^  +  f-  2k'x  +  8-  =  0, 

^3  +  ?/2  -  2k"x  +  S^  =  0, 

and  subtract  one  equation  from  the  other,  their  chord  of  intersec- 
tion will  be  X  =  0,  or  the  axis  of?/. 

When  we  give  to  S^  the  sign  + ,  the  radical  axis  will  meet  the 
circles  in  imaginary  points,  and  wlien  we  give  the  sign  - ,  in  real 
points. 
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112.  If  several  circles  pass  through  two  fixed  points,  the  polar 
of  a  given  point ,  with  regard  to  any  of  them,  will  always  pass 
through  a  fixed  point. 

The  equation  of  the  circle  may  be  written 
,f  +  (,^  _  ky  =  k^  -  S\ 

therefore  (Art.  90),  equation  of  polar  will  be 

ytj  +  {x  -  k)  (x  -  k)  =  k^  -  §2, 
or  yy  +  xx  +  h^  -  k  .  {x  +  x)  =  0 ; 

therefore,  since  this  line  involves  the  indeterminate  k  in  the  first 
degree  (Art.  69),  this  line  will  always  pass  through  the  intersec- 
tion of  yy  +  xx  +  S^  =  0,  and  x  +  x'  =  0. 

113.  There  can  always  he  found  two  points,  hoicever,  such  thai 
their  polars,  with  regard  to  any  of  the  circles,  ivill  not  only  pass 
through  a  fixed  point,  but  loill  he  altogether  fixed. 

This  will  happen  when  yy  +  xx  +  S^  =  0,  and  x  +  x  =  0,  re- 
present the  same  right  line,  for  this  right  line  would  then  be  the 
polar  whatever  the  value  of  k.     But  that  this  should  be  the  case 

we  must  have  '      a       i    '■>      -^o  '         ^^n 

y  =  0  and  x-'  =  6-,  or  x  =  ±  c. 

The  two  points  whose  co-ordinates  have  been  just  found  have 
many  remarkable  properties  in  the  theory  of  these  circles,  and 
are  such  that  the  polar  of  either  of  them,  with  regard  to  any  of 
the  circles,  is  a  line  drawn  through  the  other  perpendicular  to  the 
line  of  centres. 

It  is  evident,  that  the  equation 

?/2  +  (x  -  kf  =  k^  -  §2 

(Art.  112)  cannot  represent  a  real  circle  if  k^  be  less  than  S^;  and 
if  k'  =  o^,  then  the  equation  will  be  of  Class  V.  (Art.  82),  and  will 
represent  a  circle  of  infinitely  small  radius,  the  co-ordinates  of 
whose  centre  are  y  =  0,  x  =  ±  S.  Hence  the  points  just  found 
may  themselves  be  considered  as  circles  of  the  system,  and  have, 
accordingly,  been  termed  by  Poncelet*  the  limiting  points  of  the 
system  of  circles. 

114.  If  from  any  point  on  the  radical  axis  we  draw  tano-ents 

*  Traite  des  Proprietes  projectives,  p.  41. 
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to  all  these  circles,  the  locus  of  the  points  of  contact  must  be  a 
circle,  since  we  proved  (Art.  109)  that  all  these  tangents  were 
equal.     The  equation  of  this  circle  can  be  readily  found. 

The  square  of  the  tangent  from  any  point  {x  =  0,  y  -  h)  to  the 
circle  ^2  ^  ^3  _  2kx  +  S^  =  0, 

being  found  by  substituting  these  co-ordinates  in  this  equation, 
<=h'^  +  S^;  and  the  circle  whose  centre  is  the  point  {a;  =  0,  y  =  h), 
and  whose  radius  squared  =  h^  +  S^,  must  have  for  its  equation 

a;^+(y~  hf  =  ¥  +  g2, 
or  ^'3  +  ?/2  _  2hy  =  S2. 

Hence,  whatever  be  the  point  taken  on  the  radical  axis  (i.  e., 
whatever  the  value  of  7i  may  be),  still  this  circle  will  always  pass 
through  the  fixed  points  {y  =  0,cc  =  ±  S)  found  in  the  last  Article. 

115.   To  draiu  a  common  tangent  to  tioo  circles. 
Let  their  equations  be 

{x  -  ay  +  (y-  by  =  r-2  (S), 

and  {x-a'y  +  (y-b'y=r'''  (S'). 

We  saw  (Art.  84)  that  the  equation  of  a  tangent  to  (S)  was 

(x  -  a)  {x  -  a)  +  (y-b)  {y  -b)  =  r-; 

or,  as  in  Art.  97,  writing 

x'  -a  y'  -  b 

=  cos  a,      ' =  sina, 

r  r 

{x  -  a)  cos  a  +  (y  -  b)  sin  a  =  r. 

In  like  manner,  any  tangent  to  (S')  is 

{x  -  a)  cos/3  +  (y  -  b)  sin/3  =  ?*'. 

Now,  if  we  seek  the  conditions  necessary  that  these  two  equa- 
tions should  represent  the  same  right  line ;  first,  from  comparino- 
the  ratio  of  the  co-efficients  of  x  and  y,  we  get  tana  =  tan/3,  ilk\ 
whence  /3  either  =  a,  or  =  180°  +  a.    If  either  of  these  conditions  y^ 
be  fulfilled,  we  must  equate  the  absolute  terms,  and  we  find,  in 
the  first  case, 

(rt  -  a)  cosa  +  {b  -  U)  sina  -^  r  -  r  =  0, 
and  in  the  second  case, 

(a  -  a)  cosa  +  (6  -  //)  sina  +  r  +  r  =  0. 
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Either  of  these  equations  would  give  us  a  quadratic  to  determine 
a.     The  two  roots  of  the  first  equation  would  correspond  to  the 


direct  or  exterior  common  tangents,  Aa,  AV ;  the  roots  of  the 
second  equation  would  correspond  to  the  transverse  or  interior 
tangents,  B(^,  B'6'. 

If  we  wished  to  find  the  co-ordinates  of  the  point  of  contact 
of  the  common  tangent  with  the  circle  (S),  we  must  substitute, 

in  the  equation  just  found,  for  cos  a,  its  value,  ' ,  and  for 

sin  a, ,  and  we  find 

r 

(a  -  a)  (x'-a)  +  {6-1-)  {y  -  h)  +  r{r  -  r")  =  0; 

or  else, 

(a  -  a)  {x  -a)  +  (b-  h')  {ij  -  b)  +  r(r  +  r)  =  0. 

The  first  of  these  equations,  combined  with  the  equation  (S) 
of  the  circle,  will  give  a  quadratic,  whose  roots  will  be  the  co- 
ordinates of  the  points  A  and  A',  in  which  the  direct  common  tan- 
gents touch  the  circle  (S) ;  and  it  will  appear,  as  in  Art.  89,  that 

(a  -  a)  {x  -  a)  +  {U  -  b)  {y  -  h)  =  r{r  -  r) 

is  the  equation  of  AA',  the  chord  of  contact  of  direct  common 
tangents.     So,  likewise, 

(a  -a){x-a)  +  (b'  -  b)  (y  -  b)  =  r(r  +  7') 

is  the  equation  of  the  chord  of  contact  of  transverse  common  tan- 
gents. If  the  origin  be  the  centre  of  the  circle  (S),  then  a  and  b^O; 
and  we  find,  for  the  equation  of  the  chord  of  contact, 

ax  +  b'y  =  r  (r  +  r) . 

116.  The  points  O  and  O',  in  which  the  direct  or  transverse 
tangents  intersect,  are  called  the  centres  of  similitude  of  the  two 
circles  (see  p.  99). 
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Their  co-ordinates  are  easily  found,  fc?r  0  is  the  pole,  with  re- 
gard to  circle  (S),  of  the  chord  AA',  whose  equation  is 

r  -  r  r  -  r 

Comparing  this  equation  with  the  equation  of  the  polar  of  the 
point  xy  ^ 


{x  -  a)  {x  -  a)  +  {}j  -h)  {y  -h)  =  r"-, 


we  get 


X 


(a  —  a)  T 

a  =   —■.     or  X 


,  {U-h)r 

y  -^=    ^       '    >     or  y 


ar 

-  ar 

r 

-  r 

b'r  - 

hr' 

r  —  r 


r  -  r 


So,  likewise,  the  co-ordinates  of  O'  are  found  to  be 


ar  +  ar 


X  = 


and  y  = 


b'r  +  hr 


r  -\-  r  r  +  r 

These  values  of  the  co-ordinates  indicate  (see  Art.  11)  that 
the  centres  of  similitude  are  the  points  where  the  line  joining  the 
centres  is  cut  externally  and  internally  in  the  ratio  of  the  radii. 

117.  If  through  a  centre  of  similitude  we  draw  any  tico  lines 
meeting  the  first  circle  in  the  points 
R,  R',  S,  S',  and  the  second  in  the 
points  p,  jo',  (T,  a,  then  the  chords 
RS,  ptT ;  R'S',  p'(t'  ;  will  be  parallel, 
and  the  cho7'ds  RS,  pV;  R'S',  pa; 
loill  meet  on  the  radical  axis  of  the 
two  circles. 

Take  the  two  fixed  lines  for 
axes,  then  we  saw  (Art.  100,  Ex.  4) 
that  OR  =  /iO|0,  OS  = /iOo-,  and 
that  if  the  equation  of  the  circle   S' 
papa  be 

A^2  +  ^xy  +  A?/2  +  D.2;  +  E?/  +  F  =  0, 
that  of  the  other  will  be 

A.t'2  +  ^xy  +  A.y3  +  ^ .  (D^  +  E?/)  +  ij?¥  =  0, 
and,  therefore,  the  equation  of  the  radical  axis  will  be  (Art.  108) 

D^  +  Ey  +  (^t  +  1)  F  =  0. 
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Now  let  the  equation  of  pa  be 


and  that  of  pa, 


-  +  ^=1 
a      b        ' 


a      b 


then  the  equation  of  RS  must  be 


and  that  of  R'S', 


fxa     fio 


4-  -^  =  1. 

fxa       fxb 


> 
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It  is  evident,  from  the  form  of  the  equations,  that  RS  is 
parallel  to  per;  and,  as  in  Art.  99,  Ex.  2,  RS  and  pa  must  inter- 
sect on  the  line 

Dr  on  Da;  +  E_?/  +  (1  +  ^)  F  =  0, 

;he  radical  axis  of  the  two  circles. 

A  particular  case  of  this  theorem  is,  that  the  tangents  at  R  and 
0  are  parallel,  and  that  the  tangents  at  R  and  p  meet  on  the  radi- 
;al  axis. 

118.  Given  three  circles  ;  the  line  joining  a  centre  of  simili- 
ude  of  the  first  and  second  to  a  centre  of  similitude  of  the  first  and 
hird,  will  pass  through  a  centre  of  similitude  of  the  second  and 
Jiird. 

Form  the  equation  of  the  line  joining  the  points 


md 


ra  -  ar 

rb'  -  b}^' 
y-    r-r' 

r  -  r 

//                   // 

ra  -  ar 

rb"  -  br" 
^         r  -  r 

r  -  r 

Art.  116),  and  we  get 

[r  (b'  -  b")  +  r  {b"  -b)  +  r"  {h  -  b')}  x 
-  { r  {a  -  a")  +  r  (a"  -  a)  +  r" (a  -  a,')]  y 
+  r  (b'a"  -  b"a')  +  r'  (b"a  -  ba")  +  r"  (bd  -  b'a)  =  0. 

d 
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Now  the  symmetry  of  this  equation  sufficiently  shows,  that  the 
line  it  represents  must  pass  through  the  third  centre  of  similitude, 


/     //  //     / 

ra    -  T  a 


X  = 


r  —  r 


y 


/Iff     ffii 

ro  -  r  o 


This  line  is  called  an  axis  of  similitude  of  the  three  circles. 

Since  for  each  pair  of 
circles  there  are  two  cen- 
tres of  similitude,  there 
will  be  in  all  six  for  the 
three  circles,  and  these 
will  be  distributed  along 
four  axes  of  similitude, 
as  represented  in  the 
ligure.  The  equations 
of  the  other  three  will 
be  found  by  changing 
the  signs  of  r  and  r,  or 
of  r  and  r",  or  of  r  and 
r",  in  the  equation  just 
given. 

119.  One  particular  case  of  the  preceding  theorem  is  often 
useful. 

If  a  circle  (S)  touch  tioo  others  (S  and  S')  the  line  joining  the 
points  of  contact  loill  pass  through  a  centre  of  similitude  of  S  and  S'. 

For  when  two  circles  touch,  one  of  their  centres  of  similitude 
will  coincide  with  the  point  of  contact,  and,  by  the  theorem 
proved  in  the  last  article,  the  line  joining  a  centre  of  similitude  of 
S  and  S,  to  a  centre  of  similitude  of  (S'  and  S)  must  pass  through 
a  centre  of  similitude  of  S  and  S'. 

If  S  touch  S  and  S',  either  both  externally  or  both  internally, 
the  line  joining  the  points  of  contact  will  pass  through  the  exteimal 
centre  of  similitude  of  S  and  S'.  If  S  touch  one  externally  and 
the  other  internally,  the  line  joining  the  points  of  contact  will 
pass  through  the  internal  centre  of  similitude. 

120.  We  shall  conclude  this  chapter  by  investigating  the 
problem  :    To  describe  a  circle  to  touch  three  given  circles. 
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Let  the  equations  of  the  three  circles  be 

(x  -  ay  +  (tj-  by  -  r^  =  0,  or  S  =  0, 
{x  -  dy  +{ij  -  by  -  r'-^  =  0,  or  S'  =  0, 
{x  -  ay+  (y  -  b"y -  r"-i ^  0,  or  S"  =  0. 

We  can  determine  the  position  of  the  centre  of  the  touching 
circle  from  the  condition,  that  the  distance  between  the  centres  of 
any  two  touching  circles  must  equal  the  sum  of  their  radii. 

Now  the  square  of  the  distance  of  any  point  from  the  centre 

of  (S)  =  {x  -  ay  +  (y  -  by  =  S  +  r^. 

Hence  we  get  the  condition 

S  +  ?^2  ^  (R  +  ry, 
and,  in  like  manner, 

S'  +  r'2  =  (R  +  r'y, 

and  S"  +  7'"2  -  (R  +  T"y. 

(These  equations,  evidently,  apply  to  the  case  of  external  con- 
tact. If  the  contact  with  any  of  the  circles  be  internal,  the  dis- 
tance between  the  centres  will  then  =  the  difference  of  the  radii, 
and  we  must  change  the  sign  of  r  or  r  or  r"  in  the  preceding 
formulae). 

Hence  it  appears,  that  there  may  be  eight  circles  touching  the 

three  given  circles,  according  to  the  different  signs  which  we  may 

give  to  r,  r,  r",  e.  g., 

r,     +  +  +  + , 

r\    +  + +  + , 

r",    +-  +  -  +  -  +  -. 

If  we  eliminate  R  from  the  preceding  formulae,  we  shall  get 
two  equations  which  will  enable  us  to  determine  the  co-ordinates 
of  the  centre  of  the  touching  circle. 

Subtract  the  equations,  and  we  get 

S  -  S'  =  2R (^  -  r),  and  S  -  S"  =  2R  {r  -  7-"), 
or  S  -  S'      S  -  S" 

/  // 

A^  y»  lyt  __   /yt 

This  is  the  equation  of  the  line  joining  the  centre  of  the  touching 
circle  to  the  radical  centre  (Art.  110).  It  may  be  written  in  the 
more  symmetrical  form 

(r  -  r")  S  +  (r"  -  7-)  S'  +  (r  -  r)  S"  -  0. 
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If  we  now  write  for  S,  &c.,  their  values,  the  co-efficient  of  a* 
in  this  equation  is  found  to  be 

-  2[a{r'  -  r")  +  a  (r"  -  r)  +  a"  {r  -  r) ] , 
and  of?/  to  be 

-2  {b(r  -  r")  +  h'{r"  -  r)  +  h"  (r  -r')}. 

Now  if  we  compare  these  co-efficients  with  the  coefficients  in 
the  equation  of  the  axis  of  similitude  (Art.  118),  we  arrive  at  the 
conclusion  (see  Art.  38)  that  the  centre  of  the  circle  touching  three 
others  lies  on  the  perpendicular  let  fall  from  their  radical  centre  on 
the  axis  of  similitude. 

We  saw  that  eight  circles  can  be  drawn  to  touch  three  given 
circles,  and  as  the  three  circles  have  four  axes  of  similitude,  the 
centres  of  the  touching  circles  will  lie,  a  pair  on  each  of  the  per- 
pendiculars let  fall  from  the  radical  centre  on  the  four  axes  of 
similitude. 

Tivo  circles  answer  to  each  axis  of  similitude ;  for  the  equation 
of  an  axis  of  similitude  (Art.  118)  remains  unaltered,  if  we  change 
in  it  the  sifjns  of  all  the  radii.  Hence  the  axis  answerinfr  to  the 
case  of  external  contact  (or  +  r  +  7'  +  r")  must  also  answer  to  the 
case  of  internal  contact  (or  -  r  -  »•'  -  /') ;  and  similarly  for  the 
other  axes  of  similitude. 

121.  From  the  three  equations  found  in  the  last  Article  we 
can  obtain  another  relation  between  the  co-ordinates  of  the  centre 
of  the  touching  circle.  This  relation,  however,  will  be  of  the  se- 
cond degree,  and,  though  sufficient  for  the  algebraical  solution  of 
the  problem,  does  not  enable  us  to  represent  the  results  in  an 
elementary  geometrical  manner.  To  remove  this  inconvenience 
M.  Gergonnc  proposed  to  seek  the  co-ordinates  not  of  the  centre 
of  the  touching  circle,  but  of  its  point  of  contact  with  one  of  the 
given  circles.  We  have  already  one  relation  connecting  these  co- 
ordinates, since  the  point  lies  on  a  given  circle ;  therefore,  if  we 
can  find  another  relation  between  them,  it  will  suffice  completely 
to  determine  the  point.* 

Let  us  for  simplicity  take  for  origin  the  centre  of  the  circle, 
the  point  of  contact  with  which  we  are  seeking,  and  let  the  equa- 
tions of  the  three  circles  be 
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(.i-  -  af  +  (t/  -  bf  =  r2       (S), 

{x-dy-v{y-b'f  =  r'-i       (S'), 

A'2  +  y^  =  r"^  (S"), 

and  of  the  sought  circle, 

(w  -  A)2  +  (y  -  B)2  =  R3     (S) ; 
then,  as  in  Art.  120,  we  get  the  three  relations, 

A3  +  B2  =  (R  +  ry, 

(A  -  ay  +  (B  -  b'f  =(R  +  ry 

(A  -  af  +  (B  -  bf  -  (R  +  rf, 
whence  we  get 

2Aa'  +  2Bb'  =  d^  +  b"^  +  r"2  -  r'3  +  2  {r"  -  r')  R, 
and 

2Aa  +  2B5  =  a3  +  ^3  +  ^-"2  -7-3  +  2  (/■"  -  y)  R. 

Now  it  is  proposed,  instead  of  determining  A,  B,  and  R,  from 
these  equations,  to  seek  the  co-ordinates  of  the  point  of  contact  of 
the  circles  (S")  and  (S).  ]S  x  and  y  be  these  co-ordinates,  we 
have,  from  similar  triangles, 

^  ^  ^ (R  +  r")        ^_y(R  +  r") 

Substitute  these  values  in  the  last  found  equations,  and  we  find 
{2ax  -^2by-^2{r-  r")  r]  -^  =  a^  +  6^  -  {r  -  ry, 

{ -lax  +  2b'y  +  2  {r  -  r")  r"]  5^^  =  a'3  +  b""  -  {r  -  ry. 

Hence 

ax  +  by  ^  (r  -  r")  r        dx  +  b'y  +  (/  -  r")  r" 

o?  -^  b^  —  {r  —  r"f     ~    d^  +  b''^  —  (r  -  ry 

This  is  the  equation  of  a  right  line,  whose  intersection  with  the 
circle  (S")  determines  the  points  of  contact  required. 

122.  Although  v/hat  has  been  said  is  sufficient  for  the  alge- 
braical solution  of  the  problem,  yet,  in  order  to  complete  the 
geometrical  solution,  it  is  necessary  to  show  how  to  construct  the 
line  whose  equation  has  been  just  found.  This  will  be  done  if 
we  can  find  any  two  points  on  the  line.  But  the  form  of  the 
equation  at  once  points  to  one  point  on  the  line ;  for  (Art.  48)  it 
must  pass  through  the  intersection  of  the  lines 
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CUV  +  %  +  (r  -  7'")  r  -  0, 
and  dx  +  h'y  +  (/•'  -  r")  v  =  0 ; 

but  (Art.  115)  the  line 

ax  +  hi/  +  (r  -  o")  r"  =  0 

is  the  chord  of  contact  of  common  tangents  to  the  circles  (S)  and 
(S"),  or,  in  other  words  (Art.  116),  is  the  polar,  with  regard  to 
the  circle  S",  of  the  centre  of  similitude  of  these  circles.     In  like 

manner, 

dx  +  b'y  +  {r  -  r")  r"  =  0 

is  the  polar  of  the  centre  of  similitude  of  the  circles  (S)  and  (S")  ;- 
therefore  (since  the  intersection  of  any  two  lines  is  the  pole  of  the 
line  joining  their  polars),  the  intersection  of  the  lines 

ax  +  hy  +  (/'  -  r")  r",  and  dx  +  h'y  +  (r  -  r")  r\ 

is  the  pole  of  the  axis  of  similitude  of  the  three  circles,  with  re- 
gard to  the  circle  (S"). 

Again,  put  the  last  equation  of  the  last  Article  into  the  form 

'^ax  +  Uy  +  2{r-  r")  r"  _      _  2dx  +  2h'y  +  2  {r  -  r")  r"  _ 
a2  +  Z>2  _  ^r  -  rf  a'^  +  6'3  -  {r  -  v'f 

or 
lax  +  2%  -  a2  _  52  +  ^2  _  ^"i  ^  2dx  +  2h'y  -  d^  -  h"^  +  r^  -  r"'^ 


the 


d'  +  b'-^  -  {r  -  rj 


hut 


2ax  +  2%  -  a^  -  Z*2  +  ^2  _  ,."2  ^  q 


is  (Art.  107)  the  equation  of  the  radical  axis  of  the  circles  (S)  and 
(S"),  and  the  numerator  of  the  right  hand  member  of  the  equation 
represents  the  radical  axis  of 
the  circles  S'  and  S " ;  hence  the  S'_ . 
line  represented  by  the  equa- 
tion will  pass  also  through  the 
7'adical centre  oHhe  three  circles. 

Hence  we  obtain  the  fol-  $' 
lowing  construction : 

Drawing  any  of  the  four  S__ 
axes  of  similitude  of  the  three 
circles,  take  its  pole  with  re- 
spect to  each  circle,  and  join 
the  points  so  found  (P,  P',  P") 
with  tlie  radical  centre  (Art.  110) ;  then,  if  the  joining  lines  meet 


i 


/<*" 


THE  CIRCLE,  119 

the  circles  in  the  points  (a,b;  a,  h' \  a,  b"),  the  circle  through 
^  a,  a,  a"  will  be  one  of  the  touching  circles,  and  that  through 
b,  b',  b"  will  be  another.  Repeating  this  process  with  the  other 
three  axes  of  similitude,  we  can  determine  the  other  six  touching- 
circles. 

123.  It  is  useful  to  show  how  the  preceding  results  may  be 
derived  without  algebraical  calculations. 

(1).  By  Art.  119  the  lines  ab,  a'b',  a"b"  meet  in  a  point,  viz., 
the  centre  of  similitude  of  the  circles  aa'a'\  bh'h". 

(2).  In  like  manner  dd\  b'b"  intersect  in  S,  the  centre  of  simi- 
litude of  C,  C". 

(3).  Hence  (Art.  117)  the  transverse  lines  cib',  a"b"  intersect 
in  the  radical  axis  of  C,  C".  So  again  d'b'\  ah,  intersect  on  the 
radical  axis  of  C",  C.  Therefore  the  point  R  (the  centre  of  simi- 
litude of  add,  bb'b")  must  be  the  radical  centre  of  the  circles 
C,  C,  C". 

(4).  In  like  manner,  since  db',  d'b"  pass  through  a  centre  of 
similitude  of  add,  bb'b" ;  therefore  (Art.  117)  dd,  b'b"  meet  on 
the  radical  axis  of  these  two  circles.  So  again  the  points  S'  and 
S"  must  lie  on  the  same  radical  axis  ;  therefore  SS'S",  the  axis  of 
similitude  of  the  circles  C,  C,  C",  is  the  radical  axis  of  the  circles 
add,  bb'b". 

(5).  Since  d'b"  passes  through  the  centre  of  similitude  of 
add,  bb'b",  therefore  (Art.  118)  the  tangents  to  these  circles 
where  it  meets  them  intersect  on  the  radical  axis  SS'S".  But  this 
point  of  intersection  must  plainly  be  the  pole  of  d'b"  with  regard 
to  the  circle  C".  Now  since  the  pole  oi  d'b"  lies  on  SS'S",  there- 
fore (Art.  98)  the  pole  of  SS'S"  with  regard  to  C"  lies  on  db". 
Hence  a"^"  is  constructed  by  joining  the  radical  centre  to  the  pole 
of  SS'S"  with  regard  to  C". 

(6).  Since  the  centre  of  similitude  of  two  circles  is  on  the  line 
joining  their  centres,  and  the  radical  axis  is  perpendicular  to  that 
line,  we  learn  (as  in  Art.  120)  that  the  line  joining  the  centres  of 
add,  bb'b"  passes  through  R,  and  is  perpendicular  to  SS'S". 
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CHAPTER  IX. 

PROPERTIES  COMMON  TO  ALL  CURVES  OF  THE  SECOND  DEGREE, 
DEDUCED  FROM  THE  GENERAL  EQUATION. 

124.  The  most  general  form  of  tlie  equation  of  the  second 
degree  is  ^^^.o  ^  ^^^  ^  ^^^  ^  ^^  +  Er/  +  F  =  0, 

where  A,  B,  C,  D,  E,  F  are  all  constants. 

The  nature  of  the  curve  represented  by  this  equation  will 
vary  according  to  the  particular  values  of  these  constants.  Thus 
we  saw  (Chap.  V.),  that  in  some  cases  this  equation  might  repre- 
sent two  right  lines,  and  (Chap.  VI.),  that  for  other  values  of  the 
constants  it  might  represent  a  circle.  It  is  our  object  in  this  chap- 
ter to  classify  the  different  curves  which  can  be  represented  by 
equations  of  the  general  form  just  written,  and  to  obtain  some  of 
the  properties  which  are  common  to  them  all.* 

Five  relations  between  the  co-efficients  are  sufficient  to  deter- 
mine a  ciirve  of  the  second  degree.  It  is  true  that  the  general 
equation  contains  six  constants,  but  it  is  plain  that  the  nature  of 
the  curve  does  not  dej)end  on  the  absolute  magnitude  of  these  co- 
efficients, since,  if  we  multiply  or  divide  the  equation  by  any 
constant,  it  will  still  represent  the  same  curve.  If,  therefore,  we 
write  the  equation  in  the  form 

A    ,     B  C   ,     D        E        ,      - 

^  x^  "r  ^  xy  +  ^if  +  ^  x  +  ^  y  +  I  =  0, 

A  B 

it  will  be  sufficient  to  determine  the  five  quantities  ^,  ^,  &c. 

Thus,  for  example,  a  conic  section  can  be  described  through 


*  We  shall  prove  hereafter,  that  the  section  made  by  any  plane  in  a  cone  standing  on  ^\ 
a  circular  base  is  a  curve  of  tlie  second  degree,  and,  conversely,  that  tlicre  is  no  curve  of 
the  second  degree  which  may  not  be  considered  as  a  conic  sectio7t.  It  was  in  this  point  of 
view  that  these  curves  were  first  examined  by  geometers.  We  mention  the  property 
here,  because  we  shall  often  find  it  convenient  to  use  the  terms  "  conic  section"  or  "  conic," 
instead  of  the  longer  appellation,  "curve  of  the  second  degree." 
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five  points.     For  each  point  {x'y)  through  which  the  curve  must 
pass,  we  have  a  relation  between  the  co-efficients,  viz., 
A.r'2  +  Kx'y  +  Cy'  +  T>x  +  Ey  +  F  =  0, 

since  the  co-ordinates  x,  y  must  satisfy  the  equation  ;  and  the 
five  relations  so  obtained  enable  us  to  determine  the  five  quan- 

.  .       A    „ 
titles,  :j^,  &C. 

125.  Every  right  line  must  meet  a  curve  of  the  second  degree  in 
tioo  real.,  coincident.,  or  imaginary  points. 

Let  us  first  consider  the  case  of  lines  which  pass  through  the 
origin.  The  truth  of  the  proposition  will  then  easily  appear  by 
transformation  to  polar  co-ordinates.  If  the  angle  between  the 
axes  be  w,  then  for  a  line  making  angles  a,  /3,  with  the  axes,  we 
saw  (Art.15)  that  x  sin  w  =  |0  sin  a,  ?/  sin  w  =  p  sin  /3,  or,  as  we  shall 
write  for  shortness,  x  =  mp,  y  =  np.  JNIaking  these  substitutions  in 
the  general  equation,  we  have,  to  determine  the  length  of  the  ra- 
dius vector  to  either  of  the  points  where  this  line  meets  the  curve, 
the  quadratic, 

(AmS  +  Bmn  +  Cn^)  ^2  +  (Dm  +  En)  p  +  F  =  0. 

We  obtain  the  roots  of  this  equation  in  a  somewhat  simpler  form 
by  solving  for  -  rather  than  for  p,  and  we  find 

1  _  -  (Din  +  E?i)  ±  V  {(Dm  +  Enf  -  4F .  (Am^  +  Bmn  +  Cn^)) 
p~  2F 

Since  this  equation  always  gives  tivo  values  for  p,  we  see,  as  in 
Art.  85,  that  every  line  through  the  origin  will  meet  the  curve 
in  two  real,  coincident,  or  imaginary  points. 

The  case  of  a  line  not  passing  through  the  origin  is  reduced 
to  the  former,  by  transferring  the  origin  to  any  point  on  the  line. 
Since  transformation  of  co-ordinates  cannot  alter  the  degree  of  an 
equation  (p.  48),  the  new  equation  must  still  be  of  the  form 

A'x^  +  B'xy  +  Cy  +  D;r  +  E'y-rF'  =  0; 
and  the  co-ordinates  of  the  points  where  any  line  (my  =  nx)  through 
the  new  origin  meets  the  curve,  are  the  tioo  roots  of  a  quadratic 
equation,  precisely  similar  in  form  to  that  already  given, 

126.  Although,  in  order  to  establish  the  theorem  of  the  last 
Article,  it  was  only  necessary  to  show  that_  the  equation 

R 
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Ax'  +  Bxi/  +  Cf  +  Da-  +  Ey  +  F  =  0, 

when  transfomaed  to  parallel  axes  through  any  point  (.vY),  was 
still  of  the  same  form,  yet  we  shall  often  find  it  useful  hereafter  to 
know  the  actual  values  of  the  new  co-efficients.  We  form  the 
new  equation  by  substituting  a  +  x  for  x^  and  y-\-y  for  y  (Art.  12), 
and  we  get  \ 

K{x  +  x'f  +  B{x  +  x)  {y+y)  +  C(y  +  yy+'D{x+x)  +  E(7/+y )  +  F=0. 
Arranging  this  equation  according  to  the  powers  of  the  va- 
riables, we  find  that  the  co-efiicients  of  x^,  xy,  and  y^,  will  be,  as 
before,  A,  B,  C ;  that 

the  new  D,  D'  =  2A.^'  +  B^  +  D ; 

the  new  E,  E'  =  2Cy'  +  Bx  +  E ; 

the  new  F,  F'  =  Ax""  +  Bx'y  +  C^f^  +  T)x'  +  Ey'  +  F. 

Hence,  if  the  equation  of  a  curve  of  the  second  degree  he  trans- 
formed to  parallel  axes  through  a  neio  oj'igiti,  the  co-effi,cients  of  the 
highest  jyoioers  of  the  variables  will  remain  unchanged,  while  the  new 
absolute  term  will  be  the  result  of  substituting  in  the  original  equation 
the  co-ordinates  of  the  neio  origin*  j 

127.  We  meet  with  an  apparent  exception  to  the  theorem  of 
Art.  125,  when  the  value  o^inm  is  such  as  to  render 

Am^  +  Bmn  +  Cn-  =  0. 

In  this  case  the  equation  for  determining  p  reduces  to  a  simple 
equation,  and  it  would  seem  as  if  the  line  my  =  nx  would  only 
meet  the  curve  in  one  point.  However,  on  referring  to  the  gene- 
ral value  of-,  given  in  Art.  125, 

1  _  -  (Dm  +  Em)  +  V  {(Dm  +  ¥mf  -  AY .{Am^  +  Bmn  +  Cn^)} 

p~  2F 

we  shall  see  that,  although  this  line  meets  the  curve  in  only  one 
finite  point,  it  will  also  meet  it  in  another  at  an  infinite  distance. 
For,  when  Am^  +  Bmn  +  Q'lfi  =  0,  the  quantity  under  the  radical 
becomes  equal  to  the  rational  part ;  therefore,  when  we  give  the 

radical  the  sign  +,  one  value  of  -  becomes  =  0,  and,  consequently, 
the  corresponding  value  of  p  becomes  infinite;  while  the  other 

*  This  is  equally  true  for  equations  of  any  degree,  as  can  be  proved  in  like  manner. 
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value  of  -,  corresponding  to  tlie  sign  -,  in  general  will  remain 

-  F 

finite,  and  will  give  p  =  tt 7;;— 

'  ^       ^     JJm  +  En 

Since  two  values  of  m  :  n  can  in  general  be  found,  wliicli  will 
render  Am-  +  Hmn  +  Cn-  =  0,  there  can  he  drawn  through  the  origin 
two  real,  coincident,  or  imaginary  lines,  u-hich  tvill  meet  the  curve  at 
an  itijinite  distance,  and  each  of  these  lines  icill  only  meet  the  curve 
in  one  other  jyoi^it. 

We  may  prove,  by  the  transformation  of  co-ordinates,  as  in 
Art.  125,  that  there  are  two  directions  in  which  lines  can  be  drawn 
through  an?/  point  to  meet  the  curve  at  infinity ;  and,  since  it  was 
proved,  in  Art.  126,  that  the  co-efiicients  A,  B,  C  were  unaltered 
by  transformation,  we  obtain  for  every  point  the  very  same 
quadratic,  Aw^^  +  Bmn  +  Cw^  =  0,  to  determine  those  directions. 
Hence,  if  through  any  point  two  real  lines  can  be  draion  to  meet  the 
curve  at  infinity,  parallel  lines  through  any  other  point  will  meet  the 
curve  at  infinity  * 

If  we  multiply  by  p^  the  equation  A.m^  +  B?nn  +  Cn-  =  0,  and 

substitute  for  mp  and  np  their  values  x  and  y,  we  obtain  for  the 

equation  of  the  two  lines  through  the  origin  which  meet  the 

curve  at  infinity, 

A«3  +  Ba;y  +  C?/3  =  0. 

128.  The  most  important  question  we  can  ask,  concerning  the 
form  of  the  curve  represented  by  any  equation,  is,  whether  it  be 
limited  in  every  direction,  or  whether  it  extend  in  any  direction 
to  infinity.  We  have  seen,  in  the  case  of  the  circle,  that  an  equa- 
tion of  the  second  degree  may  represent  a  limited  curve,  while 
the  case  where  it  represents  right  lines  shows  us  that  it  may  also 
represent  loci  extending  to  infinity.  It  is  necessary,  therefore,  to 
find  a  test  whereby  we  may  distinguish  which  class  of  locus  is  re- 
presented by  any  particular  equation  of  the  second  degree. 
■'*  With  such  a  test  we  are  at  once  furnished  by  the  last  Article. 

For  if  the  curve  be  limited  in  every  direction,  no  radius  vector 
drawn  from  the  origin  to  the  curve  can  have  an  infinite  value ; 

*  This,  indeed,  is  evident  geometrically,  since  parallel  lines  may  be  considered  as 
passing  through  the  same  point  at  infinity. 
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but  we  found  in  the  last  Article,  that,  in  order  that  the  radius  vec- 
tor should  become  infinite,  we  must  have  A?n2  +  Bmn  +  Cn^  =  0. 

I.  If  now  we  suppose  B^  -  4AC  to  be  negative,  the  roots  of 
this  equation, 

m  ^  -B+  V{B^-  4AC) 
2C 


71 


will  be  imaginary,  and  no  real  value  of  7n  :  7%  can  be  found  which 
will  render  Am-  +  B??in  +  Cn^  =  0.  In 
this  case,  therefore,  no  real  line  can  be 
drawn  to  meet  the  curve  at  infinity, 
and  the  curve  loill  he  limited  in  eveo^y  di- 
rection. We  shall  show,  in  the  next 
chapter,  that  its  form  is  that  represented 
in  the  figure. 

A  curve  of  this  class  is  called  an  Ellipse. 

II.  If  B3  -  4AC  be  j^ositive,  the  roots  of  the  equation 
Am2  +  Bmn  +  Cn^  =  0  will  be  real ; 
consequently,  there  are  two  real 
values  of  ?w  :  w  which  will  render  in- 
finite the  radius  vector  to  one  of  the 
points  where  the  line  {my^nx)  meets 
the  curve.  Hence,  in  this  case,  two 
real  lines  {AaP'  +  Bxy  +  Cy"^  =  0)  can 
be  drawn  through  the  origin  to 
meet  the  curve  at  infinity.  A  curve 
of  this  class  is  called  an  Hyperhola, 
and  we  shall  show,  in  the  next  chapter,  that  its  form  is  that  re- 
presented in  the  figure. 

III.  IfB2-4AC  =  0,  the  roots 
of  the  equation  Awi^  +  Bmn  +  Qn^  =  0 
will  then  be  equal,  and,  therefore, 
the  two  directions  in  which  a  risfht 
line  can  be  drawn  to  meet  the  curve 
at  infinity,  will  in  this  case  coincide. 
A  curve  of  this  class  is  called  a 
Parabola,  and  we  shall  (Chap.  XI.) 
show  that  its  form  is  that  here  represented. 
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129.  We  shall  here  notice  some  of  the  particular  forms  which 
the  general  equation  of  the  second  degree  may  assume. 

I.  The  circle  is  a  particular  form  of  the  ellipse,  for,  since  in  the 
most  general  form  of  the  equation  of  the  circle  C  =  A,  B  =  2A  cosw 
(Art.  81),  we  have 

B3-4AC=^-4A2sin2a), 

and,  therefore,  always  negative. 

II.  If  B  =  0,  while  A  and  C  have  the  same  sign,  the  cixrve 
must  be  an  ellipse ;  but  if  A  and  C  have  different  signs,  the  curve 
is  an  hyperbola. 

III.  If  either  A  or  C  =  0,  and  B  not  =  0,  the  quantity  B"^  -  4AC 
will  reduce  to  B-,  which  being  essentially  positive,  the  curve  is 
an  hyperbola. 

In  the  case  where  A  =  0  the  axis  of  x  is  itself  one  of  the  lines 
which  meet  the  curve  at  infinity,  and  where  C  =  0,  the  axis  of?/; 
these  lines  being  in  general  given  by  the  equation 

Aa;3  +  ^xy  +  Cif  =  0. 

IV.  If  either  A  or  C  be  =  0,  and  at  the  same  time  B  =  0,  then 
B^  -  4AC  =  0,  and  the  curve  is  a  parabola. 

V.  In  general  the  curve  will  be  a  parabola,  if  the  three  first 
terras  form  a  perfect  square. 

VI.  If  F  =  0  the  origin  is  on  the  curve  (see  note,  p.  73). 

VII.  The  curve  will  touch  the  axis  of  ?/  if  E2  =  4CF,  and  the 
axis  of  a;  if  D^  =  4AF.     This  is  proved  precisely  as  at  page  79. 

We  shall  presently  explain  the  efiect  of  the  suppositions  D  or 
E=0. 

130.  From  any  jjoint  two  tangents,  real,  coincident,  or  imagi- 
\nai'y,  can  he  draion  to  a  curve  of  the  second  degree. 

We  found,  in  Art.  125,  that  the  radii  vectores  to  the  points  in 
I  which  any  line  my  =  nx  meets  the  curve,  are  given  by  the  equation 

(I)m+En)+v/{(D^-4AF)m-^+2(DE-2BF)»m  +  (E^-4CF)n^} 

Now,  if  this  line  be  a  tangent,  the  two  points  in  which  it  meets 
the  curve  must  coincide,  and,  therefore,  the  values  of  p  must  be 
equal.  This  will  be  the  case  when  the  quantity  under  the  radi- 
cal =  0.  The  directions,  therefore,  in  which  tangents  can  be 
drawn  from  the  origin  are  found  from  the  quadratic 
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(D2  -  4AF)  m^  +  2  (DE  -  2BF)  mn  +  (E^  -  4CF)n2  =  0. 

Therefore,  as  in  Article  88,  there  are  always  two,  and  onli/  two,     f 
such  directions,  real,  coincident,  or  imaginary. 

It  is  only  necessary  to  notice  particularly  the  case  where  these 
two  directions  coincide.  If  we  apply  the  condition  that  the  equa- 
tion just  obtained  should  have  equal  roots,  we  get 

(D3  -  4AF)  (E2  -  4CF)  =  (DE  -  2BF)2,  j  k 

or  4F  (AE3  +  CU^  +  FB^  -  BDE  -  4ACF)  =  0. 

This  will  be  satisfied,  if  F  =  0,  that  is,  if  the  origin  be  on  the 
curve.  Hence,  an)/  point  on  the  curve  may  be  considered  as  the 
hitersection  of  two  coincident  tangents,  just  as  we  saw  that  any  tan- 
gent might  be  considered  as  the  line  joining  two  coincident 
points. 

The  equation  will  also  have  equal  roots  if 

AE2  +  CD2  +  FB2  -  BDE  -  4ACF  =  0. 

Now  we  obtained  this  equation  (p.  69)  as  the  condition  that  the 
equation  of  the  second  degree  should  represent  two  right  lines. 
To  explain  why  we  should  here  meet  with  this  equation  again, 
it  must  be  remarked  that  by  a  tangent  we  mean  in  general  a  line 
which  meets  the  curve  in  two  coincident  points ;  if  then  the  curve 
reduce  to  two  right  lines,  the  only  line  which  can  meet  the  locus 
in  two  coincident  points  is  the  line  drawn  to  the  point  of  inter-  ^ 
section  of  these  right  lines,  and  since  tico  tangents  can  always  be 
drawn  to  a  curve  of  the  second  degree,  both  tangents  must  in 
this  case  coincide  with  the  line  to  the  point  of  intersection. 

131.  The  origin  heing  on  the  curve,  to  find  the  equation  of  the 
tangent  at  it. 

We  may  find  this  equation  by  making  F  =  0  in  the  equation 
for  determining  the  direction  of  the  tangent  given  in  the  last  Ar- 
ticle, or  else  directly  as  follows: 

Let  the  equation  of  the  curve  be 

A.t'2  +  Ba'^  +  Cif^  +  V>x  +  E^  =  0, 

then  the  radii  vcctores  to  the  points  in  which  any  line  my  =  n,c 
meets  it  arc  found  from  the  equation 

{Km''  1  B/nn  -i  Cn-)^-  +  (D;n  +  ¥.n)  p  =  0. 
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(Hence  one  value  of  p  is  always  =  0,  or  the  origin  is  always  one 
point  in  which  this  line  meets  the  curve,  and  the  radius  vector  to 
the  other  is  ^        _  d^  +  En 

^  ~  Km^  +  Bmw  +  Cn^ 

Now,  if  the  line  my  =  nx  be  a  tangent,  the  points  in  which  it 
meets  the  curve  will  coincide,  and,  therefore,  this  value  of  p  must 
also  =  0.  Hence  Dm  +  E/i  =  0,  and,  multiplying  by  p,  and  writing 
X  and  y  for  mp  and  np,  the  equation  of  the  tangent  is 

Dx  +  Ey^  0. 

132,  The  origin  not  being  on  the  curve,  to  find  the  equation  of 
the  line  joining  the  points  of  contact  of  tangents  through  it. 

Let  m  :n'  be  one  of  the  roots  of  the  quadratic  in  Art.  130; 
then,  since  this  value  will  render  the  radical  =  0,  we  find,  for  the 
radius  vector  to  the  point  where  the  tangent  my  -  nx  meets  the 

curve, 

1         D/w'  +  En'  ,^    ,        „  ,        ^T-i      r> 

-  = -p, — ,     or,  Dmp  +  En>  +  2F  =  0; 

p  Ic 

the  co-ordinates  then  of  the  points  of  contact  must  satisfy  the 
equation  D.«  +  E?/  +  2F  =  0. 

The  point  of  contact  of  the  tangent  my  -  nx  must,  therefore,  lie 
on  the  right  line  represented  by  this  equation ;  so  likewise  must 
the  point  of  contact  of  the  other  tangent,  my  =  n"x ;  hence  the 
line  joining  the  points  of  contact  of  tangents  through  the  origin 
is  the  line  represented  by  the  equation 

Y)x  +  Et/  +  2F  =  0. 

This  is  the  equation  of  a  real  line,  whether  the  roots  m'  :  n,  m  :  n" 
be  real  or  imaginary.  We  shall  call  this  line,  as  in  the  case  of 
the  circle,  the  polar  of  the  origin,  and,  conversely,  we  shall  call 
the  origin  the  pole  of  this  line. 

If  the  origin  be  on  the  curve,  F  =  0,  and  the  equation  of  the 
polar  becomes  D^x  +  Ew  =  0 ; 

we  infer,  therefore,  from  the  last  Article,  that  the  polar  of  any 
point  on  the  curve  is  the  tangent  at  the  point. 

133.  Having  examined  the  case  where  the  value  o£  m  :n  is 
such  as  to  make  the  quantity  under  the  radical  =  0  in  the  value  of 


m. 
ain, 

line 
rve 

iCtlJ 

in 


128       GENERAL  EQUATION  OF  THE  SECOND  DEGREE.  j 

-  (Art.  125),  we  shall  now  consider  the  case  where  m:  n  is  such 
as  to  make  the  quantity  outside  the  radical  =  0,  that  is,  when 

Dm  +  Jl,?i  =  0,  or  —  =  -  y^- 

11  Pj 

In  this  case  the  values  of  |0  will  be  of  the  form  ' 

p  =  ±  ^K 

(denoting  the  quantity  under  the  radical  by  R) ;  the  values  of  ^o 
will,  therefore,  be  equal  with  opposite  signs.  The  points  answer- 
ing to  these  values  are  equidistant  from  the  origin,  and  on  oppo- 
site sides  of  it ;  therefore,  the  chord  represented  by  the  equation 
T>x  +  Ey  =  0  is  bisected  at  the  origin. 

This  line,  T>,v  +  E?/  =  0,  is  evidently  parallel  to  the  polar  of 
the  origin  whose  equation  we  saw  was 

Dx  +  E^  +  2F  =  0.  i 

Hence,  through  any  given  2')oint  can  in  general  he  drawn  one 
chord,  2vhich  loill  be  bisected  at  that  point,  and  this  chord  will  he 
parallel  to  the  polar  of  the  given  point. 

134.  There  is  one  case,  however,  where  more  chords  than  one 
can  be  drawn,  so  as  to  be  bisected,  through  a  given  point. 

If,  in  the  general  equation,  we  had  D  =  0,  E  =  0,  then  the 
quantity  D?«  +  E«  Avould  be  =  0,  whatever  were  the  value  ofwirn; 
and  we  see,  as  in  the  last  Article,  that  in  this  case  every  chord 
drawn  through  the  origin  would  be  bisected.  The  origin  would 
then  be  called  the  centre  of  the  curve.  Now,  although  for  any 
origin,  taken  arbitrarily,  the  quantities  D  and  E  are  not  =  0,  yet 
we  see,  that  if  the  curve  have  a  centre,  by  taking  this  point  for 
our  origin,  the  quantities  D  and  E  will  vanish,  or,  conversely, 
that  if  the  axes  be  transformed  to  any  new  origin,  so  that  the  co-  | 
efficients  of  x  and  y  may  vanish,  then  will  the  new  origin  be  a 
centre  of  the  curve. 

In  order  to  determine  whether  it  be  possible,  by  transforma- 
tion of  co-ordinates,  to  make  the  new  D  and  E  =  0,  we  have  only 
to  refer  to  the  formuliB  given  in  Art.  126,  whence  we  find,  that  the 
co-ordinates  of  the  new  origin  must  fulfil  the  conditions 

2Aa-'  +  By  +  D  =  0, 
2C2/'  +  Ba-'  +  E  =  0. 
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These  tivo  equations  are  sufficient  to  determine  x  and  y,  and, 
being  linear,  can  be  satisfied  by  only  one  value  of  a;  and  y ;  hence, 

Curves  of  the  second  degree  have  in  general  one,  and  only  one 
centre. 

Its  co-ordinates  are  found,  by  solving  the  above  equations,  to 

be  _  _  BE^2CD  _  _  BD  -  2AE 

"^  ""      B^  -  iAG'      y~~  B^  -  4AG  * 

In  the  ellipse  and  hyperbola  B^  -  4AC  is  always  finite  (Art. 
128) ;  but  in  the  parabola  B^  -  4 AC  =  0,  and  the  co-ordinates  of 
the  centre  become  infinite.  The  ellipse  and  hyperbola  are  hence 
often  classed  together  as  central  curves,  while  the  parabola  is 
called  a  non-central  curve.  The  student  must  be  careful,  how- 
ever, to  remember  that,  strictly  speaking,  everij  curve  of  the  second 
degree  has  a  centre,  although  in  the  case  of  the  parabola  this 
centre  is  situated  at  an  infinite  distance. 

135.  To  find  the  locus  of  the  middle  points  of  chords,  parallel  to 
a  given  line,  of  a  curve  of  the  second  degree. 

We  saw  (Art.  133),  that  a  chord  through  the  origin  my  =  nx 
is  bisected  if  Dm  +  Ew  =  0.  Now,  transforming  the  origin  to  any 
point,  it  appears,  in  like  manner,  that  a  parallel  chord  will  be  bi- 
sected at  the  new  origin  if  m  times  the  new  D  +  7i  times  the  new 
E  =  0,  or  (Art.  126), 

m  {2 Ax  +  By  +  D)  +  n  (^x  +  2Cy  +  E)  -  0. 

This,  therefore,  is  a  relation  which  must  be  satisfied  by  the  co- 
ordinates of  the  new  origin,  if  it  be  the  middle  point  of  a  chord 
parallel  to  my  =  nx.  Hence,  the  middle  point  of  any  parallel  chord 
must  lie  on  the  right  line 

m  (2 Ax  +  By+D)  +  n  (Bx  +  2Cy  +  E)  =  0, 

which  is,  therefore,  the  required  locus. 

Every  right  line  bisecting  a  system  of  parallel  chords  is  called 
a  diameter,  and  the  lines  which  it  bisects  are  called  its  ordinates. 

The  form  of  the  equation  shows  (Art.  48),  that  every  diameter 
must  pass  through  the  intersection  of  the  two  lines 

2Aa'  +  By-tD  =  0,  and  2C?/  +  B^  +  E  =  0 ; 

and,  on  turning  to  the  equations  from  which  we  determined  the 
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co-ordinates  of  the  centre  (Art.  134),  wc  infer,  that  every  dia- 
meter passes  through  the  centre  of  the 
cwrve. 
Since 

m{2Ax  +  B?/  -f  D)  +  72 (B.r  -f  2C?/  +  E)  =  0 

is  the  equation  of  the  diameter  bisect- 
ing chords  parallel  to  my  =  7ix,  it  ap- 
pears, by  making  m  and  n  alternately  =  0,  that 

2  Ax  +  B^  +  D  =  0 

is  the  equation  of  the  diameter 
bisecting  chords  parallel  to  the 
axis  of  X,  and  that 

2Cy  +  B.a;  +  E  =  0 

is  the  equation  of  the  diameter 
bisecting  chords  parallel  to  the 
axis  of?/. 

In  the  parabola  B-  =  4AC,  or  -jt-  =  ^,  and  hence  the  line 

2Kx  +  B?/  +  D  =  0  is  parallel  to  the  line  2Cy  +  Ba-  +  E  =  0 ;  con- 
sequently, all  diameters  of  a  jja- 
rahola  are  parallel  to   each  other. 
This,  indeed,  is  evident,  since  we 
have   proved    that    all    diameters 
of  any    conic   section    must   pass 
through  the  centre,  which,  in  the 
case  of  the  parabola,  is  at  an  in- 
finite distance;  and  since  parallel    _ 
riorht  lines  may  be  considered  as      / 
meeting  in  a  point  at  infinity.* 

The  familiar  example  of  the  circle  will  sufficiently  illustrate 
to  the  beiijinner  the  nature  of  the  diameters  of  curves  of  the  second 


I 
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*  Hence,  given  any  conic  section,  we  can  find  its  centre  geometrically.  For  if  \ve 
draw  any  two  parallel  chords,  and  join  their  middle  points,  we  have  one  diameter.  In 
like  manner  wc  can  find  another  dianieter.  Tlien,  if  tliose  two  dianielers  be  parallel,  the 
curve  is  a  parabola,  l)iit  if  not,  the  point  of  inlerseetion  is  the  centre. 
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degree.  He  must  observe,  however,  that  diameters  do  not  in  ge- 
neral, as  in  the  case  of  the  circle,  cut  their  ordinates  at  right 
angles.  In  the  parabola,  for  instance,  the  direction  of  the  dia- 
meter being  invariable,  while  that  of  the  ordinates  may  be  any 
whatever,  the  angle  between  them  may  take  any  possible  value. 

136.  The  direction  of  the  diameters  of  a  parabola  is  the  same 
as  that  of  the  line  through  the  origin  which  meets  the  curve  at  an 
infinite  distance. 

For  the  lines  through  the  origin  which  meet  the  curve  at  infi- 
nity are  (Article  127) 

Ax^  +  Bxy  +  Cy-  =  0, 

or,  writing  for  B  its  value,  v/  (4AC), 

{VA.V+  VCyy  =  0. 

But  the  diameters  are  parallel  to  2A.i'  +  B^/  =  0,  by  the  last  Arti- 
cle, which,  if  we  write  for  B  the  same  value,  •v/(4AC),  will  also 
reduce  to  ^Ax+  x/Cy  =  0. 

Hence  every  diameter  of  the  parabola  meets  the  curve  once  at  in- 
finity, and,  therefore,  can  only  meet  it  in  one  finite  point. 

137.  If  two  diameters  of  a  conic  section  he  such,  that  one  of  them 
bisects  all  chords  parallel  to  the  other,  then,  conversely,  the  second  loill 
bisect  cdl  chords  parallel  to  the  first. 

The  equation  of  the  diameter  which  bisects  chords  parallel  to 
my  =  nx  is  (Art.  135) 

(2A?n  +  Bn)  x  +  (B»i  +  1Qn)y  +  Dm  +  Em  =  0. 

If  then  this  be  parallel  to  my  =  n'x,  we  must  have 

in  Bm  +  2C« 

"??  "  ~  2 Am  +  Bn 
or  2A7nm'  +  B  {m'n  +  mn)  +  2Cmi  =  0. 

But  the  symmetry  of  the  equation  shows  that  it  is  also  the  condi- 
tion that  the  line  my  =  nx  should  be  parallel  to  the  diameter  bi- 
secting the  chord  my  =  nx. 

Diameters  so  related,  that  each  bisects  every  chord  parallel  to 
the  other,  are  called  conjugate  diameters.* 

*  It  is  evident  that  none  but  central  curves  can  have  conjugate  diameters,  since  in 
the  parabola  the  direction  of  all  diameters  is  the  same. 
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If  ill  the  general  equation  B  =  0,  the  axes  will  be  parallel  to  a 
pair  of"  conjugate  diameters. 

For  the  diameter  bisecting  chords  parallel  to  the  axis  of  a'  will, 
in  this  case,  become  2A■^'  +  D  =  0,  and  will,  therefore,  be  parallel 
to  the  axis  of  y/. 

In  like  manner,  the  diameter  bisecting  chords  parallel  to  the 
axis  of  y  will,  in  this  case,  be  2Cij  +  E  =  0,  and  will,  therefore,  be 
parallel  to  the  axis  of  x. 

138.  To  find  the  equation  of  the  tangent  at  any  point  (xy). 
The  process  by  which  (p.  76)  we  found  the  equation  of  the 

tangent  to  a  circle  expressed  by  the  general  equation  is  applicable 
to  all  curves  of  the  second  degree,  if  we  make  the  coefficient  of 
?/^  C  instead  of  A.     We  find  thus  for  the  equation  of  the  chord, 

y-  y  _  _  A  (x  +  x")  +  By"  +  D 
a;-x'~      C(ij  +  y")  +  B.i-'  ^E  ' 

and  for  the  equation  of  the  tangent, 

y-y  2  Ax  +  By  +  D 

x-x'~     20y  +  B.7TE" 

Or  reducing,  and  remembering  that  x'y  satisfies  the  equation  of 
the  curve, 

{2Kx'  +  By'  +  'D)x+  {20y'  +  Bx  +  E)  ?/  +  D^-'  +  Ey'  +  2F  =  0. 

139.  To  find  the  equation  of  the  polar  of  any  point  x'y. 
The  method  used  in  Art.  90  is  applicable,  word  for  word,  to 

the  general  equation  of  the  second  degree,  and  shows  that  the 
equation  of  the  polar  is  exactly  similar  in  form  to  the- equation  of 
the  tangent,  with  the  only  difference  that  the  point  x'y  is  no 
longer  on  the  curve.  Or  the  same  result  may  be  obtained  by 
transformation  of  co-ordinates  as  follows: 

We  saw  (Art.  132),  that  the  equation  of  the  polar  of  the  ori- 
gin was  D^^.  +  E?/  +  2F  =  0.  d 

Now,  if  we  transform  the  axes  to  any  new  point  {x'y),  the  polar 

of  this  new  origin  must  be  Y)'x  +  E'y  +  2F'  =0;  or  (Art.  12ti),     M\i 

(2  A.^•'  +  By  +  D)  x  +  {Bx  +  2Cy'  +  E)  ?/ 

+  2  ( A.i-'2  +  Bx'y  +  Cy'-'  +  T>x'  +  Ky  +  F)  =  0. 

This  equation  is  transformed  back  to  the  old  origin  by  writing 

X  -  x  for  X,  and  y-y  for  y,  and  is,  therefore, 


I 


I 
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{2 Ax'  +  By  +  D)  {x  -  a;')  +  (Bx  +  2Cy  +  E)  (y  - y) 

+  2(Aa''^  +  Bxy  +  cy3  +  D^'  +  Ey  +  F  =  0 ; 

'9  whence,  by  reduction,  we  find  the  equation  of  the  polar, 

(2A^'  +  By  +  D)  x  +  (B.v  +  2Cy  +  E)  ?/  +  JXv  +  Ey  +  2F  =  0. 

140.  It  is  evident  that  a  chord  drawn  through  any  point,  so 
as  to  be  bisected  at  it,  must  be  an  ordinate  to  the  diameter  passing 
through  that  point.  Hence  the  theorem  of  Art.  133  admits  of 
being  stated  as  follows: 

The  polar  of  any  point  is  parallel  to  the  ordinates  of  the  dia- 
meter passing  through  that  point.  This  includes,  as  a  particular 
case :  The  tangent  at  the  extremity  of  any  diameter  is  parallel  to  the 
ordinates  of  that  diameter.  Or,  again,  in  the  case  of  central  curves, 
since  the  ordinates  of  any  diameter  are  parallel  to  the  conjugate 
diameter,  we  infer  that.  The  polar  of  any  point  on  a  diameter  of  a 
central  curve  is  parallel  to  the  conjugate  diameter. 

141.  If  any  point  {x' y")  he  taken  on  the  polar  of(x'y'),  its  polar 
must  pass  through  {x'y). 

For,  the  condition  that  {x'y")  should  lie  on  the  polar  of  {x'y) 
is  (Art.  139), 

(2A^''  +  By  +  D)  x"  +  (2Cy  +  Bx  +  E)  y"  +  T>x'  +  E^/'  +  2F  =  0. 
But  this  may  be  arranged 

(2  Ax"  +  Bij"  +  D)  x  +  (2Cy'  +  Bx"  +  E)  y  +  T>x"  +  E?/"  +  2F  =  0, 
and  is,  therefore,  also  the  condition  that  {x'y)  should  lie  on  the 
polar  of  {x'y"). 

Since,  if  a  third  point  {x'y")  be  taken  on  the  polar  of  {x'y)  its 
polar  must  also  pass  through  {x'y'),  the  preceding  proposition  may 
be  stated  thus: 

The  intersection  of  any  two  lines  is  the  pole  of  the  line  joining 
their  poles  ;  and,  conversely :  The  line  joining  any  tico  points  is  the 
polar  of  the  intersection  of  the  polars  of  these  points.  For  here 
{x'y")  and  {x'y")  are  the  two  points,  and  {x'y),  which  is  the  pole 
of  the  line  joining  those  points,  is  also  the  intersection  of  their 
polars. 

Generally,  if  any  point  move  along  a  fixed  tight  line,  its  polar 
mmt  always  pass  through  a  jixed  jyoinf,  namely,  the  pole  of  the  fixed 
line. 
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This  is  an  easy  consequence  from  tlic  other  theorems  esla- 
bUshed  in  this  Article ;  or  it  may  be  deduced  independently  from 
the  equation  of  the  polar,  by  the  help  of  the  principle  laid  down 
in  Art.  71. 

142.  If  any  radius  vector  drawn 
through  the  origin  O  meet  the  curve  in 
R'  and  R",  and  if  OR  be  taken  an  har- 
monic mean  between  OR'  and  OR" :  to 
prove  that  R  lies  on  the  p>olar  of  O. 

We  found  (Art.  125)  that  OR,  OR" 
were  determined  by  the  quadratic 

(A»i-  +  Jjnin  +  Cn^)  p^ 

+  {\hn  +  En)  jo  +  F  =  U. 

Hence,  by  the  theory  of  equations, 

1  1  Dm 


+ 


En 


and,  therefore, 


OR     OR"  F 

2  Dm  +  En 


OR  F 

In  order  to  find  the  locus  of  R  we  must  write  x  and  y  for  m .  OR 
and  vi.OR,  and  the  equation  of  the  locus  is 

J)x  +  Ey  +  2F  =  0, 

that  is,  the  equation  of  the  polar  of  the  origin. 

Hence,  any  line  drawn  through  a  point  is  cut  hainnonically  by 
the  point,  the  curve,  and  the  polar  of  the  point* 

143.  If  tioo  lines  be  draicn  th7'ough  any  point,  and  the  points 
joined  ichere  they  meet  a  curve  of  the  second  degree,  the  joining  lines 
loill  intersect  on  the  polar  of  that  point. 

The  reader,  on  referring  to  the  proof  given  (p.  95)  of  this 
property  in  the  case  of  the  circle,  will  find  that  the  same  proof 
will  apply,  word  for  word,  to  the  general  case  of  conic  sections, 
since  no  use  was  there  made  of  the  equality  of  the  co-efficients  of - 
x^  and  3/^.  ^ 

*  For  an  enumeration  of  some  of  the  pai-ticular  cases  included  in  this  theorem,  the  >"  ■ 
reader  is  referred  to  the  section  on  the  luirnionic  and  anharmonic  properties  of  conic  sec- 
tions, Chap.  XIV. 
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If  through  a  point  O  any  line  OR'  be  draivn,  the  tangents  at  R' 
and  R"  loill  meet  on  the  polar  of  O. 

This  is  a  particular  case  of  the  preceding  theorem,  namely, 
where  the  two  lines  are  supposed  to  coincide ;  or  else  it  follows 
immediately  from  Art.  141,  since  the  pole  of  any  chord  through 

0  must  lie  on  TT';  and  by  the  pole  of  the  line  we  mean  the  in- 
tersection of  tangents  at  the  points  where  it  meets  the  curve.* 

144.  If  any  line  (OR)  he  draivn  through  a  point  (O),  and  (P) 
thejjole  of  that  line,  be  joined  to  O,  then  the  four  lines,  OP,  OT,  OR, 
OT',  u'illform  an  harmonic  pencil  (OT  and  OT'  being  the  tangents 
from  O). 

For,  since  OR  is  the  polar  of  P,  by  Art.  142  PTRT'  is  cut 
harmonically,  therefore,  OP,  OT,  OR,  OT',  form  an  harmonic 
pencil. 

145.  The  theorem  of  Art.  142  may  also  be  proved  by  a  pro- 
cess precisely  similar  to  that  employed  at  page  82.  We  may  seek 
the  ratio  in  which  the  line  joining  two  points  is  cut  by  the  curve. 

^  ,     .      .       Ix"  +  mx    lif  +  mxj    „  ,  ,         .     T  ,        • 

bubstitutmo-  — ; , —,  loYX  and  ?/,  we  nave  to  determine 

=■      I  +  m         I  +  VI 

1  :  m  the  quadratic 

P  (Aa'"3  +  Bx'Y  +  Cy"^  +  Bx"  +  Ey"  +  F) 

+  lm{(2Ax"  +  Bij"  +  D)  x  +  {Bx"  +  2Cy"  +  E)  ^  +  I)x"  +  Ey"  +  2F} 

+  m^  (A^'2  ^  ]3_^,y  ^  Qy'i  ^  Y)^^'  +  Ey  +  F)  -  0. 

'Now  if  x"y"  be  on  the  polar  of  x'y  the  coefficient  of  Im  vanishes, 
the  roots  of  the  equation  are  of  the  form  /  =  +  iim,  and  the  line 
joining  the  points  is  cut  harmonically. 

The  same  equation  enables  us  also  to  write  down  the  equation 
of  the  pair  of  tangents  drawn  from  any  point  to  the  curve.  For 
vi x"y"  lie  on  either  of  the  tangents  through  x'y,  the  equation  for 
I :  m  must  have  equal  roots,  and  x"y"  must  therefore  satisfy  the 
equation 
4(A.r3  +  B.ry  +  C/  +  D.r+  E?/+F)  {AxU-BxtJ^Cy'-'+  D/?;'  +  E?/'+  F) 

=  { {2 Ax  +  By  +  D)  x  +  (Bx  +  2Cy  +  E)  7/  +  D.i-'  +  Ey  +  2F j  •^. 


)B 


w 


*  From  this  property  the  polar  of  a  point  might  have  been  defined  as  the  locus  of  the 
intersection  of  tangents  at  the  extremities  of  any  chord  passing  through  the  point.  This 
definition  applies,  whether  the  point  be  within  or  without  the  conic. 
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145.  If  tlirough  any  'point  O  tioo  cliords  be  drawn,  meeting  the 
curves  in  the  points  R',  R",  S',  S",  then  the  ratio  of  the  rectangles 

OR'  OR" 

'  /->Q»  ^^'^^  ^^  constant,  ichatever  be  the  position  of  the  point  O, 
Oo  .  Oo 

provided  that  the  direction  of  the  lines  OR,  OS  be  constant. 

For,  from  the  equation  given  to  determine  p  in  Art.  125,  it 

appears  that 

OR' .  OR "  =  ^ 


Am2  4-  Bmn  +  Gri^ 
In  like  manner 

OS'.OS"=  ^ 


Am'^  +  Bm'n'  +  Cn^ ' 
hence 

OR' .  OR"      Am'-'  +  Bmn  +  Cn'^ 


OS' .  OS"      A7«3  +  Bmn  +  Cn\ 

Now  we  saw  (Art.  126),  that  if  we  transformed  the  axes  to 
any  new  origin  O',  the  quantities  A,  B,  C  would  remain  unal- 
tered, and  (Art.  125)  that  the  quantities  m,  n,  in,  n  depend  only 
on  the  angles  which  the  radius  vector  makes  with  the  axes,  and 
are  therefore  constant  while  the  direction  of  this  radius  vector  is 
constant;  the  ratio  just  given  will  therefore  remain  constant. 

The  theorem  of  this  Article  may  be  otherwise  stated  thus :  If 
through  two  fixed  points  O  and  O'  any  two  parallel  lines  OR  and 

^,,,77  .        /.    7  7       OR.  OR"       .„  , 

Op  be  draion,  then  the  ratio  of  the  rectangles  ■       ,        „  mil  be  con- 
^  -'  ^        {jp.  ij p 

stant,  ichatever  be  the  direction  of  these  lines. 
For,  the  first  rectangle  is,  as  we  saw, 

F 


Am2  +  Bmn  +  Cw^' 

and  the  second  rectangle  is 

F 
Am^  +  Bmn  +  Cn^' 

(F'  being  the  new  absolute  term  when  the  equation  is  transferred 

F  . 

to  O'  as  origin),  the  ratio  of  these  rectangles  =  :^„  and  is,  there- 
fore, independent  of  ?;i  and  n. 

This  theorem  is  the  <ireneralization  of  Euclid,  III.  35,  36. 
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147.  The  theorem  of  the  last  Article  includes  under  it  several 
particular  cases,  which  it  is  useful  to  notice  separately. 

I.  Let  O'  be  the  centre  of  the  curve,  then  O'^'  =  O'p  and  the 
quantity  O'p.  O'p"  becomes  the  square  of  the  semidiameter  parallel 
to  OR'.  Hence,  Tlie  rectangles  under  the  segments  of  two  chords 
lohich  intersect  are  to  each  other  as  the  squares  of  the  diameters  pa- 
rallel to  those  chords. 

II.  Let  the  line  OR  be  a  tangent,  then  OR  =  OR",  and  the 
quantity  OR'.  OR"  becomes  the  square  of  the  tangent ;  and,  since 
two  tangents  can  be  drawn  through  the  point  O,  we  may  extract 
the  square  roots  of  the  ratio  found  in  the  last  paragraph,  and  infer 
that  Tico  tangents  draicn  through  any  point  are  to  each  other  as  the 
diameters  to  which  they  are  parallel. 

III.  Let  the  line  00'  be  a  diameter,  and  OR,  O'p,  parallel  to 
its  ordinates,  then  OR'  =  OR"  and  O'p  =  O'p".     Let  the  diame- 

ter  meet  the  curve  in  the  points  A,  B,  then  =  - — ^^ 

AO.OU     AO'.OB 

Hence,  The  squares  of  the  ordinates  of  any  diameter  are  propor- 
tional to  the  rectangles  under  the  segments  which  they  make  on  the 
diameter. 

148.  There  is  one  case  in  which  the  theorem  of  Article  146 
becomes  no  longer  applicable,  namely,  when  the  line  OS  is  pa- 
rallel to  one  of  the  lines  which  meet  the  curve  at  infinity;  the 
segment  OS"  is  then  infinite,  and  OS  only  meets  the  curve  in 
one  finite  point.     We  propose,  in  the  present  Article,  to  inquire 

OS' 
whether,  in  this  case,  the  ratio  •  will  be  constant. 

Let  us,  for  simplicity,  take  the  line  OS  for  our  axis  of  ^,  and 
OR  for  the  axis  of  y.  Since  the  axis  of  x  is  parallel  to  one  of 
the  lines  which  meet  the  curve  at  infinity,  the  term  A  will  =  0 
(Art.  129,  HI.),  and  the  equation  of  the  curve  will  be  of  the  form 

Bxy  +  C^3  +  Dx  +  E?/  +  F  =  0. 

Making  y  =  0,  the  intercept  on  the  axis  o^  x  is  found  to  be 

F 

OS'  =  -  T^ ;  and  making  x  =  0,  the  rectangle  under  the  intercepts 

F 

on  the  axis  of  ?/  is  =  p- 

T 
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Hence  OS' C 

OR' .  OR"  "     D" 

Now,  if  we  transform  the  axes  to  any  parallel  axes  (Art.  120),  C 
will  remain  unaltered,  and  the  new  D  =  B.v'  +  D. 
Hence  the  new  ratio  will  be 

C 
~  Ba;'  +  D" 

Now,  if  the  curve  be  a  parabola,  B  =  0,  and  this  ratio  is  constant ; 
hence,  if  a  line  2')arallel  to  a  given  one  meet  any  diameter  (Art.  136) 
of  a  parabola,  the  rectangle  under  its  segments  is  in  a  constant  ratio 
.to  the  intercept  on  the  diameter. 

If  the  curve  be  a  hyperbola  the  ratio  will  only  be  constant 
while  a;'  is  constant;  hence,  if  a  chord  of  a  hyherbola  he  met  by  tico 
lines  parallel  to  an  asymjjtote,  the  lengths  of  these  lines  are  propor- 
tional to  the  rectangles  wider  the  segments  into  lohich  each  divides  the 
chord. 


CHAPTER  X. 

EQUATIONS  OF  THE   SECOND  DEGREE   REFERRED  TO  THE   CENTRE  AS 

ORIGIN. 

149.  In  investigating  the  properties  of  the  ellipse  and  hyper- 
.bola,  we  shall  find  our  equations  much  simplified  by  choosing  the 
centre  for  the  origin  of  co-ordinates.  If  we  transform  the  general 
equation  of  the  second  degree  to  the  centre  as  origin,  we  saw 
(Art.  134)  that  the  co-efficients  of  .r  and  y  will  =  0  in  the  trans- 
formed equation,  which  will  be  of  the  form 

A.t'2  +  B.^^  +  Cy-^  +  F  =  0. 
It  is  sometimes  useful  to  know  the  value  of  F'  in  terms  of  the  co- 
efficients of  the  first  given  equation.     We  saw  (Art.  126)  that 

F'  =  A.t''2  +  Bx'y'  +  Cy-'  +  Dx  +  Ey  +  F, 

where  of,  y\  are  the  co-ordinates  of  the  centre,  or 

,     2CD  -  BE  ,     2AE  -  BD 

""  ~  B2-4AC'  ^  ~   B3  -  4AC  ' 


CENTRAL  EQUATIONS  OF  THE  SECOND  DEGREE.       139 

The  calculation  of  this  may  be  facilitated  by  putting  F  into  the 
form 

F  =  1  {(2Aa-'+  By  +  D)  ^'  +  (2C/+  B.v'+  E)ij  +  D.v'+  E?/'+  2Fj . 

The  first  two  terms  must  be  rendered  =  0  by  the  co-ordinates 
ol"  the  centre,  and  the  last 


Hence 


2CD  -  BE     ^    2AE-BD      _ 
p,  _  AE3  +  CPg  +  FB2  -  BDE  -  4ACF 


■ate 


B^  -  4A0 

150.  If  the  numerator  of  this  fraction  were  =  0,  the  trans- 
formed equation  would  be  reduced  to  the  form 

A^^  +  B.vt/  +  Cf  =  0, 

and  would,  therefore  (Art.  73),  represent  two  real  or  imaginary 
right  lines,  according  as  B-  -  4AC  is  positive  or  negative.  Hence, 
as  we  have  already  seen,  p.  69,  the  condition  that  the  general 
equation  of  the  second  degree  should  represent  two  rio-ht  lines,  is 

AE3  +  CD'-  +  FB2  -  BDE  -  4ACF  =  0. 
For  it  must  plainly  be  fulfilled,  in  order  that  when  we  transfer 
the  origin  to  the  point  of  intersection  of  the  right  lines,  the  abso- 
lute term  may  vanish. 

151.  To  return  to  the  general  case.  We  saw  (Art.  137)  that 
if  the  axes  be  a  pair  oi  conjugate  diameters,  the  quantity  B  must 
=  0  ;  hence  the  equation  must  be  of  the  form 

A^2  +  c^2  =  Y. 

It  is  evident,  now,  that  any  line  parallel  to  either  axis  is  bisected 
by  the  other,  for  if  we  give  to  x  any  value,  we  obtain  equal  and 
opposite  values  for  y.  Now  the  angle  between  conjugate  diame- 
ters is  not  in  general  right,  as  it  is  in  the  case  of  the  circle ;  but 
we  shall  show  that  there  is  always  one  pair  of  conjugate  diameters 
which  cut  each  other  at  right  angles.  These  diameters  are  called 
the  axes  of  the  curve,  and  the  points  where  they  meet  the  curve 
are  called  its  vertices. 

The  equation  of  the  diameter  conjugate  to  )7i>j  =  nx  is  (Art. 
137),  in  general, 

miiKx  +  By  +  D)  +  n{iCii  +  Bx  +  E)  =  0, 
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and  the  condition  that  this  should  be  perpendicular  to  my  =  nx  is 

(Art.  38) 

(2Am  +  Bn)  n  -  (Bm  +  2Cn)  m  =  0, 

or  Bm2  -  2  (A  -  C)  mn  -  Bn^  =  0  ; 

or,  multiplying  by  p^,  and  writing  x,  y  for  mp,  np, 

Ba-2  -  2  (A  -  C)  xy  -  B/  =  0. 

This  is  the  equation  of  two  real  lines  at  right  angles  to  each  other 
(Art.  74) ;  we  perceive,  therefore,  that  central  curves  have  two, 
and  only  two,  conjugate  diameters  at  right  angles  to  each  other. 

152.  On  referring  to  Art.  75  it  will  be  found,  that  the  equa- 
tion which  we  have  just  obtained  for  the  axes  of  the  curve  is  the 
same  as  that  of  the  lines  bisecting  the  internal  and  external  angles 
.between  the  real  or  imaginary  lines  represented  by  the  equation 

A^3  +  B.^^  +  C/  =  0. 

It  was  proved  (Art.  127)  that  this  equation  represented  the 
real  or  imaginary  lines  drawn  through  the  origin  to  meet  the 
curve  at  infinity,  and  also  that  the  direction  of  these  lines  remains 
the  same,  whatever  be  the  point  through  which  they  are  drawn. 
Again,  it  was  proved  (Art.  127)  that  each  of  these  lines  will,  in 
general,  meet  the  curve  in  one  other  point,  at  a  distance  from  the 
origin,  _  jr 

^      Dm  +  En 

But  if  the  point  through  which  the  lines  are  drawn  be  the  centre, 
we  have  D  =  0,  E  =  0,  and  this  distance  will  also  become  infinite. 
Hence  two  lines  can  be  drawn  through  the  centre,  which  will 
meet  the  curve  in  two  coincident  points  at  infinity,  and,  conse- 
quently, in  no  other  point,  real  or  imaginary.  These  lines  are 
imaginary  in  the  case  of  the  ellipse,  but  in  the  hyperbola  they  are 
real,  and  are  called  the  asymptotes  of  the  curve. 

We  shall  show  hereafter  that  though  the  asymptotes  do  not 
meet  the  curve  at  any  finite  distance,  yet  that  the  further  they 
are  produced,  the  more  nearly  they  approach  the  curve. 

Since  we  have  showed  that  the  asymptotes  meet  the  curve  in 
two  coincident  points  at  infinity,  it  appears,  from  our  definition  ol 
a  tangent,  that  the  asymptotes  may  be  considered  as  tangents  to  thi 
curve  whose  points  of  contact  are  at  an  infinite  distance. 
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Hence,  since  the  asymptotes  pass  through  the  centre,  two  real 
or  imaginary  tangents  may  be  drawn  through  the  centre,  each  of 
whose  points  of  contact  will  be  at  an  infinite  distance,  and,  there- 
fore, the  line  joining  those  points  of  contact  will  be  altogether  at 
an  infinite  distance.  Hence,  from  our  definition  of  poles  and 
polars  (Art.  132),  the  centre  may  be  considered  as  the  pole  of  a  line 
situated  altogether  at  an  infinite  distance* 

From  the  present  Article  we  see  that  the  axes  of  the  curve  are 
the  diameters  which  bisect  the  angles  between  the  asymptotes, 
and  (note,  p.  67)  that  the  axes  will  be  real  whether  the  asymp- 
totes be  real  or  imaginary,  that  is  to  say,  whether  the  curve  be  an 
ellipse  or  an  hyperbola. 

153. t  We  proved  that  if  we  transform  the  equation  of  the  se- 
cond degree  from  any  given  co-ordinate  axes  to  the  axes  of  the 
curve,  it  must  take  the  form 

Kx'i  +  C/  =  F. 

We  might  have  nsed  this  principle  to  discover  the  axes  of  the 
curve.  Let  the  given  axes  be  rectangular;  then,  if  we  turn  them 
round  through  any  angle  d,  we  have  (Art.  14)  to  substitute  for  .r, 
X  cos  Q  -  y  sin0,  and  for  y,  x  sin  Q  +  y  cos  0  ;  the  equation  will, 
therefore,  become 

A  {x  cos  0  -  ?/  sin  0)2  +  B  [x  cos  0  -  ?/  sin  6)  (x  sin  0  +  ?/  cos  d) 

+  C  {x  sin  0  +  y  cos  Oy  =  ¥; 

or,  arranging  the  terms,  we  shall  have 

the  new  A  =  A  cos-  0  +  B  cos  B  sin  0  +  C  sin'  d ; 

the  new  B  =  2C  sin  0  cos  0  +  B  (cos^  B  -  sin^  B)  -  2 A  sin  BcosB; 

the  new  C  =  A  sin-  0  -  B  cos  0  sin  0  +  C  cos-  B. 

Now,  if  we  put  the  new  B  =  0,  we  get  the  very  same  equation 
to  determine  tan  B,  which  we  had,  in  Art.  151,  to  detei'mine  m. 
This  affords  an  independent  proof,  that  the  equation  referred  to 
the  axes  will  want  the  term  xy.     This  equation  also  gives  us  a 

*  This  inference  may  be  confirmed  from  the  equation  of  the  polar  of  the  origin, 
Dx  +  Ey  +  2F  =  0,  which,  if  the  centre  be  the  origin  (D  and  E  being  then  =  0),  reduces 
to  F  =  0  an  equation  wliich,  we  saw  (Art.  72),  represents  a  line  situated  altogether  at 
infinity. 

f  This  Article  and  the  next  may,  on  first  reading,  be  omitted. 
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simple  expression  for  the  angle  made  by  tlie  new  axes  with  the 

old,  namely,  J3 

tan  20 


A-C 


154.  Our  chief  object  in  giving  the  formulae  of  transformation 
here  was  in  order  to  demonstrate  the  following  theorem.  We 
know  that  the  nature  of  the  curve  depends  on  the  sign  of  the 
quantity  B"^  -  4 AC.  Now,  as  the  natui'e  of  the  curve  cannot  be 
altered  by  any  transformation  of  co-ordinates,  it  is  important  to 
show  that  neither  can  the  sign  of  the  quantity  B-  -  4AC. 

First.  If  the  axes  be  transformed  to  any  parallel  axes  this  is 
evident,  since  (Art.  126)  the  co-efficients  A,  B,  C,  remain  un- 
changed. 

Secondly.  If  the  axes  be  transformed  from  one  rectangular 
system  to  another,  although  A,  B,  C  will  be  changed,  yet  the 
quantity  B"^  -  4AC  will  remain  unaltered,  for  the  values  in  the 
last  Article  may  be  written 

2A'  -  A  +  C  +  B  sin  20  +  (A  -  C)  cos  29, 

2C'  =  A  +  C  -  B  sin  20  -  (A  -  C)  cos  29. 
Hence 

4A'C'  -  (A  +  C)2  -  {B  sin 20  +  (A  -  C)  cos20p. 
But 

B'3  :=  {Bc.os20  -  (A  -  C)  sin20]3 ; 
therefore, 

B'2  -  4AC'  =  B3  +  ( A  -  C)2  -  (A  +  C)^  =  B^  -  4 AC. 

Thirdly.  If  the  axes  be  transformed  from  a  rectangular  system 
to  an  oblique  system  containing  an  angle  =  w. 

Since  B-  -  4AC  is  the  same,  whatever  rectangular  axes  we 
use,  we  may  suppose  the  axis  of  x  not  to  be  changed.  Then 
(Art.  13)  we  must  substitute  for  x,  x  +  y  cos  w,  and  for  y,  y  sin  w. 
Hence  we  shall  have 

A'  =  A  ; 

B'  =  2A  cos  o)  +  B  sin  (u  ; 
C  =  A  co-s^w  +  B  sin  w  cosw  +  C  sin^w. 
Therefore,  B'^  -  4A'C'  -  (B^  -  4 AC)  sin^w. 

Its  sign  must,  consequently,  be  the  same  as  that  of  B-  -  4AC. 
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THE  EQUATION  REFERRED  TO  THE  AXES, 

155.  We  saw  that  the  equation  referred  to  the  axes  was  of  the 
form  A.^2  +  Qy2  ^  Y, 

C  being  positive  in  the  case  of  the  ellipse,  and  negative  in  that  of 
the  hyperboha  (Art.  133,  II.) 

The  equation  of  the  ellipse  may  be  written  in  the  following 
more  convenient  form  : 

Let  the  intercept  made  by  the  ellipse  on  the  axis  of  x  be  =  a, 
then  a  is  found  by  making  ?/  =  0  and  x  =  am  the  equation  of  the 

F 

curve,  or  Aa^  =  F,  and  a?  =  -j.     In  like  manner,  if  h  be  the  inter- 

F 

cept  on  the  axis  of  ?/,  ^^  =  p.     Hence  the  equation  of  the  ellipse, 

may  be  Avritten  ^8      ^,2 

h  —  =  1. 

The  equation  of  the  hyperbola,  which,  we  saw,  only  differs 
from  that  of  the  ellipse  in  the  sign  of  the  co-efficient  of  if,  may 
be  written  in  the  corresponding  form, 

■^  _  ^  ^  1 

156.  We  now  proceed  from  these  equations  to  investigate  the 
figure  of  the  curves,  and  commence  with  the  equation  of  the 
ellipse. 

Since  we  may  choose  whichever  axis  we  please  for  the  axis  of 
X,  we  shall  suppose  that  we  have  chosen  the  axes  so  that  a  may 
be  greater  than  h. 

The  length  of  any  semidiameter  of  the  ellipse  can  be  found, 
by  writing  p  cos  B  for  x,  and  p  sin  0  for  y,  in  the  preceding  equa- 
tion.    We  thus  get 

1   _  cos2  0      sin2  B 

or  2 a^b'2 

^  ~a2sin2  0  +  (^2cos2  6l 
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This  equation  may  otherwise  be  written  in  either  of  the  forms 


a-^ 


(a2  -  y")  cos^  Q      &2  +  (^2  -  V^)  sin2  0 
It  is  customary  to  use  the  following  abbreviations, 


W' 


U'  =  c^', 


a? 


h'^ 


a' 


=  c 


and  the  quantity  e  is  called  the  eccentricity  of  the  curve. 

Dividing  by  cfi,  the  numerator  and  denominator  of  the  fraction 
just  found,  we  obtain  the  form  most  commonly  used  of  Xhe  polar 
equation  of  the  ellipse,  the  centre  being  the  pole, 

^       l-e'  cos2  9 

Now,  the  least  value  that  1)^  +  (a^  -  Ir)  snx^O  can  have,  is  when 

(^  =  0 ;  therefore,  since 

2 aH^ 

the  greatest  value  of  p  is  the  intercept  on  the  axis  of .-»,  and  is  =  a. 

Again,  the  greatest  value  of  V^  +  {a^  -  b^)  sin^  9,  is,  when 
sin  9  =  1,  ov  9  =  90° ;  hence  the  least  value  of  p  is  the  intercept  on 
the  axis  of?/,  and  is  =  b.  The  greatest  line,  therefore,  that  can 
be  drawn  through  the  centre  is  the  axis  of  x,  and  the  least  line, 
the  axis  of?/. 

From  this  property  these  lines  are  called  the  axis  major  and 
the  axis  minor  of  the  curve.  It  is 
plain  that  the  smaller  9  is,  the  greater 
p  will  be;  hence,  the  nearer  any  dia- 
meter is  to  the  axis  major,  the  greater  it 
loill  be.  The  form  of  the  curve  will, 
therefore,  be  that  here  represented. 

We  obtain  the  same  value  of  p 
whether  we  suppose  9  =  a,  or  9  =  -  a.  Hence,  Tioo  diameters 
lohich  make  equal  angles  loith  the  axis  icill  be  equal.  And  it  is  easy 
to  show  that  the  converse  of  this  theorem  is  also  true. 

This  property  enables  us,  being  given  the  centre  of  a  conic 
section,  to  determine  its  axes  geometrically.  For  if,  with  any 
semidiameter  as  radius,  we  describe  a  concentric  circle,  and  draw 
a  semidiameter  to  the  point  where  this  circle  cuts  the  conic  section 
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again,  these  semidiameters  will  be  equal,  being  radii  of  the  same 
circle ;  and  by  the  theorem  just  proved,  the  axes  of  the  conic  will 
be  the  lines  internally  and  externally  bisecting  the  angle  between 
them. 

157.  The  equation  of  the  ellipse  can  be  put  into  another  form, 
which  will  make  the  figure  of  the  curve  still  more  apparent.  If 
we  solve  for  ?/  we  get 

.y  =  -  ^/{o?  -of-). 

Now,  if  we  describe  a  concentric  circle  with  the  radius  a,  its 
equation  will  be  y  ^  ^  (,-,3  _  ^^2y 

Hence  we  derive  the  following  construction : 

'  Describe  a  circle  on  the  axis  major,  and  take  on  each  ordinate 

LQ  a  point  P,  such  that  LP  may  be  to  LQ  m  the  constant  ratio  -, 

then  the  locus  of  P  ivill  be  the  required  ellipse^ 

Hence  the  circle  described  on  the 

axis  major  lies  wholly  loithout  the  curve. 

We  might,  in  like  manner,    construct 

the  ellipse,  by  describing  a  circle  on  the 

axis  minor,  and  increasing  each  ordinate 

•     ,1  •     <^ 

in  the  constant  ratio  y 

o 

Hence  the  circle  described  on  the 
axis  minor  lies  wholly  ivithin  the  curve. 

We  see  also,  that  the  equation  of  the  circle  is  the  particular 
form  which  the  equation  of  the  ellipse  assumes  when  we  suppose 
6  =  «. 

158.  We  now  proceed  to  investigate  the  figure  of  the  hyper- 
bola from  its  equation, 

/^2         „3 


afl     if 


a'- 


b^ 


The  intercept  on  the  axis  of  x  is  evidently  =  ±  a,  but  that  on 

the  axis  of  ?/,  being  found  from  the  equation  -^  =  -  1  is  imaginary ; 

the  axis  of?/,  therefore,  does  not  meet  the  curve  in  real  points. 
Since  we  have  chosen  for  our  axis  of  x  the  axis  which  meets 

u 


b 
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the  curve  in  real  points,  we  are  not  entitled  to  suppose  a  greater 
than  h.  The  terms,  therefore,  axis  major  and  axis  minor,  become 
inapplicable,  and  we  shall  call  the  axis  of  x  the  transverse  axis, 
and  the  axis  of  y  the  conjugate  axis. 

159.   To  find  the  length  of  any  semidiameter  of  the  hyperbola. 
Transforming  to   polar  co-ordinates,   as  in  the   case  of  the 
ellipse,  we  get 

2 a^"^  ^  a^V^ gg^g 

^  ~  62  cos2  0  -  cv"  sm^O  ~  h''-  (a^  +  V^)  sin^  0  "  (a2  +  ^»2)  cos'^  0  -  a^" 

Since  formulae  concerning  the  ellipse  are  altered  to  the  corres- 
ponding formulas  for  the  hyperbola  by  changing  the  sign  of  Z»2, 
we  must,  in  this  case,  use  the  abbreviation  c^  for  c?  +  Ir,  and 

e^  for  ^ — ,  the  quantity  e  being  called  the  eccentricity  of  the 

Co 

hyperbola. 

Dividing  then  by  a^,  the  numerator  and  denominator  of  the 
last  found  fraction,  the  polar  equation  of  the  hyperbola  is  obtained, 

^        e^cos^t^-l' 

a  form  only  differing  from  the  polar  equation  of  the  ellipse  in  the 
sign  of  Ir. 

Now,  the  denominator  h^  -  (a^  +  £2)  sin^  B  will  plainly  be 
greatest  when  0  =  0,  therefore,  in  the  same  case,  p  will  be  least; 
or  the  transverse  axis  is  the  shortest  line  lohich  can  he  drawn  from  the 
centre  to  the  curve. 

As  0  increases  jo  continually  increases,  until 

^  (  i^     ^\ 

\/  (a-  +  0^)      \  a  J 

when  the  denominator  of  the  value  of  p  becomes  =  0,  and  p  be- 
comes infinite.  After  this  value  of  6,  p"  becomes  negative,  and 
the  diametei's  cease  to  meet  the  curve  in  real  points  until 

sin  0  =  -  —r—, — TT^>     (  or  tan  0  =  -  -  ), 

when  p  again  becomes  infinite.     It  then  decreases  regularly  as  B  j, 
increases,  until  B  becomes  =  180°,  when  it  again  receives  its  mi 
nimum  value  =  a. 


J 


ine 
:;:3, 
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The  form  of  the  hyperbola,  therefore,  is  that  represented  by 
the  dark  curve  on  the  figure. 

160.  We  found 
that  the  axis  of  y 
does  not  meet  the 
hyperbola  in  real 
points,  since  we  ob- 
tained the  equation 
yi  =  ~  l)^  to  determine  its  point  of  intersection  with  the  curve. 
We  shall,  however,  still  mark  off  on  the  axis  of?/  portions,  CB, 
CB'=  +  6,  and  we  shall  find  that  the  length  CB  has  an  important 
connexion  with  the  curve,  and  may  be  conveniently  called  an 
axis  of  the  curve.  In  like  manner,  if  we  obtained  an  equation  to 
determine  the  length  of  any  other  diameter,  of  the  form  p^  =  -  R^, 
although  this  diameter  cannot  meet  the  curve,  yet  if  we  measure 
on  it  from  the  centre  lengths  =  +  R,  these  lines  may  be  conve- 
niently spoken  of  as  diameters  of  the  hyperbola. 

The  locus  of  the  extremities  of  these  diameters  which  do  not 
meet  the  curve,  is  at  once  found  by  changing  the  sign  of  p^  in  the 
equation  of  the  curve 

1  _cos^0      sin20 

,3  ~ 


to  be 


9 
1 


a" 
sin20 


a" 


or 


cr 


This  is  the  equation  of  a  hyperbola  having  the  axis  of  y  for  its 
axis  meeting  it  in  real  points,  and  the  axis  of  .2;  for  the  axis  meet- 
ing it  in  imaginary  points.  It  is  represented  by  the  dotted  curve 
on  the  figure,  and  is  called  the  hyperbola  conjugate  to  the  hyper- 
bola, ,j,3       „2 


2      yi      "■■ 


a 


161.  We  proved  (Art.  159)  that  the  diameters  answering  to 
tan  0  =  ±  -  meet  the  curve  at  infinity ;  they  are,  therefore,  the 


a 


same  as  the  lines  called,  in  Art.  152,  the  asymptotes  of  the  curve. 
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They  are  the  lines  CK,  CL  on  the  figure,  and  evidently  separate 
those  diameters  which  meet  the  curve  in  real  points  from  those 
which  meet  it  in  imaginary  points. 

The  expression  tan  B  =  ±-  enables  us,  being  given  the  axes  in 

Cv 

magnitude  and  position,  to  find  the  asymptotes,  for,  if  we  form  a 
rectangle  by  drawing  parallels  to  the  axes  through  B  and  A,  then 
the  asymptote  CK  must  be  the  diagonal  of  this  rectangle. 

Again,  ^  a  1 

cosB  =  —-—-, — r-  =  — 
y/  {ci~  +  h^)      e 

But,  since  the  asymptotes  make  equal  angles  with  the  axis  of  a', 
the  angle  which  they  make  with  each  other  must  be  =  20.  Hence, 
being  given  the  eccentricity  of  a  hyperbola,  ice  are  given  the  angle  be- 
tween the  asymptotes,  which  is  double  the  angle  whose  secant  is  the 
eccentricity. 

We  saw  (Art.  152)  that  the  equations  of  the  asymptotes  were 
found  by  putting  the  highest  terms  of  the  equation  =  0,  the  centre 
being  the  origin.  Therefore,  the  equations  of  the  asymptotes  to 
the  curve  ^2 

oP      b^ 
are  contained  in  the  equation 

o  g  J- 

a"     52     ''• 

Thus  we  see  that  two  conjugate  hyperbolse  have  the  same  asymp- 
totes. 

The  lines  drawn  through  any  point  to  meet  the  curve  at  infi- 
nity must  (Art.  127)  be  parallel  to  the  lines  drawn  through  the 
centre  to  meet  the  curve  at  infinity,  that  is  (Art.  152),  must  be 
parallel  to  the  asymptotes.  Hence  (Art.  129),  the  axis  of  a'  will 
be  parallel  to  an  asymptote  if  the  co-efficient  of  x^  =  0,  and  the 
axis  of  y  will  be  parallel  to  an  asymptote  if  the  coefficient  of 
y-  =  0.  If  the  axes  be  the  asymptotes  themselves,  we  must  have, 
in  addition,  the  co-efficients  of  ■.^'  and  y  =  0  (since  the  asymptotes 
intersect  at  the  centre) ;  and  the  equation  of  the  hyperbola,  re-  j 
ferred  to  the  asymptotes  as  axes,  takes  the  simple  form,  i 

xy  =  F.  I 


^_^   =1 
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THE  TANGENT. 

162.  We  now  proceed  to  investigate  some  of  the  properties 
of  the  ellipse  and  hyperbola.  We  shall  find  it  convenient  to  con- 
sider both  curves  together,  for,  since  their  equations  only  difier 
in  the  sign  of  l?^  they  have  many  properties  in  common  which 
can  be  proved  at  the  same  time,  by  considering  the  sign  of  Ir'  as 
indeterminate.  We  shall,  in  the  following  Articles,  use  the  signs 
which  apply  to  th6  ellipse.  The  reader  may  then  obtain  the  cor- 
responding formulae  for  the  hyperbola  by  changing  the  sign  of  6-. 
We  might  infer  the  equation  of  the  tangent  to  the  curve 

from  the  general  equation  of  a  tangent  given  Art.  138 ;  but  the 
equation  is  so  important,  that  we  think  it  worth  while  to  obtain 
it  independently,  by  a  method  similar  to  that  used  Art.  84. 
The  equation  of  the  line  joining  any  two  points  is 

y -y\y  -y" 

vC  W  tt/  tt/ 

But  if  the  two  points  be  on  the  curve,  we  have 

hence  x'^  -  x"^         c? 

and  we  have  y  -  y"         JJ^  x  +  x 

'  ft  Q      "^  If* 

X  ~  X        ^  y  +  y 

The  equation  of  the  chord  is,  therefore, 

/  70',  // 

y  -  y         o-  X  ■\-  X 


X  -  X  <^'  y  +  y 
and  that  of  the  tangent, 

y  -  y         h"^  X 
X  -  X  a^  y 

or,  reducing,  and  remembering  that  x'y  satisfies  the  equation  of 
the  curve  .^     yy'  ^ 
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a  form  easily  remembered,  from  its  similarity  to  the  equation  oi' 
the  curve  itself 

163.  To  find  the  condition  that  any  line  —  +  -  =  1  should  touch 

^  '^  m      n 

the  conic  section  —  +  y5  =  1. 
a^      b^ 

If  we  compare  the  equations 

-  + -  =  1, 
in       n 

and  XX      yy  _  ^ 

we  find  x        1         ,  ?/       1 

—  =  -,  and  ^5  =  -  ; 
a*      m  o^      n 

but  since  x''^      y'^      ^ 

we  have,  for  the  required  condition, 

mr      n 

164.  To  find  the  equation  of  the  line  joining  the  points  of  con- 
tact of  tangents  through  any  point  (x'y) .  j 

We  might  infer,  from  Art.  139,  that  the  equation  of  the  j^olar  ' 
is  similar  in  form  to  the  equation  of  the  tangent,  or  we  may  prove  | 
it  directly,  as  follows : 

Let  the  co-ordinates  of  the  point  of  contact  of  one  of  the  tan- 
gents through  {xy')  be  X,  Y,  then  the  equation  of  the  tangent 

must  be  (Art.  163) 

Xct*      Yy     , 

1 — -  =  1  • 

a^        0^ 

and,  since  this  tangent  passes  through  {x'y)  by  hypothesis,  we 

have  X.^'     Yy'     , 

1 — —  =  1. 

We  see,  therefore,  that  the  co-ordinates  of  either  point  of  con- 
tact must  satisfy  the  equation 

xx_     yy__.^ 
a^       b^~     ' 
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and,  since  this  is  the  equation  of  a  right  line,  it  must  represent 
the  line  joining  them. 

The  polar  of  any  point  of  the  axis  (whose  y'  =  0)  is 

/ 


Cfi 


a" 


that  is,  a  line  perpendicular  to  the  axis  at  a  distance  =  — • 

iJG 

Hence,  if  several  ellipses  be  described  with  the  same  axis  ma- 
jor, the  polar  of  any  iixed  point  on  the  axis  is  the  same  for  all. 

CONJUGATE  DIAMETERS. 

165.  We  proved  (Art.  151)  that  the  equation  of  the  curve, 
referred  to  any  pair  of  conjugate  diameters,  is  of  the  form 

A.t'3  +  Cf'  =  F, 

which,  if  a',  h',  be  the  lengths  of  these  diameters,  may  be  written 
(as  in  Art.  155) 

Now  it  can  be  proved,  precisely  as  in  Art.  162,  that  the  equation 
of  any  tangent,  referred  to  these  axes,  is 


xx_     yj 
a'2       b 


-  +  ^=1 

'2    ^    h'-2  ^1 


and,  as  in  Art.  164,  that  the  equation  of  the  polar  of  any  point 
{x'y)  is  of  the  same  form.  The  polar  of  any  point  on  the  axis  of 
X  is,  therefore, 


XX 

To"   ~    J-' 


Hence,  the  polar  of  any  point  P  is  found  by  drawing  a  diameter 
through  the  point,  taking  CP  .  CP'  =  to  the  square  of  the  semi- 
diameter,  and  then  drawing  through  P'  a  parallel  to  the  conjugate 
diameter.  This  includes,  as  a  particular  case,  the  theorem  proved 
already  (Art.  140),  viz.: 

The  tangent  at  the  extremity  of  any  diameter  is  parallel  to  the 
conjugate  diameter. 

166.  The  theorem  just  stated  enables  us  easily  to  find  the 
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equation,  referred  to  the  rectangular  axes,  of  the  diameter  conju- 
gate to  that  passing  through  any  point  on  the  eurve  {x'y). 
For  the  tangent  at  the  point  {x'y)  is  (Art.  162) 

Therefore,  the  conjugate  diameter,  -which  is  a  parallel  to  the  tan- 
gent, drawn  through  the  centre,  is 

Let  %  be  the  angle  made  witli  the  axis  of  x  by  the  original 
diameter,  then  tan  0  plainly  =  '— ,  and  if  0'  be  the  angle  made  by 
the  conjugate  diameter,  this  equation  shows  that 

tan  0'  =  -  ^. 

Hence  „         „,         W 

tan  y  tan  \i  =  — -  ■ 
a- 

This  relation,  connecting  the  angles  made  with  the  axis  major 
by  a  pair  of  conjugate  diameters,  enables  us  at  once  to  determine 
whether  any  given  pair  of  diameters  be  conjugate  or  not. 

The  corresponding  relation  for  the  hyperbola  is  (see  Art.  162) 

tan  0  tan  %'  =  —• 

167.  Since,  in  the  ellipse,  tan  6  tan  B'  is  negative,  if  one  of 
the  angles  B,  B',  be  acute  (and,  therefore,  its  tangent  positive),  the 
other  must  be  obtuse  (and,  therefore,  its  tangent  negative).  Hence, 
conjugate  diameters  in  the  ellipse  lie  on  different  sides  of  the  axis 
minor  (which  answers  to  0  =  90°). 

In  the  hyperbola,  on  the  contrary,  tan  B  tan  B'  is  positive, 
therefore,  B  and  B'  must  be  either  both  acute  or  both  obtuse. 
Hence,  in  the  hyperbola,  conjugate  diameters  lie  on  the  same  side  of 
the  conjugate  axis. 

In  the  hyperbola,  if  tan  B  be  less  than  -,  tan0'  must  be  sreater 
than   -,  but  (Art.  161)    the   diameter   answering    to   the  angle 
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whose  tangent  is  -,  is  the  asymptote  wliicli  (by  the  same  Article) 

separates  those  diameters  -which  meet  the  curve  from  those  which 
do  not  intersect  it.  Hence,  if  one  of  tioo  conjugate  diameters  meet 
a  hjperhola  in  real  points,  the  other  will  not.  Hence  also  it  may 
be  seen  that  each  asymptote  is  its  own  conjugate. 

108.  The  co-ordinates  of  the  extremity  of  the  diameter  con- 
jugate to  that  passing  through  x'y\  are  found  by  combining  the 

equation  of  the  conjugate  T— ^  +  ^  =  0  j  with  the  equation  of 

the  curve. 

If  these  co-ordinates  be  a;"y'\  it  will  be  found  that 

—  =  +  j-,  and  ^  =  +  - ; 
a         b  b  a 

for  these  co-ordinates  satisfy  the  equation 

and  also  the  condition  (Art.  166) 

y         b'^  X 

x  c?  y 

It  is  often  useful  to  express  the  lengths  of  a  diameter  (a'),  and 
its  conjugate  (Z>'),  in  terms  of  the  abscissa  of  the  extremity  of  the 
diameter. 

We  have  d'^  =  x^  +  y"^. 

y  ^-2  («"  -  -^  )• 

Hence  ,„      ,„     c&  -  b"^    ,, 

a3=  6^  +  — - — x-\ 
a^ 

or  (Art.  15G)  a's  =  6^  +  e'^xK 

Ai^ain,  we  have  „z  hi 

b''  =  x"-^y"^  =  ^^y-^-^~x% 

=  a-  -  X  2  +  —  A' ' ; 
rt- 

hence  b"^  =  a^  -  eV^. 
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From  these  values  we  have 

or,  The  mm  of  the  squares  of  any  pair  of  conjngate  diameters  of  an 
ellipse  is  constant. 

1G9.  In  the  hyperbola  we  must  change  the  signs  of  t^  and  b'^, 
and  we  get  «'-'  -  b'^  =  a^  _  ^,2^ 

or,  The  difference  of  the  squares  of  any  ptair  of  conjugate  diameters 
of  a  hyperbola  is  constant. 

If  in  the  hyperbola  we  have  a  =  hy  its  equation  becomes 

.^2  -  /  =.  a\ 

and  it  is  called  an  equilateral  hyperbola. 

The  theorem  just  proved  shows  that  every  diameter  of  an  equi- 
lateral hyperbola  is  equal  to  its  conjugate. 

The  asymptotes  of  the  equilateral  hyperbola  being  given  by  the 
equation  ^3  _  ,,2  _  o 

are  at  right  angles  to  each  other.     Hence  this  hyperbola  is  often 
called  a  rectangular  hyperbola. 

The  condition  that  the  general  equation  of  the  second  degree 
should  represent  an  equilateral  hyperbola  is  A  =  -  C ;  for  (Art.  74) 
this  is  the  condition  that  the  asymptotes  (A-k^  +  '^xy  +  C?/^  =  0) 
should  be  at  right  angles  to  each  other ;  but  if  the  hyperbola  be 
rectangular  it  must  be  equilateral,  since  (Art.  161)  the  tangent  of 

half  the  angle  between  the  asymptotes  =  -;  therefore,  if  this  angle 
=  45°,  we  have  b  =  a 

170.  To  find  the  length  of  the  perpendicular  from  the  centre  on 
the  tangent. 

The  length  of  the  perpendicular  from  the  origin  on  the  line 

^'  4.  ^'  =  1 
a2       b^- 

is  (Art.  30) 

1  ab 


but  wc  proved,  Art.  108,  that 
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5'2  = 


I'^x"' 


a^ 


+ 


a^y'^ 


62 


hence 


ah 


171.   To  find  the  angle  between  any  pair  of  conjugate  diameters. 

The  angle  between  the  diameters  is       _^  \^X 

equal  to  the  angle  between  either,  and  the 
tangent  parallel  to  the  other.     Now 

CT 


sinCPT  = 


a 


Hence 


CP 

sin(^  (or  PC?') 


ah 
dU 


The  equation  ah' sin0  =  ah  (a  relation  which  may  also  be  im- 
mediately inferred  from  Art.  156,  III.)  proves,  that  tlie  triangle 
formed  by  joining  the  extremities  of  conjugate  diameters  of  an  ellipse 
or  hyperbola,  lias  a  constant  area. 

172.  The  sum  of  the  squares  of  any  two  conjugate  diameters 
being  constant,  their  rectangle  is  a  maximum  when  they  are 
equal,  and,  therefore,  in  this  case,  sin  ^  is  a  minimum ;  hence  the 
acute  angle  between  the  two  equal  conjugate  diameters  is  less 
(and,  consequently,  the  obtuse  angle  greater)  than  the  angle  be- 
tween any  other  pair  of  conjugate  diameters. 

The  length  of  the  equal  conjugate  diameters  is  found  by 
making  a'  =  h'  in  the  equation  a"^  +  h"-  -  a-  +  U^,  whence 

a?  +  63 


a 


'2 


Hence,  in  this  case, 


sin0  = 


2 
2ah 


a3  +  62 

The  angle  which  either  of  the  equiconjugate  diameters  makes 
with  the  axis  of  x,  is  found  from  the  equation 

7  3 

tan  0  tan  0'  = -• 

by  making  tan  0  =  -  tan  0\  for  any  two  equal  diameters  make 
equal  angles  with  the  axis  of  .r  on  opposite  sides  of  it  (Art.  15(5). 

Hence  [^ 

tan0  =  -• 
a 
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It  follows,  therefore,  from  Art.  161,  that  if  an  ellipse  and  hyper- 
bola have  the  same  axes  in  magnitude  and  position,  then  the 
asymptotes  of  the  hyperbola  will  coincide  with  the  cquiconjugate 
diameters  of  the  ellipse. 

The  general  equation  of  an  ellipse,  referred  to  two  conjugate 
diameters,  ^.2      „2 

^  ^  P  "  ■^' 
becomes  x^  +  y^  =  « '^  when  a  =  h'. 

We  see,  therefore,  that,  by  taking  the  equiconjugate  diameters 
for  axes,  the  equation  of  any  ellipse  may  be  put  into  the  same  form 
as  the  equation  of  the  circle,  x^  +  ^*  =  ^^j  but  that  in  the  case  of 
the  ellipse  the  angle  between  these  axes  will  be  oblique. 

173.  To  express  the  jyerpendicular  from  the  centre  on  the  tangent 
in  terms  of  the  angles  ivhich  it  makes  loith  the  axes. 

The  equation  of  the  tangent,  expressed  in  terms  of  the  perpen- 
dicular and  the  angle  which  it  makes,  is  (Art.  30) 

.»cosa  +  ?/sina  =  p. 

This  must  be  identical  with  the  equation 

a^       b''~     ' 
hence  x       cos a  x      a cos a 


-,    or 


c?        p  a 

In  like  manner  y      />sina 

we  have,  therefore  (Art.  155), 

p2  _  a^^QgO^  ^  Zz-sin-a.* 
The  equation  of  the  tangent  may,  therefore,  be  written 
.rcosa  +  ?/sina  -  ^/(a^cos^a  +  Z'^sin-a)  =  0. 

Hence,  by  Art.  31,  the  perpendicular  from  any  point  {x'y)  on 
the  tanfTcnt  is 

.^''cosa  +  ?/'sina  -  ^/ {a'^co^'^a  +  ^-sin'^a),  ' 

a  being  the  angle  whicli  this  perpendicular  makes  with  the  axis 
major. 

*  In  like  manner  p"^  —  d~  cos^  a  +  b^  cos-  ^,  a  and  /3  being  the  angles  the  perpendicu- 
lar makes  with  any  pair  of  conjugate  diameters. 
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SUPPLEMENTAL  CHORDS. 

174.  The  chords  which  join  the  extremities  of  any  diameter 
to  any  point  on  the  curve  are  called  supplemental  chords. 

Diameters  parallel  to  any  pair  of  supplemental  chords  are  con- 
jugate. 

For  if  we  consider  the  triangle  formed  by  joining  the  extre- 
mities of  any  diameter  AB  to  any  point  on  the  curve  D ;  since, 
by  elementary  geometry,  the  line  joining  the  middle  points  of 
two  sides  must  be  parallel  to  the  third,  the  diameter  bisecting 
AD  will  be  parallel  to  BD,  and  the  diameter  bisecting  BD  will 
be  parallel  to  AD.  The  same  thing  may  be  proved  analytically, 
by  showing  that  the  product  of  the  tangents  of  the  angles  made 

with  the  axis  by  AD  and  BD  is  =  — ;:• 
•^  a^ 

This  property  enables  us  to  draw  geometrically  a  pair  of  con- 
jugate diameters  making  any  angle  with  each  other.  For  we 
have  only  to  describe  on  any  diameter  a  segment  of  a  circle  con- 
taining the  given  angle,  then  if  we  join  the  points  where  the  cir- 
cle meets  the  curve  to  the  extremities  of  the  assvuned  diameter, 
we  obtain  a  pair  of  supplemental  chords  inclined  at  the  given 
angle,  and  which  (by  the  present  Article)  are  parallel  to  a  pair  of 
conjugate  diameters. 

THE  ECCENTRIC  ANGLE.* 

175.  It  is  always  advantageous  to  express  the  position  of  a 
point  on  a  curve,  if  possible,  by  a  single  independent  variable, 
rather  than  by  the  tioo  co-ordinates  x'y.  Thus  (Art.  97),  in  the 
case  of  the  circle,  we  found  our  formulse  simplified  by  the  use  of 
a  subsidiary  angle  (p,  where  we  wrote  r  cos  0  for  x\  and  r  sin  ^  for 
y.  We  shall  find  a  similar  substitution  useful  in  discussing  pro- 
perties of  the  ellipse,  and  shall  write 

x  =  a  cos  0,     y  =  l>  sin  0, 

a  substitution,  evidently,  consistent  with  the  equation  of  the  ellipse 

*  This  section  maj'  be  omitted  on  first  reading  the  subject. 

f  The  use  of  this  angle  (p  occurred  to  me  some  years  ago,  as  a  particular  case  of  the 
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The  geometric  meaning  of  the  angle  0  is  easily  explained. 
If  we  describe  a  circle  on  the  axis  major  as  diameter,  and  pro- 
duce the  ordinate  at  P  to  meet  the  circle  at  Q,  then  the  angle 

QCL  =  (p,  for  CL  =  CQ  cos  QCL,  or  w  =  acoscp,  and  PL  =  -  QL 

(Art.  157),  or,  since  QL  =  CQsin  QCL  =  a  sin  ^,  we  have 

y  =  b  sin  (p. 

176.  Some  important  consequences  may  be  drawn  from  this 
construction. 

If  we  draw  through  P  a  parallel  PN  ^y 

to  the  radius  CQ,  then 

PM:CQ::PL:QL::5:a, 
but     CQ  =  a,  therefore  PM  =  b.  X 

PN  parallel  to  CQ  is,  of  course,  =  a. 

Hence,  if  from  any  point  of  an  ellipse 
a  line  =  a  be  inflected  to  the  minor  axis, 
its  intercept  to  the  axis  major  =  b. 

Or,  conversely,  if  a  line  MN,  of  a  constant  length,  move  about 
in  the  legs  of  a  right  angle,  and  be  produced  until  MP  be  con- 
stant, the  locus  of  P  is  an  ellipse,  whose  axes  are  equal  to  MP 
and  NP. 

If  the  ordinate  PQ  were  produced  to  meet  the  circle  in  the 
point  Q',  it  could  be  proved,  in  like  manner,  that  a  parallel 
through  P  to  the  radius  CQ'  is  cut  into  parts  of  a  constant  length. 
Hence,  if  a  line  of  constant  length  move  about  in  the  legs  of  a 
right  angle  and  be  cut  into  constant  parts  at  P,  the  locus  of  P  will 
be  an  ellipse. 

On  this  principle  has  been  constructed  an  instrument  for  de- 
scribing an  ellipse  by  continued  motion,  called  the  Elliptic  Com- 
passes. CA,  CD',  are  two  fixed  rulers,  MN  a  third  ruler  of  a 
constant  length,  capable  of  sliding  up  and  down  between  them, 
then  a  pencil  fixed  at  any  point  of  MN  will  describe  an  ellipse. 


y^      B 

~^ 

Q 

/      ^ 

/^v. 

i'  \ 

1                                   ^ 

/       / 

L  ^ 

I 

/M           J 

\N^     N 

/ 

X^^B' 

D 


methods  given  in  Chap.  XIII.     It  has,   liowevci',    been   aheady  reconnnended  by  Mr.   t 
O'Brien  in  the  Cambridge  Mathematical  Journal,  vol.  iv.  p.  '.)9,  and  has  since  been  in-  ' ' 
troduced  by  him,  under  the  name  here  adopted,  into  Iiis  treatise  on  I'lauc  Co- ordinate 
Geometry,  p.  IH. 


1 


JL 
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If  the  pencil  be  fixed  at  the  middle  point  of  MN  it  will  de- 
scribe a  circle.* 

177.  The  consideration  of  the  angle  (p  affords  a  simple  method 

of  constructing  geometrically  the  diameter  conjugate  to  a  given 

one,  for  ?/      J 

tan0  =  -,  =  -tanrf). 
X      a 

Hence  the  relation  ^        ^,         h- 

tan  {j  tan  {)  = 


a3 


becomes  tan  0  tan  0  =  -  !» 

or  0  -  0'  =  90°. 

Hence  we  obtain  the  following  construction  for  drawing  the 
diameter  conjugate  to  any  given  one.  Let  the  ordinate  at  the 
given  point  P,  when  produced,  meet  the 
semicircle  on  the  axis  major  at  Q,  join 
CQ,  and  erect  CQ'  perpendicular  to  it,  then 
the  perpendicular  let  fall  on  the  axis  from 
Q'  will  pass  through  P',  a  point  on  the- con- 
jugate diameter. 

Hence,  too,  can  easily  be  found  the  co-ordinates  of  P'  given 

in  Art.  168,  for,  since 

//       ' 

cos  d)'  =  sin  (h,  we  have  —  =  V) 
^  ^  a      o 

and  since  .      ,  .         y"         x 

sm  0  =  -  cos  0,  we  have  V  = . 

^  0  a. 

From  these  values  it  appears  that  the  areas  of  the  triangles 
PCM,  P'CM',  are  equal. 

178.  The  lengths  of  two  conjugate  semidiameters  can  be  ex- 
pressed in  terms  of  the  angle  0,  for 

a^  =  x^  -V  y-^ 
or  a"^  =  €?  cos^  0  +  U^  sin^  0. 

Again,  V'^  -  x"^  +  ?/"^ ; 

or,  using  the  expressions  for  x\  y",  found  in  the  last  Article, 

h'i  =  a^  sin^  0  +  ^2  cos^  0. 

*  We  shall  give  another  proof  of  this  theorem  in  Chap.  XII.     The  proof  here  used  is 
taken  from  O'Brien's  Coordinate  Geometry,  p.  112. 
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Hence,  as  we  saw  before, 

a'2  +  h'-  =  a2  +  i2. 

The  equal  conjugate  diameters  evidently  answer  to  ^  =  45°. 
The  equation  of  any  chord  of  the  ellipse  can  be  expressed  in 
terms  of  ^  and  0',  as  in  Art.  97, 

-  COS  h(^  +  ^')+  J  sin  ^  (^  +  ^')  =  cos  h(<}>-  (p'), 

and  that  of  the  tangent 

-cos 6  +  T  sin<i  =  1. 
a        ^       o        ^ 

179.  The  methods  of  the  last  four  Articles  do  not  apply  to 
the  hyperbola.     For  the  hyperbola,  however,  we  may  substitute 

A"'  =  a  sec  ^,      y  =  b  tan  ^, 

since  fx'Y      /f/V 

This  angle  may  be  represented 
geometi'ically,  by  drawing  a  tan- 
gent MQ  from  the  foot  of  the  ordi- 
nate M  to  the  circle  described  on 
the  transverse  axis,  then  the  angle  QCM  =  i^,  since 

CM  =  CQ  sec  QCM. 
We  have  also  QM  =  a  tan  0,  but  PM  =  ^  tan  ^. 

Hence,  if  from  the  foot  of  any  ordinate  of  a  hyperbola  we  draw 
a  tangent  to  the  circle  described  on  the  transverse  axis,  this  tan- 
gent is  in  a  constant  ratio  to  the  ordinate. 

180.*  Since  the  equation  of  the  conjugate  hyperbola  is 

any  point  on  the  conjugate  hyperbola  may  be  expressed  by 
7/"  =  b  sec  ^',  and  .r"  =  a  tan  0'. 

Now  if  0  be  the  angle  made  by  any  diameter  with  the  axis  of 

i-r,  we  have  „'      j  j 

tan  0  =  -,  =  -  sin  d».  I 

x      a       ^  1 

*  This  Article  is  taken  from  a  paper  by  Mr.  Turner  in  the  Cambridge  and  Dublin 
Math.  Jour.,  vol.  i.  p.  122. 
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In  like  manner  „,     w"      h     1 

tan  0'  =  ^  =  - 


X       asixKj) 
hence  tlie  relation  connecting  two  conjugate  diameters 


tan  9  tan  0'  =  — , 


a 


becomes 
or,  simply, 


sin0  =  sm^  ; 


THE  NORMAL. 


181.  A  line  drawn  tlirough  any  point  of  the  curve  perpendi- 
cular to  the  tangent  at  that  point  is  called  the  Normal. 

Its  equation  is  easily  found  by  Art.  39,  for  it  is  a  line  drawn 
through  {x'y)  perpendicular  to  the  line  whose  equation  is 


v  "^^  =  1  • 


its  equation  is,  therefore. 


X  ,         ,^      y    , 


c?x 


=  /.3 


or  a^x      h~i/ 

X         y 
c^  being  used,  as  in  Art.  156,  to  denote  a^  -  b- 

Hence  we  can  find  the  portion 
CN  intercepted  by  the  normal  on 
either  axis ;  for,  making  ?/  =  0  in  the 
equation  just  given,  we  find  A' 


X  = 


■X.  ox  X 


a^ 


2    ' 


t  being  =  -,  as  in  Art.  156. 


a 


We  can  thus  draw  a  normal  to  an  ellipse  from  any  point  on 
the  axis,  for  given  CN  we  can  find  x\  the  ordinate  of  the  point 
through  which  the  normal  is  drawn. 

The  circle  may  be  considered  as  an  ellipse  whose  eccentricity 
=  0,  since  c^  =  d^  -  h^  =^  0.  The  intercept  CN,  therefore,  is  con- 
stantly =  0  in  the  case  of  the  circle,  or  every  normal  to  a  circle 
passes  throttgli  its  centre. 
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182.  The  portion  MN  intercepted  on  the  axis  between  tlie 
normal  and  ordinate  is  called  the  Subnormal.  Its  length  is,  by 
the  last  Article,  c-  h'^ 

a-         a- 

The  normal,  therefore,  cuts  the  abscissa  into  parts  which  are  in  a 
constant  ratio. 

If  a  tangent  drawn  at  the  point  P  cut  the  axis  in  T,  the  inter- 
cept MT  is,  in  like  manner,  called  the  Suhtangent. 

Since  the  whole  length  CT  =  —  (Art.  165),  the  subtangent 


=  —  -  X  = 


X  X 

The  length  of  the  normal  can  also  be  easily  found.     For 
PN^  =  PM2  +  NM^  =  y^  +  -'  ^'3  =  -'  {%  rf  +  K.  xA 

but  if  b'  be  the  semidiameter  conjugate  to  CP,  then  (Art.  1G8) 

b'^  a2 

-,x^  +  -^,y^  =  b^. 

Hence  the  lenj^th  of  the  normal  PN  -  — 
°  a 

If  the  normal  be  produced  to  meet  the  axis  minor  it  can  be 

7' 

proved,  in  like  manner,  that  its  length  =  — •    Hence,  the  rectangle 

under  the  segments  of  the  normal  is  equal  to  the  square  of  the  semi- 
conjugate  diameter. 

Again,  we  found  (Art.  172)  that  the  perpendicular  from  the 

centre  on  the  tangent  =  -p-  Hence,  the  rectangle  under  the  normal 

and  the  jyerpendicular  from  the  centre  on  the  tangent,  is  constant  and 
equal  to  the  square  of  the  semiaxis. 

We  can  thus  express  the  normal  in  terms  of  the  angles  it 
makes  with  the  axis,  for 

PN-i' ^i- (Art  173V  <^  ' ''"> 

p   '  V(^^'cos%,  +  ?/^sin2a)^^^"-^''^^'~  V(l-62sin^«) 


1 
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THE  FOCI. 

183.  If  on  tlie  axis  major  of  an  ellipse 
we  take  two  points  equidistant  from  the 
centre,  whose  common  distance 

=-  +  \f  {a-  -  b-),  or  =  ±  c, 
these  points  are  called  the  foci  of  the  curve. 

The  foci  of  an  hyperbola  are  two  points  on  the  transverse  axis, 
at  a  distance  from  the  centre  still  =  ±  c,  c  being  in  the  hyperbola 

=  v/  (a'  +  ^'). 
To  express  the  distance  of  any  point  on  an  ellipse  from  the  focus. 
Since  the  co-ordinates  of  one  focus  are  {x  =  +  c,  ?/  =  0),  the 
square  of  the  distance  of  any  point  from  it 

=  {X  -  Cf  +  ?/'2  =  A-'2  +  y"i  -  2CX'  +  C\ 

But  (Art.  168) 

*'^  +  y'^  =  h^  +  e\v^,  and  h'^  +  c^  =  d?. 

Hence  FP^  =  d^  -  2cx  +  e'^x ; 

and,  recollecting  that  c  =  ae,  Ave  have 

FF  =  a-ex. 

(We  reject  the  value  (ex  -  a)  obtained  by  giving  the  otlier 
sign  to  the  square  root.  For,  since  x  is  less  than  a,  and  e  less 
than  1,  the  quantity  ex  -  a  is  constantly  negative,  and,  therefore, 
does  not  concern  us,  as  we  are  now  considering,  not  the  direction, 
but  the  absolute  magnitude  of  the  radius  vector  FP). 

We  have,  similarly,  the  distance  from  the  other  focus 

FT  =  a  +  ex, 
since  we  have  only  to  write  -  c  for  +  c  in  the  preceding  formulae. 

Hence  FP  +  FP  =  2a, 

or,  The  sum  of  the  distances  of  any  point  on  an  ellipse  from  the  foci 
is  constant  and  equal  to  the  axis  major. 

184.  In  applying  the  preceding  proposition  to  the  hyperbola 
we  obtain  the  same  value  for  FP^,  but  in  extracting  the  square 
root  we  must  change  the  sign  in  the  value  of  FP,  for  in  the  hyper- 
bola .r  is  greater  than  a,  and  e  is  greater  than  1. 

Hence,  a  -  ex  is  constantly  negative ;  the  absolute  magnitude, 
therefore,  of  the  radius  vector  is 

FP  =  ex  -  a. 
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In  like  manner,  FT  =  ex  +  a. 

Hence  FP  -  FP  ==  2a. 

Therefore,  in  the  hyperbola,  the  difference  of  the  focal  radii  is  con- 
stant, and  equal  to  the  transverse  axis. 

For  both  curves  the  rectangle  under  the  focal  radii  =  a^  -  e^x^, 
that  is  (Art.  168),  is  equal  to  the  square  of  the  semiconjugate  diameter. 

185.  The  reader  may  prove  the  converse  of  the  above  results 
by  seeking  the  locus  of  the  vertex  of  a  triangle,  if  the  base  and 
either  sum  or  difference  of  sides  be  given. 

Taking  the  middle  point  of  the  base  (=  2c)  for  origin,  the 
equation  is 

V  (3/2  +  (c  +  xf]  ±  V  [y'  +  (c  -  xf]  =  2a, 

which,  when  cleared  of  radicals,  becomes 

x^         y'^  ^ 


a^      d^  -  c^ 


Now,  if  the  sum  of  the  sides  be  given,  since  the  sum  must 
always  be  greater  than  the  base,  a  is  greater  than  c,  therefore  the 
co-efficient  of  3/^  is  positive,  and  the  locus  an  ellipse. 

If  the  difference  be  given,  a  is  less  than  c,  the  coefficient  of  3/^ 
is  negative,  and  the  locus  an  hyperbola. 

186.  To  find  the  length  of  the  perpendicular  from  the  focus  on 
the  tangent. 

The  length  of  the  perpendicular  from  the  focus  (+  c,  0)  on  the 

line  r^  +  '^  =  1 J  is,  by  Art.  31, 

/ 


X '      ?/'2^ 


but.  Art.  170, 


V[ 


y    \a^       b^l      ah 


^^"^"  FT  ^  I  («-.;.)=  I  FP. 

Likewise,  WT  =  \,{a-v  ex)  =  \,¥V. 
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Hence  FT  .  FT'  =  IP-  (since  a^  -  e^A'^  =  V), 

or,  The  rectangle  under  the  focal  perpendiculars  on  the  tangent  is 

constant,  and  equal  to  the  square  of  the  semiaxis  minor. 

This  property  apj)lies  equally  to  the  ellipse  and  the  hyperbola. 

187.  Some  important  consequences  may  be  drawn  from  the 
value  of  the  perpendicular  just  found. 

For  we  had  ^  ^  ^,,  1!Z  _  ^  . 

but  FT 


FP 


=  sinFPT. 


Hence  the  sine  of  the  angle  which  the  focal  radius  vector 
makes  with  the  tangent  =  -r,- 

We  find,  in  like  manner,  the  same  value  for  sin  F'FT',  the  sine 
of  the  angle  which  the  other  focal  radius  vector  makes  with  the 
tangent.     Hence  the  focal  radii  make  equal  angles  ivith  the  tangent. 

This  property  is  true  both  for  the  ellipse  and  hyperbola,  and, 
on  looking  at  the  figures,  it  is  evident 
that  the  tangent  to  the  ellipse  is  the 
external  bisector  of  the  angle  between 
the  focal  radii,  and  the  tangent  to  the 
hyperbola  the  internal  bisector. 

Hence,  if  an  ellipse  and  hijperhola, 
having  the  same  foci,  jmss  through  the 
same  point,  they  ivillcut  each  other  at  right  angles,  that  is  to  say,  the 
tangent  to  the  ellipse  at  that  point  will  be  at  right  angles  to  the 
tangent  to  the  hyperbola. 

188.  The  normal,  being  perpendicular  to  the  tangent,  is  the 
internal  bisector  of  the  angle  between  the  focal  radii  in  the  case  of 
the  ellipse,  and  the  external  bisector  in  the  case  of  the  hyperbola. 

We  can  give  an  independent  proof  of  this,  by  showing  that  it 
cuts  the  distance  between  the  foci  into  parts  which  are  in  the 
ratio  of  the  focal  radii  (Euc.  VI.  3),  for  the  distance  of  the  foot 
of  the  normal  from  the  centre  is  (Art.  183)  =  e^x.  Hence  its  dis- 
tances from  the  foci  are  c  +  eV  and  c  -  eV,  quantities  which  are 
evidently  e  times  a  +  ex  and  a  -  ex. 
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From  the  preceding  theorem  can  be  derived  a  simple  eolution 
of  the  problem,  to  draw  a  normal  to  the  ellipse  from  any  point  on 
the  axis  minor,  for  the  circle  through  the  given  point,  and  the 
two  foci,  will  meet  the  curve  at  the  point  whence  the  normal  is 
to  be  drawn. 

It  follows  from  the  preceding  Article,  that  if  a  line  be  drawn 
through  the  centre  parallel  to  cither  focal  radius  vector,  and  ter- 
minated by  the  tangent,  its  length  will  be  =  a,  for  the  perpendi- 
cular from  the  centre  on  the  tangent  =  -p  (Art.  170),  but  this 

perpendicular,  divided  by  sin  FPT  \  =  j\  is  the  length  of  the  re- 
quired parallel. 

189.  Another  important  consequence  may  be  deduced  from 
the  theorem  (of  Art.  186),  that  the  rectangle  under  the  focal  per- 
pendiculars on  the  tangent  is  constant. 

For,  if  we  take  any  two  tangents,  we  have 

FT      F'^' 


FT  .  FT  =  Fif .  Fr,  or 


Fi!      FT" 

FT  . 
but  -:^r~  is  the  ratio  of  the  sines  of  the  parts  into  which  tlie  line 
ct  j 

¥'t'    .  A 

FP  divides  the  angle  at  P,  and  -^^^rrfr,  is  the  ratio  of  the  sines  of 

the  parts  into  which  F'P  divides  the  same  angle;  we  have,  there-  . , 
fore,  the  angle  TPF  =  ^TF'.  | 

If  we  conceive  a  conic  section  to  pass 
through  P,  having  F  and  F'  for  foci,  it 
was.proved  in  Art.  187,  that  the  tangent 
to  it  must  be  equally  inclined  to  the 
lines  FP,  F'P;  it  follows,  therefore,  from 
the  present  Article,  that  it  must  be  also 
equally  inclined  to  PT,  Pi  ;    hence  we 

derive  a  useful  theorem,  that  if  through  any  'point  (^')  of  a  conic 
section  we  draiv  tangents  (PT,  P<!)  to  a  confocal  conic  section,  these     » 
tangents  will  he  equally  inclined  to  the  tangent  at  P.  ' 

190.    To  find  the  locus  of  the  foot  of  the  perpendicular  let  fall     \ 
from  either  focus  on  the  tangent.  ' 
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From  Art.  173  the  polar  equation  of  the  locus  can  imme- 
diately be  found,  for  since  the  perpendicular  expressed  in  terms 
of  the  angles  it  makes  with  the  axis  is 

^'cosa  +  y  sina  -  ^/  {a^  co&^a  +  6'^  sin^a), 

the  perpendicular  from  the  focus  (+  c,  0)  is 

ccosa-  V(a2cos2a  + i^sin^a), 

and,  therefore,  the  polar  equation  of  the  locus  is 

p  =  ccosa  -  ^/  {a?  co^^a  +  h"^  sin^a), 

or  p2  _  2cp  cos  a  +  c^  cos^a  =  o?  cos^a  +  h^  sin' a, 

or  p^  -  2cp  cos  a  =  b'^. 

This  (Art.  94)  is  the  polar  equation  of  a  circle  whose  centre  is 
on  the  axis  of  x,  at  a  distance  from  the  focus  =  c  ;  the  circle  is, 
therefore,  concentric  with  the  curve.  The  radius  of  the  circle  is, 
by  the  same  Article,  =  a. 

Hence,  if  we  describe  a  circle  having  for  diameter  the  transverse 
axis  of  an  ellipse  or  hyperbola,  the  perpendicular  from  the  focus  will 
meet  the  tangent  on  the  circumference  of  this  circle. 

Or,  conversely,  if  from  any  poiritF  (see  figure,  p.  163)  ive  draw 

a  radius  vector  FT  to  a  given  circle,  and  draio  TP  jj^rpendicular  to 

FT,  the  line  TP  will  always  touch  a  conic  section  having  Y  for  its 

focus,  which  will  be  an  ellipse  or  hyperbola,  according  as  F  is  within 

or  without  the  circle. 

It  may  be  inferred  from  Art.  188,  that  the  line  CT,  whose 
length  =  a,  is  parallel  to  the  focal  radius  vector  F'P. 

191.  The  polar  of  either  focus  is  called  the  directrix  of  the 
conic    section.     The  directrix    must,    therefore 
(Art.  165),  be  a  line  perpendicular  to  the  axis 

major  at  a  distance  from  the  centre  =  ± 


a2 


Knowinjj  the  distance  of  the  directrix  from 
the  centre  we  can  find  its  distance  from  any  point 
on  the  curve.     It  must  be  equal  to 

—  -  X,  or  =  -  ia  -  ex )  =  -  (a  -  ex), 
c  c  e  ^ 

But  the  distance  of  any  point  on  the  curve  from  the  focus  =^  a-  ex 
(Art.  183). 
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Hence  we  obtain  the  important  property,  that  the  distance  of 
any  point  on  the  curve  from  the  focus  is  in  a  constant  ratio  to  its  dis- 
tance from  the  directrix,  viz.,  as  e  to  1. 

In  the  ellipse  e  is  less  than  1,  and  the  distance  from  the  focus 
is  less  than  the  distance  from  the  directrix.  In  the  hyperbola  e  is 
greater  than  1,  and  the  distance  from  the  focus  is  greater  than  the 
distance  from  the  directrix. 

We  shall  show,  in  the  next  chapter,  that  the  parabola  also  has 
a  focus,  and  that  in  this  case  the  distance  of  any  point  from  the 
focus  is  equal  to  the  distance  from  the  directrix. 

192.  If  any  chord  be  drawn  through  the  focus,  tangents  at  its 
extremities  loill  intersect  on  the  directrix  (this  follows  from  the  defi- 
nition of  the  directrix  and  Art.  141) ;  and  the  line  joining  the  point 
of  intersection  to  the  focus  will  be  perpendicular  to  the  chord.  A 

We  shall  deduce  this  as  a  particular  case  of  a  more  general 
theorem. 

_1_    4-    Y;_   _    1    =   0    I 

being  perfectly  similar  to  the  equation  of  the  tangent,  the  equa- 
tion of  the  perpendicular  on  the  polar  from  the  point  x'y  must  be 
similar  to  the  equation  of  the  normal, 

^'  _  ?^  .  ,.  (Art.  181), 
X         y  ^ 

and  the  intercept  it  makes  on  the  axis  o^  x  is,  as  in  Art.  181, 
=  e^x'.  If  A'',  therefore,  be  constant,  the  intercept  Avill  be  constant, 
that  is,  If  a  point  be  taken  anywhere  on  a  fixed  perpendicidar  to  the 
axis,  the  perpendicidar  from  it  on  its  polar  loill  pass  through  a  fixed 
point  on  the  axis. 

If  the  point  be  taken  anywhere  on  the  directrix  then  .r'  Avill 

2 

=  — ,  and,  therefore,  eV  =  c.     Hence,  the  perpendicular  from  any 
c 

point  of  the  directrix  on  its  polar  will  pass  through  the  focas. 

Q.  E.  D.* 

*  The  metliod  used  in  this  Article  was  communicated  to  me  by  the  Rev.  W.  D.  Sad- 
leiv,  together  with  several  other  theorems,  which  will  be  given  in  Chap.  XII.,  also 
deduced  from  the  analogy  between  the  equations  of  the  polar  and  the  tangent. 
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193.  To  find  the  polar  equation  of  the  ellipse  or  hyperbola^  the 
focus  being  the  pole. 

This  might  be  obtained  by  transforming  the  rectangular 
equation  to  the  focus  as  origin,  and  then  substituting  p  cos  0  and 
p  sin  d  for  x  and  y  ;  or  it  may  be  derived  immediately  from  the 
value  of  the  focal  radius  vector  (Art.  183) 

p  =  a  -  ex. 

For  x'  (being  measured  from  the  centre)  =  p  cos  Q  +  c. 

Hence  p  -  a  -  ep  cos  0  -  ec, 

or  _  a(l  -  e^)  _  b'^  1 

1  +  ecos6^      a     l  +  ecos9 

The  double  ordinate  at  the  focus  is  called  the  parameter;  its 
half  is  found  by  making  6  =  90°  in  the  equation  just  given,  to  be 

b^ 

=  —  =  a{l  -  e^).     The  parameter  is  commonly  denoted  by  the 

letter  p.     Hence  the  equation  is  often  written 


2^ 


1 


^      2    l+ecos0 
The  parameter  is  also  called  the  Latus  Rectum. 

194.  Several  useful  inferences  may  be  drawn  from  the  polar 

equation. 

If  the  radius  vector  FP,  when  produced  backwards  through 

w  1 

the  focus,  meet  the  curve  again  in  P',  then  FP  being  ^  • ;:, 

°  2    1  +  ecos^ 

FP',  which  answers  to  {B  +  180°),  will  =1. ^ _. 

^  2    l-ecos0 

Hence  114 

FP  ^  FF  "^  p' 

or.  The  harmonic  mean  between  the  segments  of  a  focal  chord  is  con- 
stant, and  equal  to  the  semipararneter. 
This  may  otherwise  be  stated 

FP  .  FP'     4 
FP+FP'  "  p' 

or,  The  rectangle  under  the  segments  of  a  focal  chord  is  to  the  ivhole 
chord  in  a  constant  ratio. 
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The  rectangle  under  the  setrments 


p~ 


h^  1 


4    '1-62  0082  0        a2  "1-62  0082  0' 

and  the  whole  chord  (FP  +  FP') 

\_  2^2  1 

~^'l-e^coi'e~   a    •l-e2cos2  0* 

195.  It  will  be  remembered  that  the  length  of  a  semidiameter 
making  an  angle  B  with  the  transverse  axis  is  (Art.  156) 

62 


R2 


1  -e2cos2  0 


2R2 

Hence  the  length  of  the  chord  jnst  given  =  - — ,  or 

Any  focal  cliord  is  a  third  proportional  to  the  transverse  axis 
and  the  parallel  diameter. 

Again,  we  know  that  the  sum  of  the  squares  of  two  conjugate 
diameters  is  constant  (Art.  168).  Hence,  the  sum  of  two  focal 
chords  draicn  parallel  to  two  conjugate  diametey^s  is  constant. 

Or,  again,  we  can  prove  that  the  sum  of  the  7'eciprocals  of  the 

squares  of  two  semidiameters  at  right  angles  to  each  oilier  is  constant. 

,       l-62cos20        ^    ^         ,           l-62sin20 
Jbor  one  reciprocal  = r- ,  and  the  other  = -r^ 

Hence,  therefore,  tlie  sum  of  the  reciprocals  of  two  focal  chords  at 
Tight  angles  to  each  other  is  constant. 

196.  While  speaking  of  polar  co-ordinates  we  may  mention,, 
that  in  any  curve  the  portion  intercepted  by  the  tangent  on  a 
perpendicular  to  the  radius  vector  drawn  through  the  pole  is 
called  the  polar  subtangent.  Hence  the  theorem  proved  in  Art. 
192  may  be  stated  thus:  In  the  ellipse  and  hyperbola,  the  focus 
being  the  pole,  the  locus  of  the  extremity  of  the  polar  subtangent  is 
the  directrix.  We  shall  prove,  in  the  next  chapter,  that  this  is 
equally  true  fjr  the  parabola. 

197.  The  equation  of  the  ellipse,  referred  to  the  vertex,  is 

0^  -  «)'^   ,  ^_  1 
a2       ""  62  ~     ' 

or  .,     262        1,2  12 

y  =  —  X  — 5  x^  =  px  — -  x^. 
^        a  a^         ^       a2 
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Hence,  in  the  ellipse,  the  square  of  the  ordinate  is  less  than  the 
rectangle  under  the  parameter  and  abscissa. 

The  equation  of  the  hyperbola  is  found  in  like  manner, 


f 


A'3. 


Hence,  in  the  hyperbola,  the  square  of  the  ordinate  exceeds  the 
rectangle  under  the  parameter  and  abscissa. 

We  shall  show,  in  the  next  chapter,  that  in  the  parabola  these 
quantities  are  equal. 

It  was  from  this  property  that  the  names  parabola,  hyperbola, 
and  ellipse,  were  first  given. 


THE  ASYMPTOTES. 

198.  We  have  hitherto  discussed  properties  common  to  the 
ellipse  and  the  hyperbola.  There  is,  however,  one  class  of  pro- 
perties of  the  hyperbola  which  have  none  corresponding  to  them 
in  the  ellipse,  those,  namely,  depending  on  the  asymptotes,  which 
in  the  ellipse  are  imaginary. 

We  saw  that  the  equations  of  the  asymptotes  were  always 
obtained  by  putting  the  highest  powers  of  the  variables  =  0,  the 
centre  being  the  origin.  Thus  the  equation  of  the  curve,  referred 
to  any  pair  of  conjugate  diameters,  being 


X'^ 


a' 


1, 


that  of  the  asymptotes  is 

,.2 


.^■* 


a- 


•f:,  =  0,  or  -  -  ^,  =  0,  and  -  +  f ,  =  0. 
6-  a       b  a       b 


Hence  the  asymptotes  are  parallel  to  the  diagonals  of  the  paral- 
lelogram, whose  adjacent  sides  are  any  pair  of  conjugate  semi- 
diameters.   For,  the  equation  of  CT 

is  -  =  — ,  and  must,  therefore,  coin- 
X      a 

cide  with  one  asymptote,  while  the 


equation  of  AB 


IS  pa- 


rallel to  the  other  (see  Art.  161). 

Hence,  given  any  two  conjugate  diameter^;,  we  can  find  ine 
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asymptotes ;  or,  given  the  asymptotes,  we  can  find  the  diameter 
conjugate  to  any  given  one;  for  we  have  only  to  draw  AO  pa- 
rallel to  one  asymptote,  to  meet  the  other,  and  produce  it  equal 
to  itself,  when  we  find  B,  the  extremity  of  the  conjugate  dia- 
meter. 

199.  The  portion  between  the  asymptotes  of  any  tangent  to  a 
hyperbola  is  bisected  at  the  curve,  and  is  equal  to  the  conjugate  dia- 
meter. 

This  appears  at  once  from  the  last  Article,  where  we  have 
proved  AT  =  b'  =  AT' ;  or,  directly,  taking  for  axes  the  diameter 
through  the  point  and  its  conjugate,  the  equation  of  the  asymptotes 

IS  ^2  y2 

Hence,  if  we  take  x  =  a,  we  have  y  =  ±b' ;  but  the  tangent  at  A 
being  parallel  to  the  conjugate  diameter,  this  value  of  the  ordinate 
is  the  intercept  on  the  tangent.  | 

200.  If  any  line  cut  an  hy- 
perbola, the  portions  DE,  FG, 
intercepted  betioeen  the  curve  and 
its  asymptotes,  are  equal. 

For,  if  we  take  for  axes  a 
diameter  parallel  to  DG  and  its 
conjugate,  it  apjDcars  from  the 
last  Article,   that   the   portion 

DG  is  bisected  by  the  diameter ;  so  is  also  the  portion  EF ;  hence 
DE  =  FG. 

The  lengths  of  these  lines  can  immediately  be  found,  for,  from 

the  equation  of  the  asymptotes  (  -^  -  j^^  =  0  ),  we  have 

^(=DM  =  MG)=  ±^-x. 

Again,  from  the  equation  of  the  curve 

x^      y^ 


we  have 


^(=EM  =  FM)  =  ±//y^^^- 


Hence 


and 
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201.  From  these  equations  it  at  once  follows,  that  the  recta7igle 
DE .  DF  is  constant,  and  =  b''^.  Hence,  the  greater  DF  is,  the 
smaller  will  DE  be.  Now  it  is  evident,  that  the  further  from 
the  centre  we  draw  DF  the  greater  will  it  be,  and  that  by  taking 

X  sufficiently  large,  we  can  make  DF  1  =  b'  ^  —,  -i-  4/  T-^  ~  1  )  [  1 

greater  than  any  assigned  quantity.  Hence,  the  further  from  the 
centre  ice  draio  any  line,  the  less  icill  be  the  interval  between  the  cuit'e 
and  its  asymptote,  and  by  increasing  the  distance  from  the  centre,  toe 
can  make  this  interval  less  than  any  assigned  quantity. 

202.  It  appears  from  Art.  161,  that  if  the  equations  of  the 
asymptotes  be  a  =  0,  /3  =  0,  the  equation  of  the  curve  must  be  of 
the  form  a|3  =  A;^.  If  the  asymptotes  be  chosen  for  axes  of  co- 
ordinates, their  equations  are  x  =  (},  y  -0,  and  the  equation  of  the 
curve  must  be  of  the  form  xy  =  P,  as  we  saw  (Art.  161). 

The  equation  of  the  curve,  in  this  form,  may  be  employed 
with  advantage  in  investigating  properties  of  the  asymptotes. 

The  geometrical  meaning  of  this  equation  evidently  is,  that 
the  ai^ea  of  the  parallelogram  formed  by  the  co-ordinates  is  constant. 

203.  If  the  equation  be  given  in  the  form  xy  =  P,  we  can 

easily  form  the  equation  of  any  chord  or  of  any  tangent. 

We  have  ^2  p 

y=-^,  and/=^,; 


therefore. 


y  -y 


k^  {x  -  x") 


XX 


the  equation  of  a  chord  is,  therefore, 

y-  y' 


iV  ""*  tC 


which  may  be  written  (since  k-  =  xy  =  xy) 

y'x  +  x"y  =  k^  +  yx  . 
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IVIaking  x  =  a;"  and  y  =  y'\  wc  find  the  equation  of  tlie  tangent, 

x'y  +  y'x  =  2F, 
or  (writing  x'y  for  F) 

-^      y      c^ 

-  +  -,  =  2. 
X      y 

From  this  form  it  appears  that  the  intercepts  made  on  the 
asymptotes  by  any  tangent  =  2x'  and  2y' ;  their  rectangle  is,  there- 
fore, 4/^-.  Hence,  tlie  triangle  lohich  any  tangent  forms  with  the 
asymptotes  has  a  constant  area,  and  is  equal  to  double  the  area  of  tlie 
parallelogram  formed  hy  the  co-ordinates. 

204.  It  is  desirable  to  express  the  quantity  k^  in  terms  of  the 
lengths  of  the  axes  of  the  curve. 

Since  the  axis  bisects  the  angle  between  the  asymptotes,  the 
co-ordinates  of  its  vertex  are  found,  by  putting  x  =  y  in  the  equa- 
tion xy  =  k^,  to  he  X  =  y  =  k. 

Hence,  if  0  be  the  angle  between  the  axis  and  the  asymptote, 

a  =  2k  cos  6 

(since  a  is  the  base  of  an  isosceles  triangle  whose  sides  =  k  and 
base  angle  =  9),  but  (Art.  IGl) 


a 
cos  t/  = 


o\  > 


hence  ,       ^  {a^  +  b~) 

k=  2 

And  the  equation  of  the  curve,  referred  to  its  asymptotes,  is 

a?  +  i2 

205.  The  perpendicular  from  the  focus  on  the  asymptote  is 
equal  to  the  conjugate  axis  b. 

For  it  is  CF  sin  0,  but  CF  =  ^ (a-  +  b%  and  sin  0  =      ,  t    ,. 

(Art.  161). 

This  might  be  deduced  as  a  particular  case  of  the  property, 
that  the  product  of  the  perpendiculars  from  the  focus  on  any  tan- 
gent is  constant,  and  =  b~.  For  the  asymptote  may  be  considered 
as  a  tangent,  whose  point  of  contact  is  at  an  infinite  distance 
(Art.  161),  and  the  perpendiculars  from  the  foci  on  it  are  evi- 
dently equal  to  each  other. 
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206.  Tlie  distance  of  the  focus  from  any  point  on  the  curve  is 
equal  to  the  length  of  a  line  draini  through  the  point  jyarallel  to  an 
aspnjyiote  to  meet  the  directrix. 

For  the  distance  from  the  focus  is  e  times  the  distance  from 
the  directrix  (Art.  191),  and  the  distance  from  the  directrix  is  to 

the  length  of  the  parallel  line  as  cos  0  (  =  -,  Art.  161  j  is  to  1. 

Hence  has  been  derived  a  method  of  describing  the  hyperbola 
by  continued  motion.  A  ruler  ABR,  bent  at  B,  slides  along  the 
fixed  line  DD' ;  a  thread  of  a  lensfth  =  RB  is  fastened  at  the  two 
points  R  and  F,  while  a  ring  at  P  keeps  the 
thread  always  stretched,  then  as  the  ruler 
is  moved  along,  the  point  P  will  describe 
an  hyperbola,  of  which  F  is  a  focus,  DD'  a 
directrix,  and  BR  parallel  to  an  asymptote, 
since  PF  must  always  =  PB. 

207.  Besides  this  method  of  mechani- 
cally describing  an  hyperbola,  and  the  me- 
thod of  describing  an  ellipse  given  Art.  176, 
there  is  another  depending  on  the  fundamental  property  that  the 
sum  or  difference  of  the  focal  distances  of  any  point  on  the  curve 
is  constant. 

If  the  extremities  of  a  thread  be  fastened  at  two  fixed  points 
F  and  F',  it  is  plain  that  a  pencil  moved  about  so  as  to  keep  the 
thread  always  stretched,  will  describe  an  ellipse  whose  foci  are  F 
and  F',  and  whose  axis  major  is  equal  to  the  length  of  the  thread. 

In  order  to  describe  an  hyperbola,  let  a 
ruler  be  fastened  at  one  extremity  (F),  and 
capable  of  moving  round  it,  then  if  a  thread, 
fastened  to  a  fixed  point  F',  and  also  to 
a  fixed  point  on  the  ruler  (R),  be  kept 
stretched  by  a  ring  at  P,  as  the  ruler  is  moved  round,  the  point 
P  will  describe  an  hyperbola ;  for,  since  the  sura  of  F'P  and  PR 
is  constant,  the  difference  of  FP  and  FP  will  be  constant. 
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THE  PARABOLA. 


208.  The  equation  of  the  second  degree,  we  saw  (Art.  129), 
will  represent  a  parabola,  when  the  first  three  terms  form  a  per- 
fect square,  or  when  the  equation  is  of  the  form 

(ax  +  hyf  +  D.r  +  E?/  +  F  =  0. 

We  saw  that  we  could  not  transform  this  equation  to  any 
finite  point  so  as  to  make  the  coefficients  of  a*  and  y  both  vanish. 
The  form  of  the  equation,  however,  points  at  once  to  another 
method  of  simplifying  it. 

We  know  (Art.  31)  that  the  quantity  Tix^^  E?/  +  F  is  propor- 
tional to  the  length  of  the  perpendicular  from  the  point  {,ry)  on 
the  right  line  whose  equation  is  T)x  +  E?/  +  F  =  0 ;  and,  in  like 
manner,  the  quantity  ax  +  hy  is  proportional  to  the  perpendicular 
on  the  line  ax  +  by  =  0. 

Hence  if  we  construct  the  two  lines  whose  equations  are 

ax  +  by  =  0,         T)x  +  E?/  +  F  =  0, 

the  equation  of  the  curve  asserts  that  the  square  of  tlie  perpen- 
dicular from  any  point  of  the  curve  on  the  first  line  is  in  a  con- 
stant ratio  to  the  perpendicular  on  the  second  line. 

Now  if  we  transform  our  axes,  and  make  the  line  ax  +  by  our 
new  axis  o(x,  and  Dx  +  Ey  +  F  =  0  our  new  axis  ofy,  then  our  new 
y  will,  of  course,  be  proportional  to  the  perpendicular  on  the  line 
ax  +  by,  and  our  new  x  to  the  perpendicular  on  T>x  +  E?/  +  F  =  0, 
and  the  transformed  equation  must  be  of  the  form 

y^  =  px. 

It  is  evident  that  our  new  origin  is  a  point  on  the  curve,  and 
since  for  every  value  of  x  we  have  two  equal  and  opposite  values 
of?/,  our  new  axis  o^  x  will  be  a  diameter,  and  our  new  axis  of^ 
parallel  to  its  ordinates.  But  the  ordinate  drawn  at  the  extremity 
of  any  diameter  is  (Art.  140)  a  tangent  to  the  curve,  therefore, 


le; 


id 
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the  new  axis  ofy  is  the  tangent  at  the  origin.     Hence,  if  we  are 
^iven  the  equation  of  the  parabola  in  the  form 

{ax  +  hijf  +  J}x  +  E?/  +  F  =  0, 
ihe  equation  ax  +  by  =  0  represents  the  diameter  passing  through 
:he  origin,  and  the  equation  Dx  +  E ?/  +  F  =  0  represents  the  tan- 
gent at  the  point  where  this  diameter  meets  the  curve.  And  the 
equation  of  the  curve,  referred  to  a  diameter  and  tangent  at  its 
3xtremity  as  axes,  is  of  the  form 

if  =  px. 

209.  Though  we  have  transformed  the  equation  of  the  para- 
Dola  into  a  very  simple  form,  yet  our  new  axes  have  the  incon- 
venience of  not  being  in  general  rectangular.  We  shall  prove, 
lowever,  that  it  is  possible  to  transform  the  equation  into  this 
brm,  still  retaining  the  axes  rectangular. 

If  we  introduce  an  arbitrary  constant  k,  the  equation 
{ax  +  %)2  +  D^  +  Ey  +  F  =  0 
jvill  be  found  to  be  equivalent  to  the  equation 

{ax  +  bi/  +  kf  +  (D  -  2ak)  x_+  (E  -  2bk)  y-^¥-k^  =  0. 
Hence,  as  in  the  last  Article, 

ax  +  by  +  k  =  0 
s  the  equation  of  a  diameter,  and 

(D  -  2aJi^  ^  +  (E  -  2bk)y  +  ¥  -B  =  0 

)f  the  tangent  at  its  extremity.     (This  confirms  our  proof  (Art. 
i.35)  that  all  the  diameters  of  the  parabola  are  parallel). 

Now,  the  condition  that  these  two  lines  should  be  perpen- 
iicular  is  (Art.  38) 

a(D  -  2ak)  +  b(E-2bk)  =  0. 

^ence  aD  +  ^E 

Ic  = 


2  (a^  +  62) 

Since  we  get  a  simple  equation  to  determine  the  particular 
^alue  of  k,  which  would  make  the  new  axes  rectangular,  there  is 
;_  me  diameter  whose  ordinates  cut  it  perpendicularly,  and  this  dia- 
neter  is  called  the  axis  of  the  curve.  And  we  see,  as  in  the  last 
\.rticle,  that  if  we  take  for  axes,  this  diameter  ax  +  by  +  k,  and  the 
ierpendicular  tangent  (D  -  2ak)  x  +  (E  -  2bk)  y  +V  -  k^  =  0,  the 
ransformcd  equation  must  be  of  the  form 

1?/2  =  px. 
2  a 


- 

I 
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210.  From  the  equation  \f  -  px  we  can  at  once  perceive  the 
figure  of  the  curve.  It  must  be  symmetrical  on  both  sides  of  the 
axis  of  X,  since  every  vahie  for  x  gives  two 
equal  and  opposite  for  y.  None  of  it  can 
lie  on  the  negative  side  of  the  origin,  since 
if  we  make  x  negative  y  will  be  imagi- 
nary ;  and  as  we  give  increasing  positive 
values  to  x,  we  obtain  increasing  values  for 
y.     Hence  the  figure  of  the  curve  is  that  here  represented. 

Although  the  parabola  resembles  the  hyperbola  in  having  in- 
finite branches,  yet  there  is  an  important  difference  between  the 
nature  of  the  infinite  branches  of  the  two  curves.  Those  of  the 
hyperbola,  we  saw,  tend  ultimately  to  coincide  with  two  diverging 
right  lines ;  but  this  is  not  true  for  the  parabola,  since,  if  we  seek 
the  points  where  any  right  line  {x  ^  ky  ^-  I)  meets  the  parabola 
(?/^  =  px),  we  obtain  the  quadratic 

y'i  -  pky  _  pi  =  0^ 

whose  roots  can  never  be  infinite  as  lono-  as  k  and  /  are  finite. 

We  proved  before,  that  the  diameters  are  the  only  lines  which 
pass  through  a  point  of  the  curve  at  infinity,  and  if  we  seek  the 
point  in  which  any  diameter  (?/  =  m)  meets  the  curve,  we  find 


X 


7?l- 


P 


Now,  although  this  value  increases  as  m  increases,  yet  it  will  never 
become  infinite  as  long  as  m  is  finite ;  hence,  thoiigh  the  curve 
tends  more  and  more  nearly  to  become  parallel  to  the  diameters, 
yet  it  does  not  actually  become  so  at  any  finite  distance. 

211 .  The  figure  of  the  parabola  may  be  more  clearly  conceived 
from  the  following  theorem. 

If  we  suppose  one  vertex  and  focus  of  an  ellipse  given,  while 
its  axis  major  increases  without  limit,  the  curve  will  ultimately 
become  a  parabola. 

The  equation  of  the  el-  p 

lipse,  referred  to  its  vertex,       t 
is  (Art.  197) 

„     2^.2        h2 
^        a  a- 


ihii 
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Wc  wish   to  express  b  in  terms  of  the  distance  VF  (=  m), 
ilie  which  wc  suppose  lixed.  We  have  m  =  a-  \/  {ct^  -  b'^)  (Art.  183), 
whence  b'^  ^  2am  -  m^,  and  the  equation  becomes 

Now,  if  we  suppose  a  to  become  infinite,  all  but  the  first  term  of 
the  right-hand  side  of  the  equation  will  vanish,  and  the  equation 
becomes  y'^  =  Ama, 

the  equation  of  a  parabola. 

Hence  we  see  that  the  focus  and  vertex  of  an  ellipse  being 
given,  while  the  axis  major  is  indefinitely  increased,  the  parame- 
ter I  =  — ,  Art.  193  )  will  remain  finite,  and  =  4m. 

\      a  J   ^ 

Hence  if  the  equation  of  the  parabola  be  given  in  the  form 
y2  =  px,  the  quantity  p  is  called  the  principal  parameter. 

A  parabola  may  also  be  considered  as  an  ellipse  whose  eccen- 

b^  y^ 

tricity  is  equal  to  1.     For  e'  =  1 -.     Now  wc  saw^  that  -5,  which 

■^        ^  «'-  a'- 

is  the  CO -efficient  of  x^  in  the  preceding  equation,  vanished  as  we 
supposed  a  increased  according  to  tlie  prescribed  conditions  ; 
hence  ^  becomes  finally  =  1. 

THE  TANGENT. 

212,  The  equation  of  any  chord  of  the  parabola  can  be  easily 
obtained.     For,  since  y^  =  px  and  y'"^  =  px\  we  liave 

3/'2  ^  ,p  =p{a:  -  x\  and  ^~  ^   -      ^ 


lid 


//  /  //J 

X  -  X     y  ^y 


and  the  equation  of  the  chord  is 

y-y      p 


X  -  X     y  +y 
or  {y  +y")y  -I'^'c-y'y"  =  ^- 

The  equation  of  the  tangent  is  found  from  this,  by  supposing 
y  =  y'\  or  (remembering  that  y"^  =px)  is  2y'y  =p  {x  +  x). 

If  we  seek  the  point  where  the  tangent  meets  the  axis,  wc 
obtain  x  =  -  x\  or  TM  (which  is  called  the  subtanyent)  is  bisected 
at  the  vertex. 
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We  saw  that  if  the  oblique  axes  were  any  diameter  and  a 
tangent  through  its  vertex,  the  equation  of  the  parabola  was  still 

Tlie  equations  of  the  chord  and  tangent  remain  the  same,  and  it 
will  be  equally  true  that  the  subtangent  is  =  twice  the  abscissa. 

This  Article  enables  us,  there- 
fore, to  draw  a  tangent  at  any 
point  on  the  parabola,  since  we 
have  only  to  take  TV  =  VM  and 
join  PT;  or  again,  having  found 
this  tangent,  to  draw  an  ordinate 
from  P  to  any  other  diameter, 
since  we  have  only  to  take  V'M'  =  T'V,  and  join  PM', 

213.  The  equation  of  the  polar  of  any  point  xrj  must  be  si- 
milar in  form  to  that  of  the  tangent  (Art.  139),  and  is,  therefore, 

ly'y  =p{x  +  x)  ; 

or  we  may  prove  it  as  follows,  as  in  Art.  164 : 

If  the  point  of  contact  of  a  tangent  passing  through  {x'y)  be 
{x"y"),  then  {x'y)  must  satisfy  the  equation 

and  we  have  ^y't/"  =  p  (x  +  x"). 

Hence  {x"y")  lies  on  the  right  line 

2y'y  =  p  {x  +  x). 

So  also  must  the  point  of  contact  of  the  other  tangent  through 
(x'y);  this  line  is,  therefore,  the  line  joining  these  points  of  con- 
tact. If  we  seek  the  point  where  this  polar  meets  the  axis  of  x. 
we  get  a:  =  -  x. 

Hence  we  derive  a  theorem,  which  will  be  useful  hereafter, 
that  the  intercept  lohich  the  polars  of  any  two  points  cut  of  on  the 
axis  is  equal  to  the  intercept  between  perpendiculars  from  those  points 
on  that  axis;  each  of  these  qiianti  ties  being  equal  to  (.r  -  .r"). 
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DIAMETERS. 

214.  We  have  said,  that  if  we  take  for  axes  any  diameter  and 
the  tangent  at  its  extremity,  the  equation  will  be  of  the  form 

xf  =  p'x. 

We  shall  prove  this  again  by  actual  transformation  of  the 
equation  referred  to  rectangular  axes  (?/  =  px),  because  it  is  de- 
sirable to  express  the  new  p  in  terms  of  the  old  p. 

If  we  transform  the  equation  y^  =  px  to  parallel  axes  through 
any  point  {x'y)  on  the  curve,  writing  x  +  x'  and  y-^y  for  x  and  y, 
the  equation  becomes       „3  ^  2im'  =  px. 

Now  if,  preserving  our  axis  of  x,  we  take  a  new  axis  of  y,  in- 
clined to  X  at  an  angle  =  B,  then  our  old  y  PN  =  PM'  sin  0,  and 
our  old  X  =  V'M'  +  PM'  cos  Q.     (See  figure  on  last  page.) 

We,  therefore,  substitute  y  sin  B  for  y,  and  x  +  y  cos  B  for  x, 
and  our  equation  becomes 

?/2  sin^  B  +  '2,y'y  sin  B  -  p)X  +  py  cos  B. 

In  order  that  this  should  reduce  to  the  form  y"^  =  px,  we  must 

have  o  '  •    a  a         .      a     P 

zy  sm  (/  =  JO  cos  B,    or  tan  u  =  ^,- 

Now  this  is  the  very  angle  which  the  tangent  makes  with  the 
angle  of  x,  as  we  see  from  the  equation 

2yy  =p{x  +  x). 
The  equation,  therefore,  referred  to  a  diameter  and  tangent,  will 
take  the  form  p 

The  quantity  p'  is  called  the  parameter  corresponding  to  the 
diameter  V'JM',  and  we  see  that  the  parameter  of  any  diameter  is  to 
the  principal  pa7'a77ieter  (p),  inversely  as  the  square  of  the  sine  of  the 

anqle  ichich  its  ordinates  make  with  the  axis,  since  p  =  ■ .    ,  „• 

We  can  express  the  parameter  of  any  diameter  in  terms  of  the 

co-ordinates  of  its  vertex  from  the  equation  tan  B  =  ^ ;  hence, 

2y 


«-^  =  T77:^.,7^-l/( 


P 


x/  (/y-  +  4y'')       ^    \p  +  4x'^ 
hence  p  ==  p  +  4.r. 


182 


THE  PARABOLA — THE  FOCUS. 


THE  N0R3IAL. 

215.  The  equation  of  a  line  through  {xy)  perpendicular  to 
the  tangent  "lyy  =  p  (a*  +  a*')  is 

If  we  seek  the  intercept  on  the  R 

axis  o{ X  we  have 

and,  since  VM  =  x,  we  must  have 

MN  (the  subnormal,  Art.  182)  =  ^. 

Hence  in  the  parabola  the  subnormal  is  constant,  and  equal  to 
the  semiparameter.     The  normal  itself 


^{vw + WW) = ^/(^f +^y  \/{p(^^' + 1 


} 


THE  FOCUS. 

216.  A  point  situated  on  the  axis  of  a  parabola,  at  a  distance 
from  the  vertex  equal  to  one-fourth  of  the  principal  parameter,  is 
called  the  focus  of  the  curve. 

This  is  the  point  which  Art.  211  has  led  us  to  expect  to  lind 
analogous  to  the  focus  of  an  ellipse ;  and  we  shall  show,  in  the 
present  section,  that  a  parabola  may  in  every  respect  be  considered 
as  an  ellipse,  having  one  of  its  foci  at  this  distance,  and  the  other 
at  infinity. 

To  find  the  distance  of  any  point  on  the  curve  from  the  focus. 

The  co-ordinates  of  the  focus  being  (  ^j  ^  )»  the  square  of  its 
distance  from  any  point  is 


^'-i)  ^y 


'9  '2        P^^  P" 


"'^i, 


Hence  the  distance  of  any  point  from  the  focus  =  x  +  j- 

This  enables  us  to  express  more  simply  the  result  of  Art.  214, 
and  to  say  that  the  jyarajneier  of  any  diameter  is  four  times  the  dis- 
tance of  its  extremity  from  the  focus. 
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217.  The  polar  of  the  focus  of  a  parabola  is  called  the  dii-ec- 
trix,  as  in  the  ellipse  and  hyperbola. 

Since  the  distance  of  the  focus  from  the  vertex  =  j,  its  polar 

is  (Art.  213)  a  line  perpendicular  to  the  axis  at  the  same  distance 
on  the  other  side  of  the  vertex.     The  distance  of  any  point  from 

the  directrix  must,  therefore,  =  x  +  j. 

Hence,  by  the  last  Article,  the  distance  of  any  point  on  the  curve 
froiyi  the  di?'ectnx  is  equal  to  its  distance  fr^om  the  focus. 

We  saw  (Art.  191)  that  in  the  ellipse  and  hyperbola,  the  dis- 
tance from  the  focus  is  to  the  distance  from  the  directrix  in  the 
constant  ratio  e  to  1.  We  see,  now,  that  this  is  true  for  the  para- 
bola also,  since  in  the  parabola  e  =  l  (Art.  211). 

The  method  given  for  mechanically  describing  an  hyperbola, 
Art.  206,  can  be  adapted  to  the  mechanical  description  of  the  pa- 
rabola, by  simply  making  the  angle  ABR  a  right  angle. 

218.  The  point  where  any  tangent  cuts  the  axis,  and  its  point  of 
contact,  are  equally  distant  from  the  focus. 

For,  the  distance  from  the  vertex  of  the  point  where  the  tan- 
gent cuts  the  axis  =  x  (Art.  212),  its  distance  from  the  focus  is, 

therefore,  x  +  ^.     Q.  E.  D. 

219.  Any  tangent  makes  equal  angles  with  the  axis  and  with  the 
focal  radius  vector. 

This  is  evident  from  inspection  of  the  isosceles  triangle,  which, 
in  the  last  Article,  we  proved  was  formed  by  the  axis,  the  focal 
radius  vector,  and  the  tangent. 

This  is  only  an  extension  of  the  property  of  the  ellipse 
(Art.  187),  that  the  angle  TPF  =  TTF';  for,  if  we  suppose  the 
focus  F  to  go  off  to  infinity,  the  line  PF'  will  become  parallel  to 
the  axis,  and  TPF  =  PTF.     (See  figure  at  foot  of  p.  178). 

Hence  the  tangent  at  the  extremity  of  the  focal  ordinate  cuts 
the  axis  at  an  an^le  of  45°. 


o 


220.   To  find  the  length  of  the  perpendictdar  from  the  focus  on 
the  tangent. 
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It  is  evident  (see  figure,  p.  182)  that  FR  =  FT  sin  FTR;  but 

wc  have  proved,  Art.  214,  that  tan  FTR  -  r^.  and,  therefore, 

% 

P 

sin  FTR 


-  y  ^ 


2^ 

a;  +  T 
4. 


Hence 


''«V{f(.^'^|)}. 


or  FR  is  a  mean  proportional  between  FV  and  FP. 

It  appears,  also,  from  this  expression,  and  from  Art.  215,  that 
FR  is  half  the  normal,  as  we  might  have  inferred  geometrically 
from  the  fact  that  TF  =  FN. 

We  might  have  obtained  the  same  value  of  FR  directly  from 
the  equation  of  the  tangent,  2y'7/=p  (x  +  a'),  by  Art.  31,  and  then, 
by  reversing  the  process  at  the  commencement  of  this  Article, 
arrive  at  a  more  strictly  algebraical  proof  of  Art.  219. 

221.  To  express  the  perpendicular  from  the  focus  in  terms  of 
the  angles  which  it  makes  with  the  axis. 

This  is  easy  from  Art.  220,  for  we  have  there  given 


^«V{f(-f)}. 


and 


cos  a  =  sin  FTR 


therefore,  _p  p 


FR  = 


4  cos  a 


Hence  the  locus  of  the  extremity  of  the  perpendicular  from  the 

focus  on  the  tangent  is  a  right  line. 

For,  taking  the  focus  for  pole,  we  have  at  once  the  polar 

equation  p 

pcosa  =  j' 

The  equation  shows  that  the  right  line  is  the  tangent  at  the 
vertex. 
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Conversely,  if  from  any  point  F  we  draw  FR  a  radius  vector 
to  a  right  line  VR,  and  draw  PR  perpendicular  to  it,  the  line  PR 
will  always  touch  a  parabola  having  F  for  its  focus. 

We  shall  show  hereafter  how  to  solve  generally  questions  of 
this  class,  where  one  condition  less  than  is  sufficient  to  determine 
a  line  is  given,  and  it  is  required  to  find  its  envelope,  that  is  to  say, 
the  curve  which  it  always  touches. 

We  leave,  as  a  useful  exercise  to  the  reader,  the  investigation 
of  the  locus  of  the  foot  of  the  perpendicular  by  ordinary  rectan- 
gular co-ordinates. 

The  equation  of  the  tangent,  the  focus  being  the  origin,  can, 
therefore,  be  expressed 

A' cos  a  +  vsma  +  -r-'' =  "> 

^  4cosa 

and  hence  we  can  express  the  perpendicular  from  any  other  point 
in  terms  of  the  ans^le  it  makes. 

222.  To  find  the  locus  of  the  intersection  of  tangents  which  cut  at 
right  angles  to  each  other. 

This  can  be  solved  from  the  form  of  the  equation  of  the  tan- 
gent given  in  the  last  Article, 

P 
.V  cos^  «  +  3/  sin  a  cos  a  +  J  =  0. 

The  equation  of  a  tangent  perpendicular  to  this,  that  is,  whose 
perpendicular  makes  an  angle  =  90°  +  a  with  the  axis,  is  found  by 
substituting  cos  a  for  sin  a,  and  -  sin  a  for  cos  a,  or 

ajsin^a  -  ysina  cosa  +  J  =  0. 

a  is  eliminated  by  simply  adding  the  equations,  and  we  get 

.^■+1  =  0, 

the  equation  of  the  directrix,  since  the  distance  of  focus  from  di- 

P 
rectrix  =  -• 

id 

223.  The  theorem  of  the  last  Article  is  only  a  particular  case 
of  another  more  general  one,  which  follows  at  once  geometrically 
from  the  principles  already  laid  doAvn. 

2b 
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The  ancjle  between  any  two  tangents  is  ha!f  the  angle  betiveen  the 
focal  radii  vedores  to  their  jjoints  of  contact. 

For,  from  the  isosceles  PFT,  the  angle  PTF  which  the  tan- 
gent makes  with  the  axis  is  half  the  angle  PFN,  which  the  focal 
radius  makes  with  it.  Now,  the  angle  between  any  two  tangents 
is  equal  to  the  difference  of  the  angles  they  make  with  the  axis, 
and  the  angle  between  two  focal  radii  is  equal  to  the  difference  of 
the  angles  which  they  make  with  the  axis. 

We  can  now  obtain  the  theorem  of  the  last  Article,  for  if  two 
tangents  make  with  each  other  an  angle  of  90°,  the  focal  radii 
must  make  with  each  other  an  angle  of  180°,  therefore,  the  two 
tangents  must  be  drawn  at  the  extremities  of  a  chord  throucrh  the 
focus,  and,  therefore,  from  the  definition  of  the  directrix,  must 
meet  on  the  directrix. 

224.  It  can  be  proved,  by  a  method  precisely  similar  to  that 
used  in  Art.  192,  that  the  line  joining  the  pole  of  any  focal  chord 
to  the  focus  is  perpendicular  to  the  chord.  Leaving  this  method 
to  the  student's  own  examination,  we  shall  prove  another  general 
proposition  under  which  this  is  included,  and  which  we  shall  show, 
in  Chap.  XII.,  to  be  true  for  all  the  conic  sections:  tlie  line  join- 
ing the  focus  to  the  intersection  of  tioo  tangents  bisects  the  angle  which 
their  points  of  contact  subtend  at  the  focus. 

Let  us  use  the  form  of  the  equation  of  the  tangent  given  in 

the  last  Article, 

P 
a;  COST  a  +  ysma  cosa  +-^  =  0, 

^^^  on  •     o         a     P       f\  1 

.rcos-p-f  ysmp  cosp+''- =  0, 

where  a  and  j3  are  the  angles  made  by  the  perpendiculars  on 
these  tangents  with  the  axis;  and,  subtracting,  wc  get,  for  the 
line  joining  the  intersection  to  the  focus, 

X  sin  (a  +  /3)  -  y  cos  (a  +  /3)  =  0. 
This  is  the  eqixation  of  a  line  making  the  angle  o  +  j3  with  the 
axis  of  .r.     Now,  VFP  =  2a  and  VFF  =  2/3,  therefore,  the  line 
making  an  angle  with  the  axis  =  a  +  /3  must  bisect  the  angle 
PFF. 


Cor.  1.  If  we  take  the  case  where  the  angle  PFF  =  180°,  then 


I 


i 
I 

4 
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tlie  tangents  TP,  TF  will  intersect  on  the  directrix,  and  the 
angle  TFP  =  90°. 

Cor.  2.  If  any  chord  PP' 
cut  the  directrix  in  D,  then  FD 
is  the  external  bisector  of  the 
angle  PFP',  for  we  have  proved 
FT  to  be  the  internal  bisector, 
but  D  is  the  pole  of  FT  (since 
it  is  the  intersection  of  PP',  the 
polar  of  T,  with  the  directrix, 
the  polar  of  F)  ;  therefore,  DF  is  perpendicular  to  FT  (Cor.  1), 
and,  therefore,  the  external  bisector. 

Cor.  3.  If  any  variable  tangent  to  the  parabola  meet  two  fixed 
tangents,  the  angle  subtended  at  the  focus  by  the  portion  of  the 
variable  tangent  intercepted  between  the  fixed  tangents,  is  the 
supplement  of  the  angle  between  the  fixed  tangents. 

For,  it  was  proved  (Art.  223),  that  the  angle  QRT  was  half 
p¥q,  but,  by  the  present  Article,  p¥Q  -  rFQ  and  qFF  =  ?-FP, 
therefore  PFQ  is 
also  half  pFq,  and, 
therefore, 

PFQ  is  =  QRT, 
or  is  the  supplement 
ofPRQ. 

Cor.  4.  From  the 
last  corollary  it  follows,  that  a  circle  described  through  PQR 
must  pass  through  F,  since  the  angle  contained  in  the  segment 
PQF  will  be  the  supplement  of  that  contained  in  PQR.  That  is 
to  say :  The  circle  circumscribirig  the  triangle  formed  by  anij  three 
tangents  to  a  parabola  will  pass  through  the  focus. 

22b.  To  find  the  polar  equation  of  the 
parabola,  the  focus  being  the  pole. 

We  proved  (Art.  216)  that  the  focal 
radius 


=  X  +^  =  VM  +  ^^  =.  FM  +^^  =  p  cos  0  +  f  • 
4  4  2^2 


Hence 


P  = 
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This  is  exactly  what  the  equation  of  Art.  193  becomes,  if  we 
suppose  e  =  1  (Art.  211). 

In  this  equation  6  is  supposed  to  be  measured  from  the  side 
FJNI ;  if  we  suppose  it  measured  from  the  side  FV,  the  equation 
becomes  p 

l2 
'^  ~  1  +  cosO' 

This  equation  may  be  written 

pcos2i0=-|; 

and  is,  therefore,  one  of  a  class  of  equations, 

p"  cos  nO  =  a", 
some  of  whose  properties  we  shall  mention  hereafter. 


CHAPTER  XII. 

EXAMPLES  AND  MISCELLANEOUS  PROPERTIES  OF  THE  CONIC  SECTIONS. 

226.  The  method  of  applying  algebra  to  problems  relating  to 
conic  sections  is  essentially  the  same  as  that  employed  in  the 
case  of  the  right  line  and  circle,  and  will  present  no  difficulty  to 
any  reader  who  has  carefully  worked  out  the  examples  given  in 
Chaps.  III.  and  VII.  We,  therefore,  only  think  it  necessary  to 
select  a  few  out  of  the  great  multitude  of  examples  which  lead  to 
loci  of  the  second  order,  and  we  shall  then  add  some  properties  of 
conic  sections  which  it  was  not  found  convenient  to  insert  in  the 
preceding  chapters. 

Example  1.  To  find  the  locus  of  a  point  such  that  its  distance 
from  a  fixed  poiyit  (x'y)  may  he  in  a  constant  ratio  to  its  distance 
from  a  fixed  mght  line. 

If  we  take  the  fixed  line  for  the  axis  of  x,  the  equation  of  the 
locus  will  be  -  (.^.  _  .^.')3  +  (^  _  yy  =  ^'f. 
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Since  the  term  xy  is  wanting  in  this  equation,  it  will  represent 
an  ellipse,  hyperbola,  or  parabola,  according  as  the  co-efficient  of 
?/2  is  positive,  negative,  or  cypher  (Art.  129),  that  is,  according  as 
e  is  less,  greater,  or  equal  to  1. 

This  is  the  converse  of  Art  191. 

Ex.  2.  A  line  of  constant  length  moves 
about  in  the  legs  of  a  given  angle:  to  find 
the  locus  described  by  a  fixed  point  on  it. 

By  similar  triangles 


ly 


o 

Ix 


M 


K 


OL  =  ^,  and  OK  = 

m  n 

(denoting  PL  by  n,  PK  by  ?n,  and  LK  by  I), 
but  since         LK^  =  0L2  +  OK^  -  20K.0L  cosw, 


we  have 


Z^?/^      Px"^      2  l^xy  cos  u) 


m- 


or 


,.2 


n< 


r 

m^ 


+  ^ 


n-  mn 

2xy  cos  (jj 


mn 


=  1; 


the  equation  of  an  ellipse  having  the  point  O  for  its  centre,  since 

4 


B^  -  4AC  is  here  negative,  being  = 


m-?i 


sin2  0. 


This  is  an  extension  of  the  principle  of  the  elliptic  compasses 
(Art.  176). 

Ex.  3.  If  V  be  a  fixed  point,  and  LK  any  right  line  drawn 
through  it,  to  find  the  locus  of  iniei^section  of  the  parallels  to  OK, 
OL,  through  the  points  L  and  K. 

Ex.  4.  Or  of  perpendicxlars  erected  to  OK,  OL,  through  the 
same  points. 

Ex.  b.  If  a  point  Q  be  taken  on  LK  so  that  QK  =  PL,  to  find 
its  locus. 

Ex.  6.   Two  equal  rulers,  AB,  AC,  are 
connected  by  a  pivot  at  B ;  the  extremity  A 
is  fixed,  lohile  the  extremity  0  is  made  to 
traverse  the  right  line  AC  ;  find  the  locus   j^ 
described  by  any  fixed  point  P  on  BC. 

Ex.  7.  Given  base  and  difference  of  base  angles  of  a  tnangle: 
to  find  the  locus  of  vertex. 

We  may  proceed  exactly  as  at  page  87,  where  the  sum  of  the 
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base  angles  is  given.  The  locus  will  be  found  to  be  an  equilateral 
liypeibola,  of  which  the  base  is  a  diameter.  The  difference  of 
base  angles  being  given,  it  is  easy  to  see  that  the  internal  and  ex- 
ternal bisectors  of  the  vertical  angle  must  be  parallel  to  fixed 
lines,  and  these  lines  will  be  parallel  to  the  asymptotes  of  the 
locus.  Conversely  if  we  consider  the  triangle  whose  base  is  any 
diameter  of  an  equilateral  hyperbola,  and  whose  vertex  is  on  the 
curve,  the  sides  are  parallel  to  conjugate  diameters  (Art.  174); 
but  conjugate  diameters  of  an  equilateral  hyperbola  make  equal 
angles  with  the  asymptotes  (Art.  169). 

Ex.  8.  Given  base  and  the  product  of  the  tangents  of  tlie  base 
angles  of  a  triangle  :  find  the  locus  of  ve7'tex. 

It  will  be  a  conic  section,  of  which  the  extremities  of  the  base 
are  vertices.     This  is  the  converse  of  Art.  166. 

Ex.  9.  Given  base  and  the  product  of  the  tangents  of  the  halves 
of  the  base  angles  :  find  the  locus  of  vertex. 

It  will  be  an  ellipse,  of  which  the  extremities  of  the  base  are 
the  foci. 

Ex.  10.  Given  base  and  sum  of  sides  of  a  triangle :  find  the 
locus  of  the  centre  of  the  inscribed  circle. 

It  may  be  immediately  inferred,  from  the  last  two  examples, 
that  the  locus  is  an  ellipse,  whose  vertices  are  the  extremities  of 
the  given  base. 

Ex.  11.  Given  the  vertical  angle  of  a  triangle  in  magnitude  and 
position,  and  also  the  area :  find  the  locus  of  a  point  dividing  the 
base  in  a  given  ratio. 

227.  If  a  curve  be  such  that  the  distance  of  ang  jyoint  of  it  from 
a  fixed  point  can  be  expressed  as  a  rational  function  of  the  first  de- 
gree  of  its  co-ordinates,  then  the  curve  must  be  a  conic  section,  and  the 
fixed  point  its  focus.* 

For,  if  the  distance  can  be  expressed 

p  =  Ax  +  B^/  +  C, 

since  Ax  +  'By  +  C  is  proportional  to  the  perpendicular  let  fall  on 
the  right  line  whose  equation  is  {Ax  +  B?/  +  C  =  0),  the  equation 
signifies  that  the  distance  of  any  point  of  the  curve  from  the  fixed 
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point  is  in  a  constant  ratio  to  its  distance  from  this  line,  and, 
therefore  (Art.  226,  Ex.  1),  the  curve  is  a  conic  section,  of  which 
the  fixed  point  is  a  focus. 

If  |0  be  a  rational  function  of  the  co-ordinates  of  a  degree 
higher  than  the  first,  we  have 

y/  (jc^  +  /)  =  A  +  B.^  +  Cy  +  D.^2  +  E.ry  +  &c., 

and  it  is  evident  that,  if  we  clear  the  equation  of  radicals,  the 
curve  will  be  of  a  degree  higher  than  the  second. 

228.  Ex.  1.  If  any  variable  tangent  to  a  central  conic  section 
meet  tico  fixed  parallel  tangents,  it  tvill  intercept  ptortions  on  them, 
tvhose  rectangle  is  constant,  and  equal  to  the  square  of  the  semi- 
diameter  parallel  to  them. 

Let  us  take  for  axes  the  diameter  parallel  to  the  tangents  and 
its  conjugate,  then  the  equation  of  the  curve  will  be 

a^      h'-^        ' 
and  the  equation  of  the  variable  tangent 

The  intercepts  on  the  fixed  tangents  are  found  by  making  x  alter- 
nately =  ±  a,  and  we  get 

3/  =  —  U  +  -  K 
y  \      ^1 

and,  therefore,  their  product  is 
but,  from  the  equation  of  the  curve 

therefore  the  product  =  Z*'^. 

Ex.  2.  The  same  construction  remaining,  the  rectangle  wider 
the  segments  of  the  variable  tangent  is  equal  to  the  square  of  the  dia- 
meter parallel  to  it. 

For,  the  intercept  on  either  of  the  parallel  tangents  is  to  the 
adjacent  segment  of  the  variable  tangent  as  the  parallel  semi- 
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diameters  (Art.  147) ;  therefore,  the  rectangle  under  the  intercepts 
of  the  fixed  tangents  is  to  the  rectangle  under  the  segments  of  the 
variable  tangent  as  the  ^(/wa?'^^  of  these  semidiameters;  and,  since 
the  first  rectangle  is  equal  to  the  square  of  the  semidiameter  pa- 
rallel to  it,  the  second  rectangle  must  be  equal  to  the  square  of 
the  semidiameter  parallel  to  it. 

Ex.  3.  If  any  tmigent  meet  any  tioo  conjugate  diameters,  the 
rectangle  under  its  segments  is  equal  to  the  square  of  the  parallel 
seynidiameter. 

Take  for  axes  the  semidiameter  parallel  to  the  tangent  and  its 
conjugate,  then  the  equation  of  the  curve  will  be 

and,  if  the  equation  of  any  diameter  be 

y 

that  of  its  conjugate  will  be 

•    ^'^fl  =  0(Art.l66). 

The  intercepts  on  the  tangent  are  found  by  making  x  =  a!  to  be 

y    ,       ,         y'^  x 
?/  =  S«,  and  ?/  =  —  -, 
X  ''ay 

whose  rectangle  is  evidently  =  i'^. 

We  might,  in  like  manner,  have  given  a  purely  algebraical 
proof  of  Ex.  2. 

Hence,  also,  if  the  points  he  joined  to  the  centre  where  tico  pa- 
rallel tangents  meet  any  tangent,  the  joining  lines  loill  be  conjugate 
diameters. 

Ex.  4.  Given,  in  magnitude  and  position,  two  conjugate  dia- 
meters, Oa,  Ob,  of  a  central  conic,  to  determine  the  axes. 

The  following  construction  is  founded 
on  the  theorem  proved  in  the  last  example : 
Through  a,  the  extremity  of  either  diameter, 
draw  a  parallel  to  the  other,  it  must  of  course 
be  a  tangent  to  the  curve.  Now  on  Oa  take 
a  point  P,  such  that  the  rectangle  Oc<.flP=  05^ 
(on  the  side  remote  from  O  for  the  ellipse,  on  the  same  side  for 
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the  hyperbola),  and  describe  a  circle  through  O,  P,  having  its 
centre  on  ac,  then  the  lines  OA,  OB,  are  the  axes  of  the  curve ; 
for,  since  the  rectangle  Aa .  oB  =  Oa .  aP  =  O*^^,  the  lines  OA,  OB 
are  conjugate  diameters,  and  since  AB  is  a  diameter  of  the  circle, 
the  angle  AOB  is  right. 

In  the  case  of  the  hyperbola  it  is  more  simple  to  find  the 
asymptotes  by  Art.  198,  and  thence  the  axes. 

Ex.  5.  Given  any  tioo  semidiameters,  if  from  the  extremity  of 
each  an  ordinate  he  draion  to  the  other,  the  triangles  so  formed  loill 
be  equal  in  area. 

Ex.  6.  Or  if  tangents  he  drawn  at  the  extremity  of  each,  the 
triangles  so  formed  loill  he  equal  in  area. 

229.  We  shall  in  this  Article  illustrate  the  use  of  the  eccentric 
angle  in  simplifying  formulae. 

Ex.  1.  To  find  the  locus  of  the  intersection  of  the  focal  radius 
vector  FP  icith  the  radius  of  the  circle  CQ. 

Let  the  central  co-ordinates  of  P  be  x'y,  of         -^       ^--^ 
O  xy,  then  we  have,  from  the  similar  triangles, 
FON,  FPM, 

h  sin(^ 


y 


y 


X  ^-  c      X  +  c      a(e  +  cos^) 

(if  we  substitute  for  x  and  y  the  values  acos<p, 

bsirKj),  Art.  175).     Now,  since  ^  is  the  angle 

made  with  the  axis  by  the  radius  vector  to  the  point  O,  we  at 

once  obtain  the  polar  equation  of  the  locus  by  writing  p  cos  (p 

for  X,  p  s'lrKj}  for  y,  and  we  find 

p  h 


C+  p  COS0 


or 


a{e  +  cosipy 
he 


^      c  +  («-^)cos0 

Hence  (Art.  193)  the  locus  is  an  ellipse,  of  which  C  is  one  focus, 
and  it  can  easily  be  proved  that  F  is  the  other. 

Ex.  2.   The  normal  at  P  is  produced  to  meet  CQ :  find  the  locus 
of  their  intersection. 

The  equation  of  the  normal  is  (Art.  181) 

a-x      U^y 
X         y 
2c 


=  c2. 
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or  (Art.  175)  ox  hy 


=  c"-. 


cos  0      sm  ^ 

but  we  may,  as  in  the  last  example,  write  pcos<}>  and  psin^  for  ,v 
and  ?/,  and  the  equation  becomes 

(a-b)p  =  C-, 
or  p  =  a  +  h. 

The  locus  is,  therefore,  a  circle  concentric  with  the  ellipse. 

Ex.  3.  It  is  useful  in  astronomy  to  express  the  angle  PFC  in 
terms  of  the  angle  (j).     It  will  be  found  that 


tan  i  PFC  =  Vd — ^)  tan  10. 


Ex.  4.  If  from  the  vertex  of  an  ellipse  a  radius  vector  be  draicii 
to  any  point  on  the  curve,  find  the  locus  of  the  point  lohere  a  parallel 
radius  through  the  centre  meets  the  tangent  at  the  point. 

The  tangent  of  the  angle  made  with  the  axis  by  the  radius 

vector  to  the  vertex  =  -^ — ,  therefore,  the  equation  of  the  paral- 

X  +  a 

lei  radius  through  the  centre  is 

y         y  b  sin  0 

tX     x  +  a      a(l  +  COS0)' 

and  we  seek  the  locus  of  the  intersection  of  this  line  with  the  tan- 

-cosrf)  +  f  sind)  =  1  (Art.  178). 
a  o 

The  first  equation  may  be  written 

y      b  (l-coS(p) 

X      a       siiKp      ' 

or  y  .  x  X 

7  smrf)  +-  cosd>  =  -• 
0  a        "^      a 

The  locus  is,  therefore,  -  =  1,  the  tangent  at  the  other  extremity 

of  the  axis. 

The  same  investigation  will  apply,  if  the  first  radius  vector  be 
drawn  through  any  point  of  the  curve,  by  substituting  a  and  b' 
for  a  and  b,  the  locus  will  then  be  the  tangent  at  the  diametrically 
opposite  point. 
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230.  Ex.  1.  To  find  the  locus  of  the  intersection  of  tangents  to 
an  ellipse  or  hyperhola  which  cut  each  other  at  right  angles. 

Let  us  denote  by  p,  p,  the  perpendiculars  from  the  centre  on 
the  two  tangents,  then  (Art.  173) 

p-  =  a^  cos- a  +  Z'^^sin^a ; 

but,  since  the  tangents  are  at  right  angles,  we  have 

p'2  =  a^sin^a  +  i'^cos^a. 

Now  the  square  of  the  distance  of  the  centre  from  the  intersection 
of  any  two  lines  at  right  angles,  is  equal  to  the  sum  of  the  squares 
of  its  distances  from  the  lines  themselves,  or 

The  locus  is,  tlierefore,  a  circle  concentric  with  the  given  conic. 

Ex.  2.  To  draio  a  normal  to  an  ellipse  or  hyperbola  passing 
through  a  given  point. 

Let  the  point  on  the  curve  at  which  the  normal  is  drawn  be 
XY,  then  its  equation  is  (Art.  181) 

^  _  %  _  ^^ . 
X       Y         ' 

and  if  this  normal  passes  through  a  fixed  point  x'y\  we  have  the 
relation  ^2^-     ^,2,/ 

X        Y      ^• 

Hence  the  points  on  the  curve,  whose  normals  will  pass  through 
{x'y),  are  the  points  of  intersection  of  the  given  curve  with  the 
hyperbola  c\xy  =  a\v'y  -  hHJx. 

231.  The  equation  of  the  polar  of  any        -  ^ 
point  being  given  by  the  equation 

a^^  h^~    ' 

the  student  will  have  no  difficulty  in  find- 
ing the  lengths  of  the  perpendiculars  on  this  polar  from  the 
centre  and  the  foci,  or  in  establishing  the  following  theorems 
(see  note,  p.  168). 

Ex.  1.  CM .  PN'  =  b^.  This  is  analogous  to  the  theorem  that 
the  rectangle  under  the  normal  and  the  central  perpendicular  is 
constant. 
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Ex.  2.  PN'.  NN'  =  ^  (a2  -  e^v'^-).  When  P  is  on  the  curve 
this   equation   gives  us   the   known   expression  for  the  normal 

=  —  (Art.  182). 
a 

Ex.  3.  FG .  F'G'  =  CM .  NN'.     When  P  is  on  the  curve  this 

tlieorem  becomes  FG  .  F'G'  =  b'^. 

232.  If  two  fixed  points  {x'y),  {x"y"),  on  anhyperhola,  he  joined 
to  any  variable  point  (x"'y"'),  the  portion  ivhich  they  intercept  on 
cither  asymptote  is  constant. 

If  we  take  the  asymptotes  for  our  axes  of  co-ordinates,  the 
equation  of  any  chord  is  (Art.  203) 

X  y  +  yx  -  yx   +  /:-. 

If  we  make  in  this  equation  y  =  0,  we  find,  for  the  intercept 
from  the  origin  on  the  axis  of  x, 

/  HI 

X  -  X  +  X   . 

In  like  manner,  the  intercept  made  by  the  other  chord  is 


//  /// 

t6    •—  It/     ~i~  tt/    « 


and  the  difference  between  these  x  -  x"  is  independent  of  the  po- 
sition of  the  variable  point  x"'y"'. 

233.  Ex.  1.  To  find  the  angle  subtended  at  the  focus  by  the  tan- 
gent draion  to  a  central  conic  from  any  point  (xy). 

Let  the  point  of  contact  be  (x'y),  the  centre  being  the  origin, 
then,  if  the  focal  radii  to  the  points  (xy),  {x'y'),  be  p,  p,  and  make 
angles  0,  9',  with  .the  axis,  it  is  evident  that 

„     x  +  c       ■    n     V  ^,     X  -^c       .    ^,     y 

cos  0  = ,     sm  0  =  -  ;     cos  0  =  — ;-,    sin  6/  =  -,. 

9  9  P  P 

^^'"'"  cos  (6  -   &)   =    (-^'    +    <')(^'+^)+yy  ; 

pp 

but  from  the  equation  of  the  tangent  we  must  have 

a-       o- 

Substituting  this  value  of  ?/?/',  we  get 

o^ 

pp  cos  (0  -  B)  =  XX  +  ex  +  ex   +  C- 5  XX   +  b'^, 


lal 
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or       p()  COS  {Q  -  &)  =  e^xx  +  ex  +  ex  +  «-  =  («  +  ex)  (a  +  ex)  ; 
or,  since  p'  =  a  +  ex,  wc  have 

P 
Since  this  value  depends  solely  on  the  co-ordinates  (xy),  and 
does  not  involve  the  co-ordinates  of  the  point  of  contact,  either 
tangent  drawn  from  (xy)  subtends  the  same  angle  at  the  focus 
(see  Art.  224). 

Ex,  2.  It  can  in  like  manner  be  proved,  that  if  the  conic  sec- 
tion be  a  parabola,  p 

X  +  2 

cos  {6  -  6')  -  —^. 
P 

Ex.  3.  If  7iormals  be  clraum  at  the  extremities  of  any  focal 
chord,  a  line  draivn  through  their  intersection  parallel  to  the  axis  will 
bisect  the  chord. 

Ex.  4.  A  line  joining  the  intersection  of  the  focal  normals  to  the 
intersection  of  the  corresponding  focal  tangents  will  pass  through  the 
other  focus. 

Ex.  5.  Jf  the  ordinate  at  any  poitit  of  a  conic  be  produced  to 
meet  the  tangent  at  a  focus,  its  lohole  length  will  be  equal  to  the  dis- 
tance of  the  point  from  that  focus. 

Ex.  6.  If  from  the  focus  a  line  be  drawn,  making  a  given  angle 
with  any  tangent,  find  the  locus  of  the  point  where  it  meets  it. 

234.  If  through  any  'point  on  a  conic  tioo  lines  at  right  angles  to 
each  other  be  drawn  to  meet  the  curve,  the  line  joining  their  extremi- 
ties ivilljjass  through  a  fixed  point  on  the  normal. 

Let  us  take  for  axes  the  tangent  and  normal  at  the  given 
point,  then  the  equation  of  the  curve  must  be  of  the  form 

A.r3  +  Bxy  +  C^3  +  E?/  =  0 

(for  F  =  0,  because  the  origin  is  on  the  curve,  and  D  =  0  (Art. 
132),  because  the  tangent  is  supposed  to  be  the  axis  o^  x,  whose 
equation  is  ?/  =  0). 

Now  let  the  equation  of  any  two  lines  through  the  origin  be 

A'^  +  pxy  +  qy'^  =  0. 
*  This  veiy  simple  expression  is  taken  from  O'Brien's  Co-ordinate  Geometry,  p.  156. 
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Multiply  this  equation  by  A,  and  subtract  it  from  that  of  the 
curve,  and  we  get 

(B  -  Ap)  xij  +  (C  -  Aq)if  +  Ey  =  0. 

This  (Art.  48)  is  the  equation  of  a  figure  passing  through  the 
points  of  intersection  of  the  lines  and  conic ;  but  it  may  evidently 
be  resolved  into  the  two  equations 

^  =  0, 
the  tangent  at  the  given  point,  and 

(B  -  Ap)  X  +  (C  -  A(7)  ?/  +  E  =  0, 

which  must  be  the  equation  of  the  chord  joining  the  extremities 
of  the  given  lines. 

The  point  where  this  chord  meets  the  normal  (the  axis  of  ^) 

E  .  . 

is  ?/  =  -^ j^ ;  but  if  the  lines  are  at  right  angles  q  =  -1  (Art.  74), 

and  the  intercept  on  the  normal  lias  the  constant  length 

-E 

"  A  +  C' 

This  theorem  will  be  equally  true  if  the  lines  be  drawn  so  as 
to  make  with  the  normal  angles,  the  product  of  whose  tangents 
is  constant,  for,  in  this  case,  q  is  constant,  and,  therefore,  the  in- 

E 

tercept  -. -^  is  constant. 

^  Aq-C 

235.   Given  two  conic  sections,  to  find  the  locus  of  the  pole,  loith 
resqject  to  one,  of  any  tangent  to  the  other. 
Let  their  equations  be 

a-      o- 
Act-2  +  Bxxj  +  Cif  +  T>x  +  E?/  +  F  =  0, 
the  polar  of  any  point,  with  regard  to  the  second,  is  (Art.  139) 
{2Kx'  +  By'  +  D)  X  +  {2Ctj'  +  Bx  +  E)  y  +  Dx  +  Ey  +  2F  =  0. 

But  the  condition  that  this  should  touch  the  first  is  (Art.  1G3) 
ciK  (2A.t-'  +  By  +  D)3  +  Ij\.  {2Cy'  +  Bx  +  E)"  =  (Dx  +  Ey  +  2F)2. 

This  condition,  which  must  be  satisfied  by  the  point  (xy),  is  the 
equation  of  its  locus,  and  is  plainly  of  the  second  degree. 


PROPERTIES  OF  CONIC  SECTIONS.  199 

236.  Ex.  1.  If  a  quadrilateral,  ABCD,  he  inscribed  in  a  conic 
section,  any  of  the  points  E,  F,  O,  is  the  pole  of  the  line  joinincj  the 
other  two. 

This  is  only  another  mode  of  stat- 
"  1  ing  the  first  theorem  in  Art.  143;  for 
since  EC,  ED,  are  two  lines  drawn 
through  the  point  E,  and  CD,  AB, 
one  pair  of  lines  joining  the  points 
where  they  meet  the  conic,  these  lines 
must  intersect  on  the  polar  of  E ;  so  _^ 
must  also  AD  and  CB ;  therefore,  the 

line  OF  is  the  polar  of  E.     In  like  manner  it  can  be  proved  that 
EF  is  the  polar  of  O,  and  EO  the  polar  of  F. 

The  theorem  in  Art.  143  also  furnishes  us  with  a  solution  of 
the  problem,  "  To  draw  a  tangent  to  a  given  conic  section  from  a 
point  outside,  with  the  help  of  the  ruler  only." 

For  we  have  only  to  draw  any  two  lines  through  the  given 
point  E,  and  to  complete  the  quadrilateral  as  in  the  figure,  then 
the  line  OF  will  meet  the  conic  in  two  points,  which,  being  joined 
to  E,  will  give  the  two  tangents  reqiiired. 

Ex.  2.  If  a  quadrilateral  be  circumscribed  about  a  conic  section, 
any  diagonal  is  the  polar  of  the  intersection  of  the  other  two. 

We  shall  prove  this  theorem,  as  we  might  have  proved  the 
last,  by  means  of  the  harmonic  properties  of  a  quadrilateral.  It 
was  proved  (Art.  59)  that  EA,  EO,  EB,  EF,  are  an  harmonic 
pencil.  Hence,  since  EA,  EB,  are,  by  hypothesis,  two  tangents 
to  a  conic  section,  and  EF  a  line  through  their  point  of  intersec- 
tion, by  Art.  144  EO  must  pass  through  the  pole  of  EF;  for  the 
same  reason,  FO  must  pass  through  the  pole  of  EF :  this  pole 
must,  therefore,  be  O. 

Ex.  3.  Given  four  poijiis  on  a  conic  section,  to  find  the  locus  of 
its  centre. 

Let  us  take  for  axes  any  two  opposite  sides  of  the  quadrilate- 
ral passing  through  the  four  given  points.  Now,  the  general 
equation  of  a  conic  being 

Ax^  +  Bxy  +  Cif  +  D.^  +  E?/  +  1  =  0, 
the  intercepts  on  the  axis  of  x  are  found  from  the  equation 

A^3  +  D.^  +  1  =  0 ; 
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and  these  intercepts  being  given,  A  and  D  are  given.  In  like 
manner,  it  is  proved  that  C  and  E  are  given,  so  that  B  is  the  only 
indeterminate  which  remains  in  the  equation.  Now  the  co-ordi- 
nates of  the  centre  must  satisfy  the  equations 

2A^  +  B?/  +  D  =  0, 
2Cy  +  B.r  +  E  =  0 ; 

and  if  from  these  equations  we  eliminate  B,  we  obtain  the  equa- 
tion of  the  locus, 

2Aa-2  -  2C?/2  +  Dx  -  E?/  =  0. 

The  condition  that  the  axes  should  touch  the  curve  is  (Art. 
129)  D2  =  4AF  and  E^  =  4CF.  It  will  be  found  that,  in  this  case, 
the  locus  will  become  the  line  bisecting  the  chord  of  contact,  as 
is  evident  geometrically. 

Ex.  4.  Given  four  poitits  on  a  conic  section,  the  polar  of  any 
fixed  point  will  jJass  through  a  fixed  point. 

The  equation  of  the  polar  of  any  point  {x'y)  is 

(2A^'  +  By  +  D)  X  +  (2Cy  +  Bx  +  E)  y  +  Dx  +  1%'  +  2F  =  0. 
Now,  if  in  this  equation  we  suppose  B  indeterminate,  since  it  only 
enters  in  the  first  degree,  the  line  must  pass  through  a  fixed  point 
(Art.  69). 

Ex.  5.  Given  four  tangents  to  a  conic  section,  the  locus  of  the 
centres  is  the  line  joining  the  middle  points  of  the  diagonals. 

Ex.  6.  And  the  locus  of  the  pole  of  any  fixed  light  line  is  a  tight 
line. 

237.  To  find  the  locus  of  the  pole  of  a  fixed  line  with  regatxl  to 
a  series  of  concentric  and  confocal  conic  sections. 

We  know  that  the  pole  of  any  line  (  —  +  -  =  1  J,  with  regard 

^-  +  ^  =  1   ,  is  found  from  the  equations  mx  -  a^ 
(1?      b^        } 

and  ny^h^{^x:i.  1G4). 

Now,  if  the  foci  of  the  conic  are  given,  a~  -  h'^  =  c^  is  given; 
hence,  the  locus  of  the  pole  of  the  fixed  line  is 

mx  -  ny  -  c-, 
the  equation  of  a  right  line  perpendicular  to  the  given  line. 

If  the  given  line  touch  one  of  the  conies,  its  pole  will  be  the 
point  of  contact  (Art.  132).     Hence,  given  two  confocal  conies,  if 
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we  draw  any  tangent  to  one  and  tangents  to  the  second  where  this 
line  meets  it,  these  tangents  will  intersect  on  the  normal  to  the  first 
conic. 

We  have  already  mentioned  two  other  important  properties 
of  confocal  conies  (Arts.  187  and  189). 

SIMILAR  CONIC  SECTIONS. 

238.  Any  two  figures  are  said  to  be  similar  and  similarly 
placed,  if  radii  vectores  di'awn  to  the  first  from  a  certain  point  O 
are  in  a  constant  ratio  to  parallel  radii  drawn  to  the  second  from 
another  point  o.  If  it  be  pos- 
sible to  find  any  two  such 
points  O  and  o,  we  can  find 
an  infinity  of  others ;  for,  take 
any  point  C,  draw  oc  parallel 

to  OC,  and  in  the  constant  ratio 


0}-) 

OP' 


then  from  the  similar  tri- 


angles OOP,  ocp,  cp  is  parallel  to  CP,  and  in  the  given  ratio.  In 
like  manner,  any  other  radius  vector  through  c  can  be  proved  to 
be  proportional  to  the  parallel  radius  through  O. 

If  two  central  conic  sections  be  similar,  all  diameters  of  the  one 
are  constantly  proportional  to  the  parallel  diameters  of  the  other, 
since  the  rectangles  OP.OQ,  op.oq,  are  proportional  to  the  squares 
of  the  parallel  diameters  (Art.  147). 

239.  We  now  propose  to  investigate  the  condition  that  two 
conic  sections,  whose  equations  are  given, 

Aa'2  +  Bxy  +  C?/2  +  T>x  +  E^  +  F  =  0, 
ax^  +  bxy  +  cy'^  +  dx  +  ey  +  f  =  0, 

should  be  similar,  and  similarly  placed. 

The  equation  of  the  first,  referred  to  its  centre  as  origin,  must 
(Art.  149)  be  of  the  form 

A.^■2  +  Bxy  +  Cy^-  =  F', 
and  the  square  of  any  semi-diameter 

F 

^'  "  A  cos^  0  +  B  cos  t>  sin  0  +  C  sin^  0  ' 

the  square  of  a  parallel  semi-diameter  of  the  second  is 

2d 
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acos^O  +  bcosdsmO  +  csin-O 
The  ratio  —  cannot  be  independent  of  0  unless  we  have 

ABC 

a       b       c 

Hence,  two  conic  sections  loill  be  similar,  and  similarly  placed, 
if  the  co-e-ffidents  of  the  highest  poioers  of  the  variables  are  the  same 
in  both,  or  only  differ  by  a  constant  multiplier. 

240.  It  is  evident  that  the  directions  of  the  axes  of  similar 
conies  must  be  the  same,  since  the  greatest  and  least  diameters 
of  one  must  be  parallel  to  the  greatest  and  least  diameters  of  the 
other. 

If  the  diameter  of  one  become  infinite,  so  must  also  the  pa- 
rallel diameter  of  the  other,  that  is  to  say,  the  asymptotes  of  similar 
and  similarly  placed  hyperbola)  are  parallel.  The  same  thing  fol- 
lows from  the  result  of  the  last  Article,  since  (Art.  152)  the  direc- 
tions of  the  asymptotes  are  wholly  determined  by  the  highest 

terms  of  the  equation. 

a^  -  Z»2 

Similar  conies  have  the  same  eccentricity;  for —  must 

-'  a^ 

m^a^  -  m^b^ 
be  = -:: Similar  and  similarly  placed  conic  sections 

rn-a:-  "^    ^ 

have  hence  sometimes  been  defined  as  those  whose  axes  are  pa- 
rallel, and  which  have  the  same  eccentricity. 

If  two  hyperbolai  have  parallel  asymptotes  they  are  similar, 
for  their  axes  must  be  parallel,  since  they  bisect  the  angles  be- 
tween the  asymptotes  (Art.  152),  and  the  eccentricity  wholly 
depends  on  the  angle  between  the  asymptotes  (Art.  161). 

241.  Since  the  eccentricity  of  all  parabolas  is  constantly  =  1, 
we  should  be  led  to  infer  that  all  parabolas  are  similar  and  simi- 
larly placed,  the  direction  of  whose  axes  is  the  same.  Since,  how- 
ever, the  investigation  of  Art.  239  only  applies  to  central  conies,  | 
it  is  necessary  to  give  a  separate  proof  of  this  theorem.  The 
equation  of  one  parabola,  referred  to  its  vertex,  being  y-  =  px,  or 

pcosQ 


)]■ 
'..ir 
ol- 

B 

oni 
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it  is  plain  that  a  parallel  radius  vector  tliroiigli  the  vertex  of  the 

other  will  be  to  this  radius  in  the  constant  ratio  ^. 

P 

242.  Ex.  1.  If  on  any  radius  vector  to  a  conic  section  through  a 
fixed  point  O,  OQ  he  taken  in  a  constant  ratio  to  OP,  find  the  locus 

o/Q- 

The  investigation  is  precisely  the  same  as  at  page  98,  and  the 
locus  will  be  found  to  be  a  conic  similar  to  the  given  conic,  and 
similarly  placed. 

The  point  O  may  be  called  the  centre  of  similitude  of  the  two 
conies,  and  it  can  be  proved,  as  at  page  99,  that  the  centre  of  simi- 
litude is  the  point  where  common  tangents  intersect. 

Ex.  2.  If  a  pair  of  radii  he  draum  through  a  centre  of  similitude 
of  tico  similar  conies,  the  chords  joining  their  extremities  ivill  he 
either  parallel,  or  icillmeeton  the  chord  of  intersection  of  the  conies. 
This  is  proved  precisely  as  at  page  112. 

Ex.  3.  Given  three  similar  conies,  their  six  centres  of  similitude 
will  lie  three  hy  three  on  right  lines  (see  figure,  page  114). 

Ex.  4.  If  any  line  cut  two  similar  and  concentric  conies,  its  parts 
intercepted  hetioeen  the  conies  will  he  equal. 

Any  chord  of  the  outer  conic  which  touches  the  interior,  ivill  he 
bisected  at  the  point  of  contact. 

These  are  proved  in  the  same  manner  as  the  theorems  at  page 
172,  which  are  but  particular  cases  of  them;  for  the  asymptotes 
of  any  hyperbola  may  be  considered  as  a  conic  section  similar  to 
it,  since  the  highest  terms  in  the  equation  of  the  asymptotes  are 
the  same  as  in  the  equation  of  the  curve. 

Ex.  b.  If  a  tangent  drawn  at  V,  the  vertex  of  the  inner  of  two 
concentric  and  similar  ellipses,  meet  the  outer  in  the  points  T  and  T', 
then  any  chord  of  the  inner  drawn  through  V  is  half  the  algehraic  sum 
of  the  parallel  chords  of  the  outer  through  T  and  T'. 

243,  Two  figures  will  be  similar,  although  not  similarly 
placed,  if  the  proportional  radii  make  a  constant  angle  with  each 
other,  instead  of  being  parallel ;  so  that,  if  we  could  imagine  one 
of  the  figures  turned  round  through  the  given  angle,  they  would 
be  then  both  similar  and  similarly  placed. 

If  we  wish  to  find  the  condition  that  the  two  conic  sections, 
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Ax^  +  B.VI/  +  Cf  +  D.r  +  Ey  +  F  =  0, 
ax^  +  hxy  +  c]f  +  d.v  +  ey  +  /  =  0, 
should  be  similar,  even  though  not  similarly  placed,  we  have  only 
to  transform  the  first  equation  to  axes  making  any  angle  0  with 
the  given  axes,  and  examine  whether  any  value  can  be  assigned 
to  61  which  will  make  the  co-efficients  of  the  highest  powers  of  the 
variables  proportional  to  the  co-efficients  in  the  second  equation. 
We  thus  obtain  the  two  conditions  (Art.  153) 

A  cos^  0  +  B  cos  0  sin  0  +  C  sin^  B  a 

B(cos2  6l-sin20)  -  2 (A  -  C)  sin0  cos0  ~  b' 

Asin20-Bcos0sin0  +  Ccos'^^^         ^  c 
B(c^0  -  sin26>)  -  2(A -  C)  sin6/  cos0  ~  b' 

from  which,  if  we  eliminate  0,  we  shall  have  the  required  con- 
dition. 

Now  if  the  curves  be  hyperbolae  we  may  evade  the  trouble  of 
elimination,  for,  in  order  that  it  should  be  possible  to  turn  the  \ 
asymptotes  of  one  parallel  to  those  of  the  other,  it  is  necessary  that 
they  should  contain  the  same  angle,  or  (Art.  74)  that 

B3-4AC     62_4^c 
(A+C)2  ~  {a+cf      . 

This,  therefore,  must  be  the  result  of  the  elimination  if  the  curves 
be  hyperbolae,  but  it  is  evident  that  the  result  of  the  elimination 
must  be  the  same  whatever  be  the  values  of  a,  6,  c ;  hence,  in 
every  case,  the  result  of  the  elimination,  as  the  reader  may  easily 
verify,  will  be  B^  -  4AC  _  Z>2  _  4ac  ^ 

(A  +  Cf  ~  (a  +  cf 
This  is,  therefore,  in  general,  the  condition  that  two  conic  sections 
should  have  the  same  eccentricity. 

We  wish  the  reader  to  examine  attentively  the  force  of  the 
proof  employed  in  this  Article,  because  it  affi^rds  one  of  the 
earliest  examples  of  the  use  which  we  shall  make  of  the  laiu  of 
conthmity,  viz.,  that,  being  given  any  figure  in  its  most  general 
state  (where  certain  points,  fines,  &c.,  are  real),  then  any  property 
of  that  figure  not  involving  those  points  or  lines  will  be  true  of 
any  particvxlar  state  of  that  figure,  even  where  some  of  those  lines 

*  This  coiuUtion  Avas  communicated  to  mc  by  ]Mi'.  Jellctt. 


( 
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or  points  are  imaginary.  Thus,  for  example,  any  property  of  the 
hyperbola  not  involving  the  asymptotes  will  be  true  of  the  ellipse 
(whose  asymptotes  are  imaginary)  ;  and  we  shall  be  safe  in  assert- 
ing this,  even  if  it  were  the  consideration  of  the  asymptotes  which 
had  originally  led  us  to  the  property  of  the  hyperbola.  We 
should,  in  most  cases,  be  able  to  justify  this  inference  by  showing 

^  that  there  was  some  other  method  of  proof  which  must  hold  good, 
and  bring  out  the  same  resvilt  in  all  cases ;  and  that,  therefore,  if 
we  can  ascertain  in  any  case  what  tliat  result  must  be,  we  know 
it  for  every  case.  In  the  present  question,  for  instance,  the  me- 
thod of  transformation  must  bring  out  the  same  result  in  all  cases ; 

I  but  in  the  case  of  the  hyperbola,  the  consideration  of  the  asymp- 
totes showed  us  at  once  what  this  result  must  be :  we  were  thus 
enabled,  without  the  trouble  of  elimination,  to  arrive  immediately 
at  the  required  condition. 

THE  CONTACT  OF  CONIC  SECTIONS. 

244.  We  proved  (Art.  18)  that  we  obtain  an  equation  of  the 
win"'  degree  to  determine  the  co-ordinates  of  the  points  of  inter- 
section of  two  curves  of  the  m"'^  and  n"^  degrees.  Hence,  tivo  conic 
sections  loill  in  general  intersect  in  four  points. 

If  two  of  these  points  of  intersection  coincide,  the  conic  sec- 
tions are  said  to  touch  each  other,  and  the  line  joining  the  coinci- 
dent points  will  be  the  common  tangent. 

Let  the  equations  of  the  conies,  referred  to  the  tangent  and 
normal,  be  (Art.  234) 

A,«2  +  Ba'3/  +  Ctf  +  E?/  =  0, 
A;^'3  +  "Q'xy  +  C\f  +  E  y  =  0, 

then  the  equation  of  the  line  (LM)  joining  the  other  two  points 
of  intersection  will  be,  as  in  Art.  234, 

(BA'  -  AB')  X  +  (CA'  -  AC)  y  +  (EA'  -  AE')  -  0. 

This  is  called  a  contact  of  tlie  first  order. 


Now  the  contact  of  the  conies  will  evidently  be  more  close  if 
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three  of  their  points  of  intersection  coincide.  In  this  case  one  of 
the  points  L,  M,  must  coincide  with  T,  the  line  LM  must  pass 
through  the  origin,  and  we  must  have  the  condition 

EA'  -  AE'  =  0. 

This  is  called  a  contact  of  the  second  order.  Curves  which  have  a 
contact  higher  than  the  first  order  are  said  to  oscidate,  and  it  ap- 
pears that  conies  which  osculate,  in  general,  meet  each  other  in 
one  other  point. 

The  contact  of  two  conies  will  be  the  closest  possible  when 
tlicy  have /owr  consecutive  points  in  common.  In  this  case  the 
line  LM  must  coincide  with  the  tangent  at  T  (y  =  0),  and  we 
must  have  the  two  conditions 

EA'-AE'  =  0,        BA'-AB'  =  0. 

This  is  called  a  contact  of  the  third  order ;   and  since  two  conic 
sections  cannot  liave  more  than  four  points  common,  it  is  the 
highest  order  of  contact  which  two  different  conies  can  have. 
Hence,  if  the  equation  of  one  curve  be 

A'3  +  Kvij  +  Cif  +  Ey  =  0, 
that  of  the  other  will  be 

x"'  +  Bxy  +  Q'lf  +  E^/  =  0. 

245.  Hence  an  infinity  of  conic  sections  can  be  drawn  having 
a  contact  of  the  third  order  with  a  given  conic  at  a  given  point, 
and  any  one  condition  will  enable  us  to  determine  the  touching 
conic.  Thus,  for  example,  the  parabola  having  a  contact  of  the 
third  order  with  the  conic 

A-2  +  Bxij  +  G?/3  +  Ej/  =  0 

will  be  ,     ^         B2  „     ^      ^ 

a;2  +  Jixij  +  —  ?/3  +  E?/  =  0. 

We  cannot  describe  a  circle  to  have  a  contact  of  the  third  or- 
der with  a  given  conic,  because  two  conditions  must  be  fullillcd  in 
order  that  this  equation  should  represent  a  circle;  or,  in  other 
words,  we  cannot  describe  a  circle  through  four  consecutive  points 
on  a  conic,  since  three  points  are  sufficient  to  determine  a  circle. 
We  can,  however,  easily  find  the  equation  of  the  circle  passing 
through  three  consecutive  points  on  the  curve.  This  circle  is 
called  tlac  osculating  circle,  or  the  circle  of  curvature. 
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The  equation  of  the  conic  being 

Aa'3  +  Bxy  +  Qif  +  E?/  =  0, 
that  of  any  circle  touching  it  is  (Art.  82,  IV.) 

Aa'2  +  A?/2  -  2Kry  =  0, 
and  the  condition  that  the  circle  should  osculate  is  (Art.  244) 

F 

E  =  2  Ar,      01  r  =  -~- 
'  2A 

The  quantity  r  is  called  the  radius  of  curvature  of  the  conic  at 

the  point  T. 

246.  To  find  an  expression  for  the  radius  of  curvature  at  any 
'point  of  an  ellipse. 

It  is  plain,  from  the  last  Article,  that  this  would  be  done  if  we 
could  transform  the  equation  to  the  tangent  and  normal  at  the 
point. 

The  equation  referred  to  a  diameter  through  the  point  and  its 

^5  +  j^  =  1  j,  when  transferred  to  the  given  point, 

becomes  x^      y'^  _  ^x 

a"^      b"^       a 

The  axes  are  now  a  tangent  and  diameter  through  the  point,  but 
if,  allowing  the  axis  of?/  to  remain  unaltered,  we  make  the  nor- 
mal the  axis  of  x,  we  must  substitute  (Art.  13) 

for  A',  and  ?/ - -f-5  for  y. 


sin0        ''  "^      tanO 

where  0  is  the  angle  which  the  diameter  makes  with  the  tangent. 

The  new  co-efficient  of  x  will,  therefore,  be  —r-. — 7^,  and  of  y^ 

a  smd 

1  .  Z»'2 

will  be  -rr, ;  hence  the  radius  of  curvature  will  be  -r-. — 77.      Now 
6  2  a  sm  U 

a  sin  9  is  the  perpendicular  from  the  centre  on  the  tangent,  there- 

fore  the  radius  of  curvature  =  — 

P 
Hence,  also  (Art.  170),  j's 

ab 

247.  This  value  enables  us  to  construct  simply  for  the  radius 
of  curvature  at  any  point.     We  proved  (Art.  182)  that  the  length 
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7  7/  T 

of  the  normal  =  — ,  and  that  cos xL  =-r,(4>  hcinfr  the  ancfle  between 

a  ^     0  ^  ^ 

the  focal  radius  and  the  normal) ;  hence 

COS-  \p 

If,  therefore,  we  erect  a  perpendicular  to 
the  normal  at  the  point  where  it  meets  the 
axis,  and  again  at  the  point  Q,  where  this 
25erpendicular  meets  the  focal  radius,  draw 
CQ  perpendicular  to  it,  then  C  will  be  the  centre  of  curvature, 
and  CP  the  radius  of  curvature. 

Another  useful  construction  is  founded  on  the  principle  that 
if  a  circle  intersect  a  conic,  its  cliords  of  intersection  will  make  equal 
a7igles  ivii/i  the  axis.  For,  the  rectangles  under  the  segments  of 
the  chords  are  equal  (Euc.  III.  35),  and  therefore,  the  parallel 
diameters  of  the  conic  are  equal  (Art.  147),  and,  therefore,  make 
equal  angles  with  the  axis  (Art.  156). 

Now  in  the  case  of  the  circle  of  curvature,  the  tangent  at  T 
(see  figure,  p.  205)  is  one  chord  of  intersection,  and  the  line  TL 
the  other;  we  have,  therefore,  only  to  draw  TL,  making  the 
same  angle  with  the  axis  as  the  tangent,  and  we  have  the  point 
L ;  then  the  circle  described  through  the  points  T,  L,  and  touch- 
ing the  conic  at  T,  is  the  circle  of  curvature. 

This  construction  shows  that  the  osculating  circle  at  either 
vertex  has  a  contact  of  the  third  degree. 

248.  The  radius  of  curvature  of  the  parabola  is  found  by  the 
same  method. 

The  equation,  referred  to  any  diameter  and  tangent  (y-  =  jy'x), 
is  transferred  to  the  tangent  and  normal  by  the  same  substitution 
as  in  Art.  246,  and  we  find 


R  = 


P 


2  sine'  1 

or  since  (Arts  214,  215)  l 

N=^sm0,  11  = 


2         '  sin^O      cos^^p 

The  construction,  therefore,  used  in  the  last  Article,  applies  also  to 
the  case  of  the  parabola. 
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Ex.  1.  ]n  all  the  conic  sections  the  radius  of  curvature  is  equal  to 
uhe  cube  of  the  no^nnal  divided  by  the  square  of  the  semi-parameter. 

Ex.  2.  Exqjress  the  radius  of  curvature  of  an  ellipse  in  terms  of 
\the  angle  lohich  the  normal  inakes  loith  the  axis. 

Ex.  3.  Find  the  lengths  of  the  chords  of  the  circle  of  curvature 
Vivhich  pass  through  the  centre  or  the  focus  of  a  central  conic  section. 

They  will  be  found  =  — ;-,  and 

a  a 

Ex.  4.  The  focal  chord  of  curvature  of  any  conic  is  equal  to  a 
focal  chord  of  the  conic  drawn  parallel  to  the  tancjent  at  the  point. 

Ex.  5.  In  the  parabola  the  focal  chord  of  cfurvatwe  is  equal  to 
the  parameter  of  the  diameter  passing  through  the  jyoint. 


CHAPTER  XIII. 

METHODS  OF  ABRIDGED  NOTATION, 

249.  If  S  =  0  and  S'  =  0  be  the  equations  of  two  conic  sec- 
tions, then  (page  48)  S  -  kS'  =  0  (where  k  is  any  constant)  is  the 
equation  of  another  conic  passing  through  the  real  or  imaginary 
points  of  intersection  of  S  and  S'.  These  points  are  in  number 
four,  for  we  proved  (Art.  18)  that  we  obtain  an  equation  of  the 
fniith  degree  to  determine  the  co-ordinates  of  the  points  of  inter- 
section of  two  curves  of  the  m"*  and  w"*  degrees ;  but  since  an 
equation  of  the  mn"*  degree  has  always  mn  roots,  real  or  imagi- 
nary, we  infer  (as  in  Art.  73)  that  a  curve  of  the  m*'"^  degree  will 
always  intersect  a  curve  of  the  n*^  degree  in  mn  points,*  and  in 
the  particular  case  where  m  =  n  =  2,  that  two  conic  sections  always 
intersect  each  other  in  four  points,  real  or  imaginary. 

250.  Before  we  proceed  to  the  investigation  of  the  properties 
of  curves  represented  by  the  equation  S  -  kS'  =  0,  we  wish  to  call 
the  reader's  attention  to  some  of  the  particular  equations  included 
under  this  general  form. 


*  It  follows  hence,  conversely,  that  if  we  could  tell  the  number  of  real  and  imaginary 
points  in  which  any  right  line  is  cut  by  a  given  curve,  we  should  know  the  degree  of  the 
cun'e.     We  shall  apply  this  principle,  in  Part  III.,  to  the  investigation  of  loci. 

2  E 
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I.  If  the  equation  S'  be  resolvable  into  two  factors,  and  re- 
present tlie  two  right  lines  a  =  0,  (5  =  0,  our  equation  will  take 
the  form  g  _  k^^  ^  o. 

This  equation,  which  must  evidently  be  satislicd  by  the  co-ordi- 
nates of  the  points  where  either  a  or  j3  meets  S,  is,  therefore,  the 
equation  of  a  conic  having  the  lines  a  and  /3  for  its  chords  of  inter- 
section with  S.  If  either  a  or  j3  do  not  meet  S  in  real  points,  it 
must  still  be  considered  as  a  chord  of  imaginary  intersection,  and 
will  preserve  many  important  properties  in  relation  to  the  two 
curves,  as  we  have  already  seen  in  the  case  of  the  circle  (Art.  108). 
We  have  already  met  with  a  particular  case  of  the  equation 
S  -  /-"a/S  =  0,  when  the  axes  {x  =  0,  y  =  0)  are  the  two  chords  of 
intersection  (see  Ex.  3,  p.  200,  where  we  proved  that  the  equations 
of  two  conic  sections  will  only  differ  in  the  co-efficient  o[  xy,  if  j 
their  chords  of  intersection  be  tlie  axes  of  co-ordinates). 

II.  If  the  lines  a,  jS  coin- 
cide, that  is,  if  S'  be  a  perfect 
square,  the  equation  becomes 

S  -  ka"^  =  0. 

The  points  P,  p  ;  Q,  q,  coin-         ^ 

cide,  and  the  equation  represents  a  conic  having  double  contact  loith 

S,  and  whose  chord  of  contact  is  a. 

]f,  however,  the  line  a  be  a  tangent  to  S,  the  two  points  P  and 
Q  will  also  coincide,  and  the  conies,  having  four  consecutive  points 
in  common,  xvill  have  with  each  othei'  a  contact  of  the  third  degree 
(see  Art.  244,  where  this  was  proved,  in  the  particular  case  where 
a  is  the  axis  of  a?,  for  we  there  sliowed  that  the  equations  of  two 
such  conies  will  only  differ  in  the  co-efficient  of  ?/2). 

III.  The  forms  just  given  receive  important  modifications,  if 
either  of  the  lines  which  they  contain  be  altogether  at  an  infinite 
distance.  We  proved  (Art.  64)  that  when  a  line  is  removed  to 
an  infinite  distance,  its  equation  is  reduced  to  the  constant  term. 
Hence,  if  the  line  j3  be  altogether  at  an  infinite  distance,  the 
equation  S  -  ^aj3  becomes  - 

s-^a/3'  =  o  ; 

(where  j3'  is  a  constant  which,  although  we  might  combine  with 
/•;  into  a  single  constant,  yet  we  prefer  writing  in  such  a  form  as 

I. 
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will  make  the  analogy  with  I.  more  apparent).     This  is,  there- 
fore, the  equation  of  a  conic  intersecting  S  in  the  two  points  where 
a  meets  it,  and  also  in  the  two  real,  imaginary,  or  coincident 
r  points,  in  which  a  line  at  infinity  (/3')  meets  the  curve. 

It  is  evident  that  the  curves  S  and  S  -  ka(5'  must  have  the 
quadratic  terms  in  their  equations  the  same,  since  ka[i'  cannot 
contain  the  terms  x'^,  xy,  or  y'^ ;  hence  these  equations  represent 
conies  similar  and  similarly  placed  (Art.  239).  We  learn,  there- 
fore, that  two  conies,  similar  and  similarly  j^laced,  can  only  cut  each 
other  in  tivo  finite  points,  and  that  this  is  because  they  also  cut  each 
other  in  tico  7'eal,  coincident,  or  imaginary  points  at  infinity. 

251.  It  may  be  satisfactory  to  the  learner  to  see  the  last  result 
confirmed  by  geometrical  considerations. 

First.  If  the  curves  be  hyperbolaD.  The  asymptotes  of  similar 
hyperbolaj  are  parallel  (Art.  240),  that 
is,  they  intersect  each  other  at  infinity ; 
but  each  asymptote  intersects  its  own 
curve  at  infinity;  hence  we  infer  that 
similar  and  similarly  placed  hyperbola? 
intersect  each  other  in  the  two  points  at 
infinity,  where  each  is  intersected  by  its 
own  asymptotes  (see  the  figure,  where 
the  two  hyperbolae  evidently  tend  to  intersect  at  the  two  points 
at  infinity,  where  OX  meets  ox,  and  OY  meets  o?/). 

Secondly.  If  the  curves  be  ellipses.  Ellipses  only  differ  from 
hyperbola?  in  having  imaginary  instead  of  real  asymptotes.  The 
directions  of  the  points  at  infinity  on  either  of  two  similar  ellipses 
are  determined  from  the  same  equation  (A^'-^  +  B^i'^  +  C?/^  =  0) 
(iVrts.  127  and  239).  Now,  although  the  roots  of  this  equation 
are  in  both  cases  imaginary,  yet  they  are  in  both  cases  the  same 
imaginary  roots ;  we  infer,  therefore,  that  two  similar  ellipses  pass 
through  the  same  two  imaginary  points  at  infinity. 

Thirdly.  If  the  curves  be  parabolse.  The  equation  which 
determines  the  direction  of  the  point  at  infinity  on  a  parabola  is 
a  perfect  square  (Art.  129);  the  two  points  at  infinity,  therefore, 
coincide ;  and  from  our  definition  of  a  tangent  (Art.  83)  we  learn, 
that  every  parabola  has  one  tanr/ent  altogether  at  an  infinite  distance, 
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an  important  theorem,  of  which  we  shall  make  frequent  use  here- 
after, and  which  we  shall  otherwise  arrive  at  (Art.  255,  IX.) 
The  direction  of  the  point  at  infinity  is  the  same  as  that  of  the 
diameters  of  the  parabola  (Art.  136),  and  is,  therefore,  the  same 
for  two  similarly  placed  parabolas  (Art.  241).  Hence,  two  simi- 
larly j:)  laced  paraholw  intersect  in  two  coincident  points  at  infinity, 
or,  in  other  words,  they  touch  each  other  at  infinity. 

252.  IV.  We  return  to  examine  the  form  assumed  by  the 
equation  S  -  ka^  =  0,  when  the  line  a  is  at  an  infinite  distance. 
It  then  becomes  g  _  ]^^2  _  q 

(where  k  and  a  are  both  constant,  which,  as  in  Art.  250,  we  write 
separately  for  the  sake  of  analogy).  This  equation,  therefore, 
being  a  particular  case  of  II.,  represents  two  conies  having  double 
contact  with  each  other,  both  points  of  contact  being  on  the  line 
«',  that  is  to  say,  at  an  infinite  distance.  If  S  be  a  parabola, 
then,  by  the  last  Article,  the  line  (a)  at  infinity  touches  it,  and, 
therefore,  the  curve  S  -  ka"  will  have  with  it  a  contact  of  the 
third  order  at  infinity. 

Now,  if  the  equation  of  two  conies  only  differ  in  the  constant 
terms,  since  the  co-ordinates  of  the  centre  (Art.  134)  do  not  con- 
tain F,  they  must  have  the  same  centre ;  and  since  the  first  three 
terms  are  the  same,  they  must  be  similar  (Art.  239) :  hence  the 
equation  (S  -  ka'^  =  0)  represents  a  conic  similar  and  concentnc 
with  S.  We  learn,  therefore,  that  similar  and  concentric  conies 
may  he  consid-ered  as  touching  each  other  in  tico  points  at  an  infinite 
distance.  This  is  otherwise  evident  if  the  curves  be  hyperboloi, 
for,  as  we  proved  before,  they  pass  through  the  same  points  at  in- 
finity, and,  since  they  have  the  same  asymptotes,  they  have  also 
the  same  tangents  at  those  points.  In  like  manner,  similar  and 
concentric  ellipses  pass  through  the  same  imaginary  points  at  in- 
finity;  and  since  they  have  the  same  imaginary  asymptotes,  they 
have  the  same  imaginary  tangents  at  those  points. 

If  the  curve  S  be  a  parabola,  then  S  -  ka^  will  be  an  equal 
parabola,  having  its  axis  parallel  to  that  of  S,  for  evidently  the 

(7,     '2\ 
X I  represents  a  parabola  equal  to  ?/-  =  px 

and  similarly  placed ;  and  if  the  origin  be  transferred  to  any  other 
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point,  the  equations  will  still  continue  to  drffer  only  in  the  constant 
term.  We  learn,  therefore,  that  tioo  similarly  placed  and  equal 
parabolw  may  be  considered  as  having  ivith  each  other  a  contact  of  the 
third  order  at  an  infinitely  distant  point. 

253.  Since  all  circles  are  similar  curves,  it  follows,  as  a  par- 
ticular case  of  the  last  Articles,  that  all  circles  pass  through  the 
same  tivo  imaginary  points  at  infinity,  and  that  concent7ic  circles 
touch  each  other  in  two  imaginary  points  at  infinity.  Thus  we  see 
the  reason  why  two  circles  cannot  cut  each  other  in  more  than 
two  finite  points,  and  why  two  concentric  circles  do  not  meet  in 
any  finite  point,  although  two  curves  of  the  second  degree  in 
general  intersect  in  four  points.  We  shall  also  show  that  the 
theorems  established  (p.  106,  &c.),  concerning  circles  which  pass 
through  the  same  two  points,  are  only  particular  cases  of  more 
general  theorems  concerning  conic  sections  which  pass  through 
the  same  four  points. 

254.  V.  If  both  S  and  S'  break  up  into  factors,  the  equation 

will  then  be  of  the  form 

ay  -  k[5d  =  0. 

This  is  the  equation  of  a  conic  circumscribing  the  quadrilateral 
(o/SyS),  for  it  is  evidently  satisfied  by  any  of  the  four  suppositions 

(a  =  0,  /3  =  0),    (jS  =  0,  7  =  0),    (7  =  0,  g  =  0),    (S  =  0,  «  =  0). 

VI.  If  any  of  these  four  lines  be  at  an  infinite  distance,  the 
equation  will  take  the  form 

ay-k^^  =  0; 

a,  y,  will  then  be  two  lines  which  meet  the  curve  at  infinity,  and 
ft  will  be  the  line  joining  the  finite  points  where  a,  y,  meet  the 
curve.     Thus,  for  example,  in  the  equation 

A«2  +  B^_y  +  C?/2  +  D^'  +  Ey  +  F  =  0, 

if  we  denote  by  a,  7,  the  two  lines  signified  by  Ax-  +  Bxy  +  Cy"^  =  0, 
the  equation  will  be  in  the  form  we  are  now  considering.  We 
see,  therefore,  that  a,  7,  will  meet  the  curve  at  infinity,  and  that 
Da'  +  Ey  +  F  =  0  is  the  line  joining  the  finite  points  where  they 
meet  the  curve. 
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255.  VII.  If  S  break  up  into  factors  wliile  S'  is  a  perfect 
square,  the  equation  will  be  of  the  form 

ay  -  k(5'"  =  0. 
This  represents  a  conic  to  lohich  a  and  y  are  tangents,  lohile  jS 
is  the  chord  joining  their  points  of  contact.  For  we  saw  that  a 
meets  the  curve  (ay  -  ^jSS)  in  the  two  points  (aj3),  (ad) ;  now 
let  /3  and  3  coincide,  and  a  meets  the  curve  in  two  coincident 
pomts  at  (a/3) ;  that  is  to  say,  a  is  a  tangent,  and  (aj3)  its  point 
of  contact.  In  like  manner,  -y  is  a  tang-ent,  and  (jSy)  its  point  of 
contact. 

VIII.  If  the  line  j3  be  at  an  infinite  distance,  the  equation 
becomes  „^  _  ^.^',  ^  q  . 

a,  7,  are  therefore  tangents,  whose  point  of  contact  is  infinitely 
distant,  that  is  to  say,  they  are  asymptotes  to  tlie  curve.  We  met 
with  a  particular  case  of  this  (Art.  IGl)  in  the  equation 

where  we  proved  that  the  lines  a'  =  0,  ?/  =  0,  were  asymptotes  to 
the  curve. 

IX.  If  either  of  the  lines  a,  y,  be  at  an  infinite  distance,  the 
equation  becomes  '  _  ^02  ^  q  , 

then,  since  the  highest  terms  form  the  perfect  square  (5-,  the  curve 
will  be  a  parabola ;  the  curve  will  have  one  tangent  y'  at  an  infi- 
nite distance ;  a  will  be  another  tangent,  and  /3  will  be  the  line 
joining  the  points  of  contact  of  these  tangents.  Now,  since  it 
passes  through  the  point  of  contact  of  the  tangent  at  infinity,  it 
must  be  a  diameter  of  the  curve  (Art.  136);  j3  is,  therefore,  the 
diameter  drawn  through  the  point  of  contact  of  the  tangent  a. 

We  had  a  particular  example  of  this  in  the  equation 

f  =  px. 
The  line  p  at  infinity  is  one  tangent,  the  line  x  another,  and  the 
line  ?/  is  a  diameter  through  the  point  of  contact  of  .v. 

More  generally, 

{aa;  +  df/y-  +  D.r  +  Ey  +  F  -  0, 

is  the  equation  of  a  parabola  to  which  Dx  +  E?/  +  F  is  a  tan-^ent, 
and  ax  +  bi/  the  diameter  through  the  point  of  contact. 
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X.  We  may  notice  here  one  or  two  forms  which  are  easily  re- 
ducible to  the  form  ay  ^  kj3'-.     For  example, 

a2  -  pa[5  +  qP>^  =  hf 

may  be  put  into  the  form 

(a  -  )u/3)   (a  -  ^'^)  =  hf 

(n  and  JUL  being  the  roots  of  a  quadratic).  Therefore,  a  -  ju|3  and 
o  -  /i'/3  are  tangents  at  the  extremities  of  the  chord  -y,  and  since 
these  tangents  evidently  pass  through  the  point  (aj3),  this  point 
is  the  pole  of  the  line  y,  with  regard  to  the  conic.  If  the  roots  fx 
and  fx  be  imaginary,  (a|3)  is  still  the  pole  of  y,  but  it  lies  inside 
the  conic,  and  the  tangents  through  it  are  imaginary. 

XI.  Again,  the  equation 

is  that  of  a  conic  such  that  any  of  the  lines  a,  /3,  7,  is  the  polar  of 
the  point  of  intersection  of  the  other  tico,  for  the  equation  may  be 
written  in  any  of  the  forms 

{ny  -  la)  (ny  +  la)  =  m^/3^, 
(ny  -  wi/3)  (ny  +  m(5)  =  Pa^, 
{la  -  mldV  -  1)  {la  +  mldV  -  1)  =  ^V; 
therefore,  tangents  at  the  extremities  of  /3  pass  through  (ay) ;  at 
the  extremities  of  a  pass  through  (jSy)  ;  while  the  tangents  at  the 
imaginary  points  where  7  meets  the  conic  pass  through  (a/3). 
We  had  a  particular  case  of  this  form  in  the  equation 

the  lines  aj3  being  here  the  axes,  and  the  line  y  at  infinity,  whence 
it  may  be  seen,  that  the  point  (xy)  is  the  polar  of  the  line  at  in- 
finity, and  that  the  pole  of  each  axis  is  a  point  at  infinity  on  the 
other. 

256.  XII.  If  both  S  and  S'  be  perfect  squares,  the  equation 
is  of  the  form  ^2  _  y{;^2  =  o^ 

and  represents  the  two  right  lines  a±y^/k  =  0.     These  lines  will 
evidently  be  imaginary  if  k  be  negative,  and  parallel  if  y  be  at  an 
infinite  distance. 
XIII.  In  >•;  13:   al  ,  if  we  wished  to  find  the  condition  that  the 
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equation  S  -  kS'  =  0  should  represent  two  right  lines,  we  may 
write  the  equation  at  full  length, 

(A  -  kA')  x^  +  (B  -  ^'B')  xij  +  (C  -  kC)  if'+(T>-  m')  x 

+  (E-ytE')?/  +  F-/;F  =  0, 

and  then  applying  the  condition  in  Art.  150,  we  shall  obtain  a 
cubic  to  determine  k.  This  is  otherwise  evident,  since  through 
,the  four  points  of  intersection  of  S  and  S'  three  distinct  pairs  of 
right  lines  can  be  drawn,  viz.  (see  figure,  p.  210)  the  three  pairs 
of  lines  Pp,  Q7;  PQ,  ;?</;  P^,  pQ. 

257.  To  find  the  condition  that  two  conies  should  touch,  ivhose 
equations  are  given. 

We  have  only  to  arrange  the  equation  just  found  in  powers  of 
k,  and  to  form  the  condition  that  this  cubic  should  have  two  equal 
roots,  and  we  shall  have  an  equation  which  must  be  satisfied  when 
the  two  conies  touch.  For  if  the  points  P,  j)  coincide,  the  last 
two  pairs  of  lines  become  identical,  and  consequently  the  cubic 
which  determines  k  must  in  this  case  have  two  equal  roots.  Now 
the  condition  that  the  cubic 

L^3  +  M^2  +  N^  +  p  =  0 
should  have  two  equal  roots  is  readily  found  to  be 

(MN  -  9LP)2  =  4(M3  -  3LN)  (N-'  -  3MP). 
Substituting  for  L,  M,  N,  P,  their  values  in  terms   of  the  co- 
efficients of  the  given  equations,  it  will  be  seen  that  the  required 
condition  is  of  the  sixth  degree  in  terms  of  the  coefficients  of  each 
equation. 

It  follows  hence  that  the  problem  "  to  describe  a  conic  through 
four  given  points  to  touch  a  given  conic,"  admits  in  general  of 
six  solutions. 

258.  Having  now  enumerated  the  principal  forms  of  equations 
which  we  shall  have  occasion  to  use,  we  proceed  to  give  some 
theorems  immediately  suggested  by  the  geometrical  interpretation 
of  these  equations. 

If  S  =  0  be  the  equation  to  a  circle,  then  (Art.  93)  S  is  the 
square  of  the  tangent  from  any  point  xy  to  the  circle :  hence,  by 
Art.  31,  S  -  Aaj3  =  0  (the  equation  of  a  conic  whose  chords  of 
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intersection  with  the  circle  are  a  and  j3)  expresses  that  the  locus 
of  a  point,  such  that  the  square  of  the  tangent  from  it  to  a  fixed  cir- 
cle is  in  a  constant  ratio  to  the  'product  of  its  distances  from  two  fixed 
lines,  is  a  conic  passing  through  the  four  poi^its  in  which  the  fixed 
lines  intersect  the  circle. 

This  theorem  is  equally  true  whatever  be  the  magnitude  of 
the  circle,  and  whether  the  right  lines  meet  the  circle  in  real  or 
imaginary  points ;  thus,  for  example,  if  the  circle  be  infinitely 
small,  the  locus  of  a  point,  the  square  of  whose  distance  from  a  fixed 
point  is  in  a  constant  ratio  to  the  product  of  its  distances  from  tioo 
fixed  lines,  is  a  conic  section ;  and  the  fixed  lines  may  be  consi- 
dered as  chords  of  imaginary  intersection  of  the  conic  Avith  an 
infinitely  small  circle  whose  centre  is  the  fixed  point. 

259.  Similar  inferences  can  be  drawn  from  the  equation 
S  -  kcp^  =  0,  where  S  is  a  circle.     We  learn  that  the  locus  of  a 

\point,  such  that  the  tangent  from  it  to  a  fixed  circle  is  in  a  constant 
ratio  to  its  distance  from  a  fixed  line,  is  a  conic  touching  the  circle  at 
the  two  points  lohere  the  fixed  line  meets  it;  or,  conversely,  that  if  a 
circle  have  double  contact  with  a  conic,  the  tangent  drawn  to  the  cir- 
cle from  any  point  on  the  conic  is  in  a  constant  ratio  to  the  perpen- 
dicular  from  the  point  on  the  chord  of  contact. 

In  the  particular  case  where  the  circle  is  infinitely  small,  we 
obtain  the  fundamental  property  of  the  focus  and  directrix,  and 
we  infer  that  the  focus  of  any  conic  may  he  considered  as  an  infi- 
nitely small  circle,  touching  the  conic  in  two  imaginary  points  situated 
on  the  directrix. 

260.  In  general,  if  in  the  equation  of  any  conic  the  co-ordinates 
of  any  point  he  substituted,  the  result  ivill  be  proportional  to  the  rect- 
angle under  the  segments  of  a  chord  draion  through  the  point  parallel 
to  a  given  line.* 

For  (Art.  146)  this  rectangle 

F 

~  Acos2  0  +  Bcos0sin0  +  Csin^e' 

where,  by  Art.  126,  F'is  the  result  of  substituting  in  the  equation 
the  co-ordinates  of  the  point ;  if,  therefore,  the  angle  Q  be  con- 

*  This  is  equally  true  for  curves  of  any  degree. 
2  F 
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stant,  tills  rectangle  will  be  proportional  to  F.  Hence  wc  may 
extend  the  last  proved  theorems  to  the  case  where  S  is  any  conic ; 
for  example :  "  If  two  conies  have  double  contact,  the  square  of 
the  perpendicular  from  any  point  of  one  upon  the  chord  of  con- 
tact, is  in  a  constant  ratio  to  the  rectangle  under  the  sesrments  of 
that  perpendicular  made  by  the  other;"  or,  in  general,  "  if  a  line 
parallel  to  a  given  one  meet  two  conies  in  the  points  P,  Q,  p,  q^ 
and  we  take  on  it  a  point  O,  such  that  the  rectangle  OP.OQ  may 
be  to  Op.Oq  in  a  constant  ratio,  the  locus  of  O  is  a  conic  through 
the  ]5oints  of  intersection  of  the  given  conies." 

261.  The  equation  (V.)  ay  =  Z'/3S,  similarly  interpreted,  leads 
to  the  important  theorem  :  The  product  of  the  perpendiculars  let 
fall  from  any  point  of  a  conic  on  two  opposite  sides  of  an  inscribed  \ 
quadrilateral  is  in  a  constant  ratio  to  the  p>roduct  of  the  perpendicu- 
lars let  fall  on  the  other  two  sides. 

From  this  property  we  at  once  infer,  that  the  anharmonic  ratio 
of  a  pencil,  whose  sides  pass  through  four  fixed  points  of  a  conic,  and 
whose  vertex  is  any  variable  point  of  it,  is  constant. 

For  the  perpendicular 


\ 


a  = 


OA.OB.sinAOB 
AB  ' 


7 


OC.OD.sinCOD 
CD  ' 


&c. 


Now  if  we  substitute  these  values 
in  the  equation  ay  =  kf5d,  the  con- 
tinued product  OA.  OB.  OC.  OD 
will  appear  on  both  sides  of  the 
equation,  and  may  therefore  be 
suppressed,  and  there  will  remain 

sin  AOB.  sin  COD 


BC.AD' 


sinBOC.sinAOD' 

but  the  right  hand  member  of  this  equation  is  constant,  while 
the  left  hand  member  is  the  anharmonic  ratio  of  the  pencil 
OA,  OB,  OC,  OD. 

The  consequences  of  this  theorem  are  so  numerous  and  impor- 
tant, that  we  shall  devote  a  section  of  the  next  chapter  to  develope 
them  more  fully. 


262.  The  equation  (VII.)  ay  ~  kf3-  =  0,  similarly  interpreted, 


^ 
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proves  that  the  product  of  the  perpendiculars  from  any  point  of  a 
..Aconic  upon  two  fixed  tanr/ents  is  in  a  constant  ratio  to  the  square  of 
•^the  jyerpendicular  on  the  chord  of  contact. 

From  the  equation  (VI.)  ay  -  ^•/3S'  =  0  we  learn  that  "  the 
.product  of  the  perpendiculars  from  any  point  of  a  hyperbola,  on 
:e  jtwo  fixed  parallels  to  the  asymptotes,  is  proportional  to  the  per- 
Jpendicular  on  the  line  joining  the  points  where  they  meet  the 


I  curve." 


And  from  the  equation  (VIII.)  ay  =  ^/S''^,  that  the  product  of 
the  perpendiculars  from  any  point  of  the  curve  on  tlie  asymptotes  is 
coiistant. 

263.  If  tico  conies  have  each  double  contact  icith  a  third,  their 
chords  of  contact  loith  the  third  conic,  and  a  pair  of  their  chords  of 
intersection  with  each  other,  will  all  pass  through  the  same  point,  and 
icillform  an  harmonic  pencil. 

Let  the  equation  of  the  third  conic  be  S  =  0,  and  those  of  the 
other  two  conies, 

S  -  L3  =  0,         S  -  M2  =  0. 

(The  reader  will  perceive  the  reason  why  we  use  the  Roman  let- 
ters, on  comparing  this  form  with  that  given  in  Art.  250,  II.,  and 
on  referring  to  Art.  50). 

Now,  on  subtracting  these  equations,  we  find  for  the  equation 
of  the  chords  of  intersection, 

U  -  ]\P  =  0. 

The  chords  of  intersection,  therefore  (L  -  ]\I  =  0,  L  +  M  =  0), 
pass  through  the  intersection  of  the  chords  of  contact  (L  and  M), 
and  form  an  harmonic  pencil  with  them  (Art.  54). 

It  is  important  that  the  student  should  acquire  the  habit  of 
taking  notice  of  the  number  of  particular  theorems  often  included 
under  one  general  enunciation;  thus,  for  example,  the  present 
theorem  holds  good,  and  is  proved,  in  like  manner,  if  the  conic  S 
reduce  to  two  right  lines ;  hence,  the  chords  of  contact  of  two  conies 
with  their  common  tangents  p)ass  through  the  intersection  of  their 
common  chords. 

Again,  if  S  be  any  conic,  while  S  -  L-  and  S  -  IM-  both  reduce 
to  pairs  of  riglit  lines,  these  right  lines  will -then  form  a  circum- 
scribing quadrilateral,  and  the  chords  of  intersection  (L-  -  M-) 
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will  be  the  diagonals  of  that  quadrilateral,  while  the  chords  of? 
contact  (L  and  M)  obviously  are  the  diagonals  of  the  inscribed 
quadrilateral  formed  by  joining  the  points  of  contact.     HenceJ 
the  diagonals  of  any  inscribed,  and  of  the  con^esponding  cirmm-\ 
scribed  quadrilateral,  pass  through  the  same  point,  and  form  an 
harmonic  pencil. 

The  theorem  of  this  Article  may  also  be  stated  thus:  If  a 
conic  section  pass  through  tioo  given  p)oints,  and  have  double  contact 
loith  a  given  conic,  the  chord  of  contact  passes  thy'ough  a  fixed  point. 
For,  suppose  any  conic  (S  -  L'^  =  0)  through  the  two  given  points 
to  be  fixed,  then  the  intersection  of  its  chord  of  contact  (L)  with 
the  line  joining  the  given  points,  determines  a  point  through 
which,  by  the  present  Article,  any  other  chord  of  contact  must 
pass. 

In  like  manner:  Given  two  tangents  and  tico  points  on  a  conic 
section,  the  chord  of  contact  icill  pass  through  a  fixed  point  on  the  line 
joining  the  two  given  points. 

264.  If  three  conies  have  each  double  contact  ivith  a  fourth,  their 
six  chords  of  intersection  loill  pass  three  by  three  through  the  same 
points,  thus  forming  the  sides  and  diagonals  of  a  quadrilateral. 

Let  the  conies  be 

S  -  L2  =  0,         S  -  M3  =  0,         S  -  N-^  =  0. 
By  the  last  Article  the  chords  will  be 

L-M  =  0,  M-N  =  0,  N-L  =  0; 

L  +  M  =  0,  M  +  N=0,  N-L  =  0; 

L  +  M  =  0,  M-N  =  0,  N  +  L  =  0; 

L  -  JNI  =  0,  M  +  N  =  0,  N  +  L  =  0. 

As  in  the  last  Article,  we  might  deduce  hence  many  particu- 
lar theorems,  by  supposing  one  or  more  of  the  conies  to  break  up 
into  right  lines. 

Thus,  for  example,  if  both  S  and  S  -  L^  break  up  into  right 
lines  (which  will  happen  when  L  denotes  a  right  line  passin^r 
through  the  intersection  of  the  two  right  lines  denoted  by  S  (see 
Art.  loO)),  S  represents  two  common  tangents  to  S  -  M^  S  -  N-, 
while  S  -  L3  represents  any  two  right  lines  passing  through  the 
intersection  of  those  common  tangents.     Hence,  if  through  the  in- 
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tersectlon  of  the  connnon  tangents  of  two  conies  we  draw  any  pair  of 
right  lines,  the  chords  of  each  conic  joining  the  extremities  of  those 
lines  will  meet  on  one  of  the  common  chords  of  the  conies.  This  is 
the  extension  of  Art.  117.  Or,  again,  tangents  at  the  ext7'emities  of 
either  of  these  right  lines  loill  meet  on  one  of  the  common  cho7'ds. 

Again,  if  S  -  L^,  S  -  M^,  S  -  N^,  all  break  up  into  pairs  of 
right  lines,  they  will  form  a  hexagon  circumscribing  S,  the  chords 
of  intersection  will  be  diagonals  of  that  hexagon,  and  the  propo- 
sition of  this  Article  becomes  Brianchon's  theorem :  "  The  tht'ee 
opposite  diagonals  of  every  hexagon  circumscribing  a  conic  intersect 
in  a  points 

By  the  opposite  diagonals  we  mean  (if  the  sides  of  the  hexa- 
gon be  numbered  1,  2,  3,  4,  5,  6)  the  lines  joining  (1,  2)  to  (4,  5), 
(2,  3)  to  (5,  6),  and  (3,  4)  to  (G,  1);  and  by  changing  the  order 
in  which  we  take  the  sides,  we  may  consider  the  same  lines  as 
forming  a  number  (sixty)  of  difierent  hexagons,  for  each  of  which 
the  present  theorem  is  true. 

By  supposing  two  sides  of  the  hexagon  to  be  indefinitely  near, 
we  obtain  from  this  theorem  a  very  simple  construction, — "  Given 
five  tangents,  to  find  the  point  of  contact  of  any  of  them," — since 
any  tangent  is  intersected  by  a  consecutive  tangent  at  its  point  of 
contact  (Art.  130). 

2G5.  If  three  conic  sections  have  one  chord  common  to  all^  their 
three  other  common  chords  will  pass  through  the  same  point. 

Let  the  equation  of  one  be  S  =  0,  and  of  the  common  chord 
L  =  0,  then  the  equations  of  the  other  two  are  of  the  form 

S  -  LM  =  0,  S  -  LN  =  0, 

which  must  have,  for  their  intersection  with  each  other, 

L(M-N)  =  0; 
but  M  -  N  is  a  line  passing  through  the  point  (MN). 

According  to  the  remark  in  Art.  253,  this  is  only  an  extension 
of  the  theorem  (Art  110),  that  the  radical  axes  of  three  circles 
meet  in  a  point.     For  three  circles  have  one  chord  (the 'line  al     i 
infinity)  common  to  all,  and  the  radical  axes  are  their  other  com-     ' 
mon  chords. 

The  first  theorem  of  the  last  Article  may  be  considered  us  a 
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still  further  extension  of  the  same  theorem,  and  three  conies 
which  liave  each  double  contact  with  a  fourth  may  be  considered 
as  having  four  radical  centres,  through  each  of  which  pass  three 
of  their  common  chords. 

The  theorem  of  this  Article  may,  as  in  Art.  110,  be  otherwise 
enunciated :  Given  four  points  on  a  conic  section,  its  chord  of  inter- 
section ivith  a  fixed  conic  passing  through  ttvo  of  these  points  will  pass 
through  a  fixed  point. 

A  number  of  particular  inferences  may  also  be  drawn  from 
tlie  theorem  of  tlie  present  Article,  by  sup- 
posing one  or  more  of  the  conies  to  break  up 
into  two  right  lines.  Thus,  for  example,  if  o^ 
one  of  the  conies  break  up  into  the  pair  of 
lines  OA,  OB,  we  obtain  the  theorem: 
"  If  through  one  of  the  points  of  intersection 
of  two  conies  we  draw  any  line  meeting  the  conies  in  the  points 
P,  p,  and  through  any  other  point  of  intersection  B  a  line  meet- 
ing the  conies  in  the  points  Q,  q,  then  the  lines  PQ,  pq,  will  meet 
on  CD,  the  other  chord  of  intersection."  Next  let  the  points  A,  B, 
coincide,  then  the  two  conies  will  touch  at  A,  and  we  learn  that 
"  if  two  right  lines,  drawn  through  the  point  of  contact  of  two 
conies,  meet  the  curves  in  points  P,  p,  Q,  q,  then  the  chords  PQ,  pq, 
will  meet  on  the  chord  of  intersection  of  the  conies." 

This  is  a  particular  case  of  a  theorem  given  in  the  last  Article, 
since  one  intersection  of  common  tangents  to  two  conies  which 
touch,  reduces  to  the  point  of  contact  (Art.  119). 

This  theorem  is  equally  true,  if  the  conies  have  contact  with 
each  other  of  the  second  or  third  order  (see  Art.  244,  where  we 
showed  that  the  common  chord  passes  through  the  point  of  con- 
tact in  the  first  case,  and  coincides  with  the  tancfent  in  the 
second). 

266.  The  equation  of  a  conic  circumscribing  a  given  quadri- 
lateral, „^  ^  j.^^^ 

enables  us  to  write  down  the  equation  of  a  conic  passing  through 
five  points. 

For,  being  given  the  co-ordinates  of  four  of  them,  we  can,  by 
Art.  33,  form  the  equations  a,  /3,  7,  S,  and  then,  if  we  substitute 
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in  this  equation  the   co-ordinates  of  the  fifth  point,  we  obtain 

k  =  -—■„  where  a'(5'y'S'  are  the  results  of  this  substitution  in  aByS. 
p  o 

This  equation  also  furnishes  us  with  a  proof  of  "  Pascal's 
theorem,"  that  the  three  intersections  of  the  opposite  sides  of  any 
hexagon  inscribed  in  a  conic  section  are  in  one  7ight  line. 

Let  the  vertices  be  abcdef,  and  let  ab  denote  the  equation  of 
the  line  joining  the  points  a,  b,  then  since  the  conic  circumscribes 
the  quadrilateral  abed,  its  equation  must  be  capable  of  being  put 
into  the  form  ab.cd-bc.ad=  0. 

But  since  it  also  circumscribes  the  quadrilateral  defa,  the  same 
equation  must  be  capable  of  being  expressed  in  the  form 

de.fa  -  ef  .ad  =  0. 
From  the  identity  of  these  expressions  we  have 

ab  .  cd  ~  de  .fa  =  {be  -  ef)  ad. 

Hence  we  learn  that  the  left  hand  side  of  this  equation  (which 
from  its  form  represents  a  figure  circumscribing  the  quadrilateral 
formed  by  the  lines  ab,  cd,  de,  af)  is  resolvable  into  two  factors, 
which  must  therefore  represent  the  diagonals  of  that  quadrilateral. 
But  ad  is  evidently  the  diagonal  which  joins  the  vertices  a  and  d, 
therefore  be-  ef  must  be  the  other,  and  must  join  the  points 
{ab,  cd),  {de,  af) ;  and  since  from  its  form  it  denotes  a  line  through 
the  point  {be,  ef)  it  follows  that  these  three  points  are  in  one  right 
line. 

We  shall  in  the  next  chapter  give  another  demonstration  of 
this  important  theorem,  which,  as  we  shall  prove  in  the  next 
Part,  may  also  be  derived  as  a  simple  consequence  of  a  general 
property  of  lines  of  the  third  degree. 

By  supposing  two  vertices  of  the  hexagon  to  be  indefinitely 
near,  we  may,  "  given  five  points  on  a  conic,  draw  a  tangent  at 
any  of  these  points." 

267.  We  may,  as  in  the  case  of  Brianchon's  theorem,  obtain  a 
number  of  different  theorems  concerning  the  same  six  points,  ac- 
cording to  the  different  orders  in  which  we  take  them.  Thus 
since  the  conic  circumscribes  the  quadrilateral  beef,  its  equation 
can  be  expressed  in  the  form 

he.cf  -  beef  =^  0. 
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Now,  from  identifying  tliis  with  the  first  form  given  in  the  last 

Article,  we  have 

ah  .cd-  he  .cf  =  {ad  -  ef)  he ; 

whence,  as  before,  we  learn  that  the  three  points  {ah,  cf),  {cd,  he), 
{ad,  ef)  lie  in  one  right  line,  viz.,  ad  -  e/  =  0. 

In  like  manner,  from  identifying  the  second  and  third  forms 
of  the  equation  of  the  conic,  we  learn  that  the  three  points 
{de,  cf),  {fa,  he),  {ad,  be)  lie  in  one  right  line,  viz.,  he  -  ad  -  0. 
But  the  three  right  lines 

he  -  ef  =  0,     ef  -  ad  =  0,     ad  -  he  =  0, 

meet  in  a  point  (Art.  51).  Hence  we  have  Steiner's  theorem, 
that  "  the  three  Pascal's  lines  meet  in  a  point  which  are  obtained 
by  taking  the  vertices  in  the  orders  respectively,  ahedef  adcfeh, 
afehed.'"  For  some  further  developments  on  this  subject  we  refer 
the  reader  to  the  note  at  the  end  of  Chapter  XIV. 

TRILINEAR    CO-ORDINATES. 

2G8.  The  few  examples  we  have  given  are  sufficient  to  con- 
vince the  leai'ner  of  the  necessity  of  attending  to  the  interpretation 
of  the  equations  used  in  analytic  geometry,  and  of  the  importance 
of  taking  notice  of  the  theorems  often  spontaneously  presented  to 
us  by  the  form  of  our  equations.  The  beginner  may,  however, 
find  it  difficult  to  apply  these  methods,  when  the  object  is  not  to 
find  what  theorems  can  be  deduced  from  a  given  equation,  but  to 
discover  what  equations  will  demonstrate  a  given  theorem.  We 
proceed,  therefore,  to  show  that  in  this  latter  case  these  methods 
will  furnish  solutions,  although  not  so  rapid  as  in  the  former 
case,  yet  more  concise  than  those  obtained  by  ordinary  analytic 
geometry. 

We  proved  (Art.  62)  that,  being  given  the  equations  of  three 
lines  (a,  j3,  7),  there  is  no  line  whose  equation  may  not  be  put  into 
the  form  Aa  +  B/3  +  C7  =  0, 

(A,  B,  and  C,  being  constants). 

We  can  show,  in  like  manner,  that  there  is  no  conic  section 
whose  equation  may  not  be  written  in  the  form 

Aa2  +  BajS  +  C/3^'  +  Day  +  E/Sy  +  Fy2  =  0, 
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for  this  equation  is  of  the  second  degree,  and  since  it  contains  the 
same  number  of  independent  constants  (five)  as  the  equation 

I  Ax^  +  ^xy  +  Qif  +  Dx  +  Ey  +  F  =  0, 

it  is  equally  capable  of  representing  any  particular  conic. 

In  like  manner,  we  can  show  that  there  is  no  curve  of  any 
degree  whose  equation  may  not  be  expressed  as  a  homogeneous 
function  of  the  quantities  a,  j3,  y- 

For  it  can  be  readily  proved  that  the  number  of  terms  in 

the  complete  equation   of  the  7i^^  order,  between  two  variables, 

/     (w  +  1)  {n  +  2)  ,  .       „„  \    .     ,  IIP 

(  = r— ^r (Art.  7<S)  1,  IS  the  same  as  the  number  oi  terms 

in    the   homogeneous   equation    of  the    n"''   order    between  three 
variables. 

The  methods  used  (Arts.  59,  102,  &c.)  may  be  considered,  at 
pleasure,  either  as  abbreviated  forms  of  equations  expressed  in 
Cartesian  (or  x  and  y)  co-ordinates,  or  else  as  an  independent 
system  oi'  trilinear  co-ordinates,  in  which  the  position  of  any  point 
is  expressed  by  its  distances  from  three  fixed  right  lines,  a,  j3,  y. 
The  advantage  of  trilinear  co-ordinates  is,  that  whereas,  in  Car- 
tesian co-ordinates,  the  utmost  simplification  we  can  introduce  is 
by  choosing  two  of  the  most  remarkable  lines  in  the  figure  for 
our  axes  of  co-ordinates,  we  can,  in  trilinear  co-ordinates,  obtain 
still  more  simple  expressions,  by  choosing  three  of  the  most  re- 
markable lines  for  the  lines  of  reference,  a,  /3,  y.  We  shall  show 
hereafter  that  this  advantage  is  perfectly  analogous  to  that  gained 
by  the  use  o^the  method  of  projections,  and  that,  except  in  particu- 
lar cases,  both  methods  prove  too  feeble  when  applied  to  curves 
of  high  dimensions,  whose  equations  remain  too  complicated  even 
after  this  simplification. 

269.  Before  applying  this  method  to  examples,  we  wish  to 
show  that  Cartesian  co-ordinates  are  only  a  particular  case  of  tri- 
linear. There  appears,  at  first  sight,  to  be  an  essential  difference 
between  them,  since  trilinear  equations  are  always  homogeneous, 
while  we  are  accustomed  to  speak  of  Cartesian  equations  as  con- 
taining an  absolute  term,  terms  of  the  first  degree,  terms  of  the 
second  degree,  &c.  A  little  reflection,  however,  will  show  that 
this  difference  is  only  apparent,  and  that  Cartesian  equations  must 

2  G 
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be  equally  homogeneous  in  reality,  though  not  in  form.  The 
equation  ,x  =  3,  for  example,  must  mean  that  the  line  x  is  equal 
to  three  feet  or  three  inches,  or,  in  short,  to  three  times  some  li- 
near unit ;  the  equation  xy  =  9  must  mean  that  the  rectangle  »ry 
IS  equal  to  nine  square  feet  or  square  inches,  or  to  the  square  of 
some  linear  unit ;  and,  similarly,  in  the  equation 

A^2  +  B^^  +  Cf  +  Dx  +  Eij  +  F  =  0, 

if  the  co-efficients  A,  B,  C,  be  numbers,  the  co-efficients  D  and  E 
must  be  multiples  of  some  linear  unit,  and  the  co-efficient  F  a 
multiple  of  the  square  of  that  unit.  If  we  wish  to  have  our  equa- 
tion homogeneous  in  form  as  well  as  in  reality,  we  may  denote  our 
linear  unit  by  k,  and  write  the  equation  in  the  form 

A.^3  +  B^j/  +  c?/2  +  T>xk  +  Eijk  +  F/(;2  =  0.  (1) 

Now,  if  we  compare  this  equation  with  the  equation 

Aa2  +  Baj3  +  Cj33  +  Day  +  Ej3y  +  Fy2  =  Q ;  (2) 

and  remember  (Art.  64)  that  when  a  line  is  altogether  at  an  infi- 
nite distance  its  equation  takes  the  form  k  =  0,  we  learn  that 
equations  in  Cartesian  co-ordinates  are  only  the  j^tt'i^iiculur  form  as- 
sumed hy  trilinear  equations  when  two  of  the  lines  of  reference  are 
what  are  called  the  co-ordinate  axes,  while  the  third  is  at  an  infinite 
distance. 

270.  We  shall  find  it  of  the  greatest  advantage  to  keep  con- 
stantly in  view  the  analogy  which  subsists  between  these  two 
forms  of  equations.  If,  for  instance,  we  make  y  =  0  in  equation 
(2),  the  result  Aa-  +  Ba/3  +  C/3''  is  plainly  the  equation  of  the 
lines  joining  the  point  (a/3)  to  the  points  Avhere  y  cuts  the  curve. 
So,  in  like  manner,  if  we  make  A;  =  0  in  equation  (1),  the  result 
(^Ax^  +  B^y  +  C?/2  =  0)  must  be  the  equation  of  the  line  joining 
the  origin  {xy)  to  the  points  where  the  line  at  infinity  {k)  cuts  the 
curve  (Art.  127). 

In  like  manner,  the  equation  of  any  curve  may  be  written 

Un  +  Un-l  k  +  UnJ^k'  +  Un-^k^  +,  &C. 

(where  we  use  the  abbreviations  w«,  w„.i,  &c.  to  denote  terms  of 
the  w"',  n  -  1*',  &c.,  degrees). 

Now,  if  we  seek  the  points  where  the  line  at  infinity  meets 
the  curve,  we  have  only  to  make  ^  =  0,  and  we  obtain  the  equa- 
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tlon  Un  =  0 ;  hence  we  infer  that  the  directions  of  the  points  at  in- 
finity on  any  curve  are  found  by  putting  the  highest  terms  of  the 
equation  =  0. 

Again,  we  saw  (Art.  129),  that,  if  in  the  equation  of  the  second 
degree  A  =  0,  the  axis  of  x  will  meet  the  curve  in  one  infinitely 
distant  point.  The  same  thing  appears,  by  making  ?/  =  0  in  the 
equation,  which  will  then  reduce  to 

Bxk  +  Fk^  =  0. 

Now  this  is  not  to  be  considered  as  a  simple  equation,  but  as 
the  product  of  the  two  equations  ^'  =  0  and  Dx  +  ¥k  =  0.  The 
axis,  therefore,  meets  the  curve,  not  only  in  the  finite  point  where 
it  meet  the  line  (Dx  +  F),  but  also  in  the  point  at  infinity  where 
it  meets  the  line  k. 

In  like  manner,  if  both  A  and  D  =  0,  the  points  where  the 
axis  meets  the  curve  are  given  by  the  equation  Fk'^  =  0 ;  hence, 
the  axis  meets  the  curve  in  two  coincident  points  at  infinity,  and 
is,  therefore,  an  asymptote. 

This  is  the  most  simple  explanation  of  the  difficulty  noticed  in 
Art.  127.  The  same  explanation  may  be  given  in  other  cases  in 
which  an  equation  appears  to  lose  dimensions. 

271.  We  shall  commence  our  examples  of  the  use  of  trilinear 
co-ordinates  with  the  equation  of  a  conic  section,  referred  to  two 
tangents  and  their  chord  of  contact, 

LM  =  R2 

(Arts.  50  and  255),  and  shall  first  show  how  the  equation  of  any 
line  connected  with  the  conic  can  be  expressed  in  terms  of 
L,  M,  R. 

We  can  express  the  position  of  any  point  on  the  curve  by  a 
single  variable  (Art.  175)  ;  for  if 

be  the  equation  of  the  line  joining  any  point  on  the  curve  to 
(LR),  then,  substituting  in  the  equation  of  the  curve,  we  get 

M  =  fxR  and  fx^L  =  U 

for  the  equations  of  the  lines  joining  this  point  to  (MR)  and 
(LM) :  any  two  of  these  three  equations,  therefore,  will  determine 
a  point  on  the  curve.     We  shall  call  this  point  the  point  fi. 
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We  can  form,  by  Art.  68,  the  equation  of  the  line  joining  two 
points  on  the  curve  fx  and  /u',  and  we  get 

fjLfj^h  -  (^  +  ^')  R  +  M  =  0, 
an  equation  evidently  satisfied  by  either  of  the  suppositions 

(^L  =  R,  ;iR  =  M),  or  (^'L  =  R,  /^'R  =  M). 
If  ^  and  fjL  coincide,  we  find  the  equation  of  the  tangent,  viz., 

fx^Ju  -  2fxR  +  M  =  0. 

Hence,  conversely,  if  the  equation  of  a  right  line  (m^L-2^R+M=  0) 
contain  an  indeterminate  quantity  ^  in  the  second  degree,  the  right 
line  will  always  touch  a  conic  section  (LM  =  R^)  (Art.  69). 

272.  Given  four  points  of  a  conic,  the  anharmonic  ratio  of  the 
pencil  joining  them  to  any  fifth  point  is  constant. 

Let  the  points  be  (LR),  (MR),  fx,  ju",  then  the  four  lines  join- 
ing them  to  any  fifth  point  /x,  are 

)uL  -  R  =  0,  M  -  ^R  =  0, 

^'{fxL  -  R)  +  (M  -  /uR)  -0,     fx"(^iL  -  R)  +  (M  -  ^R)  =  0, 

and  their  anharmonic  ratio  is  (Art.  54)  =  ^„  and  is,  therefore, 

.At 
independent  of  the  position  of  the  point  fx. 

We  shall  in  future,  for  brevity,  use  the  expression,  "  the  an- 
harmonic ratio  of  four  points  of  a  conic,"  when  we  mean  the  anhar- 
monic ratio  of  a  pencil  joining  those  points  to  any  fifth  point  on  '< 
the  curve.  We  can  express  the  anharmonic  ratio  of  the  four 
points  ju',  fx",  fx",  \x"' ;  for  since  LR  is  a  point  on  the  conic,  it  is  that 
of  the  lines  joining  those  points  to  the  point  LR,  whose  equations 
are 

;u'L  -  R  =  0,    |u"L  -  R  =  0,    /'L  -  R  =.  0,    ^' "L  -  R  =  0, 

and  the  anharmonic  ratio  is  (Art.  55) 

{fl    -  fX)   {fX     -  fX     ) 

{fx  -  /')   (/x"  -  ^"")' 

a  form  easily  remembered  from  its  analogy  to  the  anharmonic  ra- 
tio of  four  points  in  a  right  line. 

Four  fixed  tangents  cut  any  fifth  in  points  tchose  anharmonic 
ratio  is  constant. 

Let  the  fixed  tangents  be  those  at  the  points  fx',  jli",  f.i",  fx""; 


I 
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and  the  variable  tangent  that  at  the  point  /m,  then  the  anharmonic 
ratio  in  question  is  the  same  as  that  of  the  pencil  joining  the  four 
points  of  intersection  to  the  point  LM.  Now  if  we  eliminate  R 
from  the  equations  of  any  two  tangents, 

lu^L  -  2^R  +  M  =  0, 
fx'-'L  -  2m'R  +  M  =  0, 
we  obtain  jufih  -  M  =  0, 

the  equation  of  the  line  joining  LM  to  the  intersection  of  these 
two  tangents.  The  anharmonic  ratio  in  question  is  therefore  that 
of  the  four  lines, 

fxfx'L  -  M  =  0,  /x|u"L  -  M  =  0,  |UM 'L  -  M  =  0,  ii,x""L  -U  =  0, 

■      which  by  Art.  55  is 

in  -  ^)   ifi    -  H   ) 


{fl   -  fX   )    {/x     -  fX    ) 

a  result  independent  of  ju.  Hence  too  we  see  that  the  anharmonic 
ratio  of  four  tangents  is  the  same  as  that  of  their  points  of 
contact. 

273.  Since  the  equation  of  the  line  joining  any  point  to  (LM) 
is  ju-L  -  M,  we  see  that  the  two  points  +  /x  and  -  /x  lie  on  a  right 
line  passing  through  LM. 

The  expression  given  in  the  last  Article  for  the  anharmonic 
ratio  of  four  points  on  a  conic,  fx',  fx",  fx",  /x"",  remains  unchanged, 
if  we  alter  the  sign  of  each  of  these  quantities ;  hence  we  derive 
an  important  theorem,  that  if  ice  draw  four  lines  through  any  iwint 
LM,  the  anharmonie  ratio  of  four  of  thej)oints  (ju',  fx\  fx",  fx'")  ichere 
these  lines  meet  the  conic,  is  equal  to  the  anhai^ionic  ratio  of  the 
other  four  points  (-//',-  ju",  -  fx",  -  fx"")  where  these  lines  meet  the 
conic. 

The  equation  in  this  form  enables  us  easily  to  investigate  pro- 
perties of  two  conic  sections  relating  to  the  point  of  intersection 
of  their  common  tangents.  For,  let  L  and  M  be  common  tan- 
gents to  two  conies,  and  their  equations  will  be 

LM  -  R2  =  0,  LM  -  R'2  =  0, 

A  point  of  one  conic  is  said  to  correspond  to  a  point  of  the 
other  if  the  line  joining  them  passes  through  (LM)  the  intersec- 
tion of  common  tangents.     This  will  be  the  case  if  they  have  the 
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same  ju,  since  the  equation  )u^L  -  M  =  0  does  not  involve  R  or  R'. 
Points  are  said  to  correspond  inversely  if  they  have  the  same  ju 
with  opposite  signs.  The  chord  joining  any  two  points  of  one 
conic  is  said  to  correspond  to  the  chord  joining  the  corresponding 
points  of  the  other. 

Corresponding  lines  must  meet  on  one  or  other  of  the  common 
chords  of  the  curves  (Art.  264). 

The  chords  of  intersection  of  LM  -  R-  and  LM  -  R'-  are 

R3  -  R'3  =  0, 

but  fxfxh  -  (^  +  ju')  R  +  M  =  0, 

iu/x'L-(|u  +  /z')R+M  =  0, 

evidently  intersect  on  the  common  chord  R  -  R'.  If  the  lines 
correspond  inversely,  they  meet  on  the  common  chord  R  +  R, 
as  will  be  seen  by  changing  the  signs  of  ^  and  ju'  in  the  latter 
equation. 

The  anharmonic  ratio  of  four  points  of  one  conic  is  equal  to  the 
anha7'monic  ratio  of  the  four  corresponding  points  of  the  other. 

This  useful  theorem  follows  immediately  from  the  expression 
for  the  anharmonic  ratio  of  four  points  given  in  the  last  Article, 
and  from  the  fact  that  corresponding  points  have  the  same  ^u. 

274.  To  find  the  equation  of  the  polar  of  any  point. 

Let  the  co-ordinates  of  the  point  substituted  in  the  equation 
of  either  tangent  through  it  give  the  result 

Now,  at  the  point  of  contact,  fx^  =  -=-,  and  /u  =  ^   (Art.  271), 

Li  Li 

Therefore,  the  co-ordinates  of  the  point  of  contact  satisfy  the 
equation  ML'  -  2RR  +  MX  =  0, 

which  is,  therefore,  that  of  the  polar  required. 

We  may  sometimes  express  a  point  by  the  equations 

aL  -  R  =  0,  6R  -  M  =  0 ; 

in  this  case,  by  exactly  the  same  method,  the  equation  of  the  po- 
lar is  found  to  be         abh  -  2aR  +  M  =  0. 

275.  It  is  evident  that  if  we  were  given  any  relation  between 
the  ju's  of  two  points,  we  could  find  the  envelope  of  the  chord 
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joining  them,  or  the  locus  of  the  intersection  of  their  tangents. 
One  or  two  simple  cases  of  this  are  worth  mentioning.  For  ex- 
ample, if  we  were  given  the  product  of  two  ju's,  fxfx  =  a,  then 
(Art.  272)  the  intersection  of  their  tangents  will  lie  on  the  right 
line  ah  -  M  =  0 ;  and  by  substituting  a  for  fxfx  in  the  equation  of 
the  chord  joining  the  points,  we  see  that  this  chord  must  pass 
through  the  fixed  point  (aL  -f  M,  R). 

In  general  the  chord  joining  two  points, 

fx^ilu  -  (At  +  At')  K  +  M  =  0, 
will  pass  through  a  fixed  point  (Art.  71)  if 

Ofifx  -  b{fx+  fx)  +  c  =  0, 
where  a,  b,  c,  are  any  constants ;  that  is,  if 

afx-  b 

If  the  ratio  of  two  ju's  be  given,  fx  =  kfx,  the  equation  of  the 
chord  becomes 

VL-(1  +/t)iuR  +  M  =  0; 

the  chord  must,  therefore  (Art.  271),  always  touch  the  conic 

4/lLM  =  (1  +  ^)2  R2. 

This  property  may  be  expressed  in  a  more  symmetrical  form, 
as  follows:  "  The  chord  joining  the  joints  jutan^,  jucot0,  will 

always  touch  the  conic  LM  =  .  ^  at  the  point  f.i.  on  that  co- 
nic." It  can  be  proved,  in  like  manner,  that  "  the  locus  of  the 
intersection  of  tangents  at  the  points  /x  tan  0  and  ^i  cot  0,  will  be 
the  conic  LM  =  R-  sin2  20." 

Since  the  expression  for  the  anharmonic  ratio  of  four  points 
on  a  conic  (Art.  272)  remains  unaltered,  if  we  multiply  each  fx 
either  by  tan  0  or  by  cot  0,  we  obtain  an  important  theorem :  "  If 
two  conies  have  double  contact,  the  anharmonic  ratio  of  four  of  the 
points  in  ivhich  any  four  tange7its  to  the  one  meet  the  other,  is  the 
same  as  that  of  the  other  four  points  in  ichich  the  four  tangents  meet 
the  curve,  and  also  the  same  as  that  of  the  four  j^oints  of  contact.''"'* 


*  This  extension  of  the  theorem  in  page  229  was  communicated  to  me  by  Jfr,  Town- 
send,  who  had  obtained  it  geometrically. 
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Or,  again :  "  If  from  four  points  of  one  of  the  conies  pairs  of 
tangents  be  drawn  to  the  other,  the  anharmonic  ratio  of  one  set 
of  points  of  contact  is  equal  to  the  anharmonic  ratio  of  the  other 
set." 

If,  in  the  expression  for  the  anharmonic  ratio  of  four  points 

(Art.  272),  we  substitute  for  each  fx, -J-  (a,  b,  c,  d,  being  con- 
stants), the  anharmonic  ratio  will  remain  unaltered.  It  will  be 
found  that  this  is  the  most  general  substitution  we  can  make  for 
j[(,  which  will  leave  the  anharmonic  ratio  unchanged.    The  chord 

joining  u, r-,  will  envelope  a  conic  having  double  contact 

''  °       c  +  dfi  ^  ° 

with  the  given  one.     For  its  equation  is 

ju  (a  +  i/i)  L  -  {(a  +  hfx)  +  n{c  +  d(i)]  R  +  (c  +  dii)  M  =  0, 

or         {hh  -  fZR)  fx^  +  (aL  -  ^»R  -  cR  +  dU)  ^u  +  cM  -  aR, 

a  line  always  touching  a  conic  whose  equation  can  be  written  in 
the  form 

4  {he  -  ad)  (LM  -  R^)  +  (aL  +  (&  -  c)  R  -  dU]^  =  0, 

and  which,  therefore,  has  double  contact  with  the  given  conic. 
We  may  see,  from  the  beginning  of  this  Article,  that  the  touched 
conic  will  reduce  to  a  point  if  (^  =  -  c. 

Hence,  "Given  three  pairs  of  points  on  a  conic.  A,  B,  C; 
A',  B',  C ;  the  envelope  of  a  fourth  line  DD',  such  that  the  an- 
harmonic ratio  of  ABCD  is  equal  to  that  of  A'B'C'D',  will  be  a 
conic  having  double  contact  with  the  given  one." 

276.  From  the  preceding  Articles  we  are  enabled  to  apply 
trilinear  co-ordinates  to  the  investigation  of  any  question  relating 
to  the  position  of  lines  (Art.  1).  We  suppress  some  formulae  re- 
lating to  the  magnitude  of  lines  and  angles,  as,  where  these  are 
concerned,  it  is  in  general  more  advantageous  to  use  ordinary 
rectangular  co-ordinates.  In  the  following  examples  we  have 
designedly  selected  questions  which  seemed  least  readily  to  admit 
of  the  application  of  algebraic  methods. 

Ex.  1.  A  triangle  is  circumscribed  to  a  given  conic ;  two  of  its 
vertices  move  on  fixed  right  lines  :  to  find  the  locus  of  the  tldrd. 

Let  us  take  for  lines  of  reference  the  two  tansfcnts  through  the 


or 
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r  intersection  of  the  fixed  lines,  and  their  chord  of  contact.     Let 
1  the  equations  of  the  fixed  lines  be 

I  rtL  -  M  =  0,        6L  -  M  =  0, 

?  while  that  of  the  conic  is 

I  LM  -  R2,  =  0. 

Now  we  proved  (Art.  275)  that  two  tangents  which  meet  on 

,  J  aL  -  M  must  have  the  product  of  their  fis  =  a;  hence,  if  one  side 

of  the  triangle  touch  at  the  point  ju,  the  others  will  touch  at  the 

points  — ,  -,  and  their  equations  will  be 

^L-2-R  +  M  =  0, 

h^  h 

^L-2-R  +  M  =  0. 

/J.  can  easily  be  eliminated  from  the  last  two  equations,  and  the 
locus  of  the  vertex  is  found  to  be 

(a  +  oy 

the  equation  of  a  conic  having  double  contact  with  the  given  one 

"  J  alon"  the  line  R. 
ed 

Ex.  2.  To  find  the  envelope  of  the  base  of  a  triangle,  inscribed  in 


a  conic,  and  ichose  tioo  sides  pass  through  fixed  points. 

Take  the  line  joining  the  fixed  points  for  R,  let  the  equation 

of  the  conic  be  LM  =  R'^,  and  those  of  the  lines  joining  the  fixed 

points  to  LM  be 

aL  +  M  =  0,         bL  +  M  =  0. 

] ,  Now  it  was  proved  (Art.  275)  that  the  extremities  of  any  chord 

passing  througli  (aL  +  M,  R),  must  have  the  product  of  their  ju's  =  a. 

Hence,  if  the  vertex  be  fi,  the  base  angles  must  be  -  and  -, 

fx  n 

and  the  equation  of  the  base  must  be 

ahh-(a  +  b)nR  +  fi^M.  =  0. 
The  base  must,  therefore  (Art.  271),  always  touch  the  conic 

4a6 

a  conic  having  double  contact  with  the  given  one  along  the  line 

joining  the  given  points. 

2  H 
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Ex.  3.  To  inscribe  in  a  conic  section  a  ttiancjle  ivhose  sides  pass 
through  three  given  points. 

Two  of  the  points  being  assumed,  as  in  the  last  example,  we 
saw  that  the  equation  of  the  base  must  be 

ah\^  -{a+h)fiU  +  ix^ll  =  0.  ! 

Now  if  this  line  pass  through  the  point  cL  -  R  =  0,  f?R  -  M  =  0,    1 
we  must  have  ah  -  (a  +  b)fiC  +  fi'cd  =  0, 

an  equation  sufficient  to  determine  /.t. 

Now  at  the  point  fx  we  have  juL  =  R,  ^^L  -  M ;  hence  the  co- 
ordinates of  this  point  must  satisfy  the  equation 

fl/>L  -  (a  +  h)cR  +  cdM  =  0. 

The  question,  therefore,  admits  of  two  solutions,  for  either  of  the 
points  in  which  this  line  meets  the  curve  may  be  taken  for  the 
vertex  of  the  required  triangle. 

The  solution  here  given,  although  algebraically  complete,  has 
the  disadvantage  of  not  pointing  out  how  to  construct  geometri- 
cally the  line  whose  equation  has  just  been  given ;  it  will  be  a  i 
useful  exercise,  however,  on  the  preceding  formulae,  if  the  student  • 
verify  by  this  method  the  following  construction,  which  we  shall 
prove  otherwise  in  the  next  chapter :  "  Form  tlie  triangle  whose 
sides  are  the  polars  of  the  three  given  points,  join  each  point  to 
the  opposite  vertex  of  this  triangle,  and  the  line  joining  the  points 
in  which  two  of  these  lines  meet  the  opposite  sides  of  the  polar 
triangle  will  be  the  required  line." 

The  three  given  points  are  ,i 

(aL  +  M,  R),     {h'L  +  M,  R),     (eL  -  R,  (?R  -  M), 
and  the  three  polars, 

oL  -  M,     hi.  -  M,     c(/L  -  2cR  +  M ; 
the  three  joining  lines  are 

6  (a  +  cd)  L  -  2c  (rt  +  6)  R  +  (rt  +  c^)  M  =  0, 

a{b  +  cd)  L  -  2c  (a  +  ^>)  R  +  (6  +  cd)  M  =  0, 

cdh  -  M  -  0. 


Now,  the  line  whose  equation  we  want  to  construct  passes  through 
the  intersection  of  the  first  of  these  lines  with  b\j  -  M,  and  of  the 
second  with  aL  -  M. 
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Ex.  4.  Mac  Laurin's  method  of  generating  conic  sections. 
The  three  sides  of  a  tnangle  pass  through  three  Jicved  points,  and  two 
vertices  move  on  fixed  lines,  the  third  vertex  ivill  describe  a  conic 
section. 

Let  the  triangle  formed  by  the  given  points  be  L,  M,  N. 
Let  the  given  lines  be 

L  +  aM  +  Z*N  -  0,  (1) 

L  +  a'M  +  ^.'N  =  0.  (2) 

Let  the  base  of  the  triangle  be 

L  =  ^M.  (3) 

Substituting  this  value  of  L  in  (1)  we  find,  for  the  equation  of  the 
line  joining  (1,  3)  to  (M,  N), 

(fx  +  a)  M  +  Z;N  =  0. 

In  like  manner,  the  line  joining  (2,  3)  to  (L,  N)  is 

{fx  +  a)L  +  fxm  =  0. 

Eliminating  ju  from  the  last  two  equations,  the  equation  of  the 

locus  is  a'LM  =  (aM  +  Z/N)  (L  +  Z»'N). 

The   locus  is,   therefore,    a    conic   passing    through   the    points 
(L,N),  (M,N),  (L,l),  (M,2). 

Ex.  5.  The  base  of  a  triangle  touches  a  given  conic,  its  extre- 
mities move  on  tico  fixed  tangents  to  the  conic,  and  the  other  tivo  sides 
of  the  triangle  pass  through  fixed  points :  find  the  locus  of  the  vertex. 

Let  the  fixed  tangents  be  L,  M,  and  the  equation  of  the  conic 
LM  =  R3. 

Let  the  fixed  points  be  (aL  -  R,  iR  -  M),  («'L  -  R,  UR  -  M). 
Then  the  equation  of  the  line  joining  (ju-L  -  2juR  +  M,  L)  to  the 
first  point  is  a{1ii  -  />)  L  -  2^R  +  M  =  0. 

Li  like  manner,  the  other  side  of  the  triangle  is 

^xdyiu  -  2a'^*'R  +  {"la  -  |u)  M  =  0. 
Eliminating  ju,  the  locus  of  the  vertex  is  found  to  be 

4a' (aL  -  R)  (Z-'R  -  M)  =  {dhlj  -  M)  {cihh  -  M), 
the  equation  of  a  conic  through  the  two  given  points. 

Ex.  6.  If  in  the  last  example  the  extj^eniities  of  the  base  He  on 
any  conic  having  double  contact  loith  the  given  conic,  and  passing 
through  the  given  points,  to  find  the  locus  of  the  vertex. 


236  METHODS  OF  ABRIDGED  NOTATION. 

Let  the  conies  be 

LM  -  R2  =  0,     LM  -  -^-—-  =  0, 

then,  if  any  line  touch  the  latter  at  the  point  ju,  it  will,  by  Art.  275, 
meet  the  former  in  the  points  /x  tan  ^  and  fx  cot  0,  and  if  the  fixed 
points  are  ^t',  ju",  the  equations  of  the  sides  are 

fifi'  tan  ^L  -  (^'  +  |u  tan  0)  R  +  M  =  0, 

juju"cot(/)L  -  (/+  jucot</,)R  +  M. 

Eliminating  ju,  the  locus  is  found  to  be 

(M  -  fx'R)  (|u"L  -  R)  =  tan20(M  -  ^"R)  (^'L  -  R). 

FOCAL  PROPERTIES. 

277.  The  equation  L^  +  M'^  -  R3  =  0  (p.  215)  is  one  of  great 
importance,  and,  as  well  as  the  equation  LM  =  R^,  admits  of  our 
expressing  the  position  of  any  point  on  the  curve  by  a  single  in- 
determinate.    We  may  suppose 

L  =  R  cos  (j),         M  =  R  sin  0 ; 
then,  as  in  Art.  178,  the  chord  joining  any  two  points  is 

L  cos  ^  (^  +  0')  +  M  sin  ^  (0  +  0')  =  R  cos  ^{<p-  0'), 
and  the  tangent  at  any  point  is  j 

L  cos  0  +  M  sin  ^  =  R. 

The  most  important  application  of  this  equation  is  in  obtaining 
the  properties  of  the  foci.  For  if  x  =  0,  ?/  =  0,  be  any  lines  at 
right  angles  to  each  other  through  a  focus,  and  ^  =  0  the  equation 
of  the  directrix,  the  equation  of  the  curve  is 

A'2  +  ?/^  =  e^y^, 

a  particular  form  of  the  equation  we  are  examining. 

The  form  of  the  equation  shows  (Art.  255,  XL)  that  the  focus 
{.vi/)  is  the  pole  of  the  directrix  y,  and  that  the  polar  of  any  point 
on  the  directrix  is  perpendicular  to  the  line  joining  it  to  tlie  focus,  ^, 
for  y,  the  polar  of  (xy),  is  perpendicular  to  x,  but  .v  may  be  any 
line  drawn  through  the  focus. 

The  form  of  the  equation  shows  tliat  the  two  imaginary  lines 
represented  by  the  equation  (.f^  +  y^  =  0)  are  tangents  drawn 
through  the  focus.     Now,  since  these  lines  are  the  same  whatever 


I 
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y  be,  it  appears  that  all  conies  which  have  the  same  focus  have  two 
ima(jina7'y  common  tangents  passing  through  this  focus.  All  conies, 
therefore,  which  have  both  foci  common,  have  four  imaginary 
common  tangents,  and  may  be  considered  as  conies  inscribed  in 
the  same  quadrilateral.  The  imaginary  tangents  through  the 
focus  {x^  +  ?/2  =  0)  are  the  same  as  the  lines  drawn  to  the  two 
imaginary  points  at  infinity  on  any  circle  (see  Art.  253).  Hence 
we  obtain  the  following  general  conception  of  foci,  which  we  shall 
find  useful  afterwards:  "  Through  each  of  the  two  imaginary 
points  at  infinity  on  any  circle  draw  two  tangents  to  the  conic ; 
these  tangents  will  form  a  quadrilateral,  two  of  whose  vertices 
will  be  real  and  the  foci  of  the  curve,  the  other  two  may  be  con- 
sidered as  imaginary  foci  of  the  curve." 

278,  The  tangents  through  (y,  x)  to  the  curve  are  evidently 
ej  +  x  and  ey  -  x.  If,  therefore,  the  curve  be  a  parabola,  e=\\ 
and  the  tangents  are  the  internal  and  external  bisectors  of  the 
angle  {jx).  Hence,  "  tangents  to  a  parabola  from  any  point  on 
the  directrix  are  at  right  angles  to  each  other." 

In  general,  since  x  =  ey  cos  (p,  y  =  ey  sin  0,  we  have 

V 

-  =  tan  6  ; 
X  ^ 

or  ^  expresses  the  angle  which  any  radius  vector  makes  with  x. 
Hence  we  can  find  the  envelope  of  a  chord  which  subtends  a 
constant  angle  at  the  focus,  for  the  chord 

A'cos^(^  +  ^')  +  ?/sin^(0  +  (/)')  =  e-ycosK^  -  ^'), 

if  0  -  0'  be  constant,  must,  by  the  present  section,  always  touch 

.r2  +  ?/2  =  e2^2cos2i(0-f), 

a  conic  having  the  same  focus  and  directrix  as  the  given  one. 

279.  The  line  joining  the  focus  to  the  intersection  of  two  tan- 
gents is  found  by  subtracting 

X  cos  ^  +  ?/  sin  0  -  e'y  =  0, 
X  cos  <p'  +  y  sin  (^  -  ey  =  0, 

to  be  X  sin  -1(0  +  0')  -  y  cos  i  (0  +  ^')  =  0, 

the  equation  of  a  line  making  an  angle  2  (0  +  0  )  with  the  axis  of 
X,  and  therefore  bisecting  the  angle  betioeen  the  focal  7'adii. 
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The  line  joining  to  the  focus  the  point  where  the  chord  of  con- 
tact meets  the  directrix  is 

X  cos  i  («^  +  0)  +  ?/  sin  1(0  +  0')  =  0, 
a  line  evidently  at  rigid  angles  to  the  last. 

To  find  the  locus  of  the  intersection  of  tangents  at  points  ivhich 
subtend  a  given  angle  at  the  focus. 

The  elimination  is  precisely  the  same  as  in  Ex.  4,  p.  91,  and 
the  locus  will  be  found  to  be  a  conic  having  the  same  focus  and 

o 

e 

directrix  as  the  ffiven  one,  and  eccentricity  = z -. 

cosi(0-0) 

If  the  curve  be  a  parabola,  tlie  angle  between  the  tangents  is 
in  this  case  given.  For  the  tangent  {x  cos  0  +  ?/  sin0  -  -y)  bisects 
the  angle  between  .^•cos0  +  ?/sin0  and  y.  Tlie  angle  between  the 
tangents  is,  therefore,  half  the  angle  between  it"cos0  +  ?/sin0  and 
x cos  <j)  +  g sin  (!>' ,  or  =  |(0  -  0')-  Hence,  the  angle  hetioeen  two 
tangents  to  a  parabola  is  half  the  angle  which  the  points  of  contact 
subtend  at  the  focus  ;  and  again,  the  locus  of  the  intersection  of  tan- 
gents to  a  parabola,  which  contain  a  given  angle,  is  a  hyperbola  with 
the  same  focus  and  directrix,  and  whose  eccentriciig  is  the  secant  of 
the  given  angle,  or  whose  asymptotes  contain  double  the  given 
angle  (Art.  161). 

ENVELOPES. 

280.  We  have  seen  that  the  line  represented  by  the  equation 

^2L  -  2|uR  +  M  =  0, 

always  touches  the  curve  LM  =  R^, 

We  wish  the  reader  to  take  notice  that  this  will  be  the  case 
whether  L,  M,  R  represent  rigid  lines  or  not.     For  the  equation 

|u/u'L  -  (^  +  ;x')  R  +  M  =  0 

must  be  satisfied  for  any  points  which  satisfy  the  equations 

(^L-R-0,  ^tR-M  =  0),     (^'L-R  =  0,  |u'R-M  =  0), 

and  is  therefore  the  equation  of  a  curve  passing  tlirough  the  points 
in  which  jttL  -  R  and  ju'L  -  R  meet  LM  -  R"-'.  Now  let  jjl  =  fx, 
and  we  see  that  ju-L  -  2j(tR  +  M  touches  LM  -  R-  in  the  points 
where  //L  -  R  meets  it. 
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Similar  remarks  apply  to  the  equation 

L  cos  0  +  M  sin  ^  =  R, 

wliich  indeed  may  be  reduced  to  the  preceding  form  by  assuming 
tan  ^^  =  ju,  as  we  have  then 

1  -  iu2       .  2^ 

and  substituting  these  values,  and  clearing  of  fractions,  we  have 
an  equation  in  which  fi  only  enters  in  the  second  degree. 

If,  therefore,  we  are  required  to  find  the  curve  always  touched 
by  a  variable  line,  we  have  only  to  form  its  equation  so  as  to  con- 
tain only  a  single  indeterminate,  and,  if  this  indeterminate  he  only 
in  the  second  degree,  the  envelope  can  be  found  as  above.  We  can 
in  like  manner  find  the  envelope  of  a  line  whose  equation  contains 
tioo  indeterminates,  provided  these  be  connected  by  some  given 
relation,  for  we  have  only  to  eliminate  one  of  the  indeterminates 
by  the  help  of  the  given  relation. 

Ex.  1.  To  find  the  envelope  of  a  line  such  that  the  product  of  the 
perjjendicidars  on  it  from  tivo  fixed  p>oints  may  he  constant. 

Take  for  axes  the  line  joining  the  fixed  points  and  a  perpen- 
dicular through  its  middle  point,  so  that  the  co-ordinates  of  the 
fixed  points  may  be  y  =  0,  x  =  ±c;  then  if  the  variable  line  be 
y  -  mx  +  7i  =  0,  we  have  by  the  conditions  of  the  question 

{n  +  inc)  {n  -  mc)  =  h-(l  +  m~), 
or  «^  =  h'^  +  h'^  m^  +  c^m^^ 

but  n^  =  y^  -  2mxy  +  m^x^, 

therefore  m^(x^  -  i-  -  c^)  -  27nxy  +  y'^  -  h^  =  0; 

and  the  envelope  is 

.«2^2  =  (^3  -  6-2  -  C2)  (^3  _  ^2)^ 

or  x^      +  ^  =  1 

62  +  C3         62 

Ex.  2.  Tlirough  a  fixed  point  O  any  line  OP  is  drawn  to  meet 
a  fixed  line ;  to  find  the  envelope  of  PQ  drawn  so  as  to  make  the 
angle  OPQ  constant. 

Let  OP  make  the  angle  0  with  the  perpendicular  on  the  fixed 
line,  and  its  length  is  psecd;  but  the  perpendicular  from  O  on 
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PQ  makes  a  fixed  angle  j3  witli  OP,  therefore  its  length  is 
=  psec0cos/3;  and  since  this  perpendicular  makes  an  angle 
=  0  +  (5  with  the  perpendicular  on  the  fixed  line,  if  we  assume 
the  latter  for  the  axis  of  x,  the  equation  of  PQ  is 

X  cos  {B  +  (5)  +  y  sin  (0  +  /3)  =  p  sec  0  cos  /3, 
or    A'cos(20  4  /3)  +  ?/sin(20  +  /3)  =  2pcosj3 -.r  cosj3  -  ?/sin/3, 
an  equation  of  the  form 

L  cos  ^  +  M  sin  ^  =  R, 
whose  envelope,  therefore,  is 

/c2  +  7/2  =  [x  cos  )3  +  ?/  sin  (5  -  2p  cos  /3)^, 

the  equation  of  a  parabola  having  the  point  O  for  its  focus. 

A     B 

Ex.  3.   To  find  the  envelope  of  the  line  —  +  —  =  1,  where  the  in- 

determinates  are  connected  hy  the  relation  ix  +  fi  =0. 

We  may  substitute  for  fx,  C  -  fx,  and  clear  of  fractions ;  the 
envelope  is  thus  found  to  be 

A2  +  B3  +  03  -  2AB  -  2A0  -  2B0  =  0, 
an  equation  to  which   the  following  form  will  be  found  to  be 
equivalent,  +^A+VB+v'C=0. 

Thus,  for  example.  Given  vertical  angle  and  sum  of  sides  of  a  tri- 
angle, to  find  the  envelope  of  base. 
The  equation  of  the  base  is 

where  a  ■¥  h  =  c. 

The  envelope  is,  therefore, 

x^  +  2/2  -  2xy  -  2cx  -  2cy  +  c^  =  0, 

a  parabola  touching  the  sides  x  and  y. 

In  like  manner.  Given  in  position  tioo  conjugate  diameters  of  an 
ellipse,  and  the  sum  of  their  squares,  to  find  its  envelope. 

If  in  the  equation 

:^  4.  ^  -1 
a  3  ^  b'^ 

we  have  a'^  +  b''^  =  c-,  the  envelope  is 

X  ±  y  ±  c  =  0. 
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The  ellipse,  therefore,   must  always  touch   four   hxeJ  right 
lines. 

Ex.  4.  Again,*  given  the  two  equations 

ABO      ^' 

V(tict)+  V(fx'b)+  V(iu"c)  =  0, 

if  we  eliminate  fi\  the  equation  in  ^  will  be  only  of  the  secontl 
order,  and  the  envelope  will  be  found  to  be 

Aa  +  BIj  +  Cc  =  O.t 

Thus,  for  example,  in  the  equation  of  a  conic  circumscribing 
a  triangle,  '        " 

a       (3        y 

(Art.  102),  if  the  constants  be  connected  by  the  relation 

V  {ixa)  +  V  ifi'b)  +  V  ifx"c)  =  0, 
the  conic  will  touch  the  right  line 

aa  +  6(3  +  Cy  =  0. 
Or,  again,  in  the  equation  of  a  conic  inscribed  in  a  triangle, 

V{fJia)  +  V(fx'i3)  +  v/(iu"7)  =  ^ 
(Art.  lOo),  if  the  constants  be  connected  by  the  relation 

n  +  f^+f^^o 

ABC        ' 

the  conic  will  touch  the  rioht  line 

Aa  +  B/3  +  Cy  =  0. 

281.  These  principles  enable  us  to  write  the  equation  of  a 
conic  having  double  contact  with  two  given  conies,  S  and  S'.   Let 

*  This  example,  and  its  applications,  are  taken  from  Mr.  H.ea.rn's  Researches  on  Conic 
^Sections, 

t  In  general,  given  the  two  equations 

(/tA)'«  +  (/i'B)'«  -f  ()ii"C)'»  =  0, 
(fia)'^  +  (n'b)"  +  (^"c)"    =  0, 
it  can  be  proved  that  the  envelope  is 

*nn  vm  mii 


a)       [lil       VcJ 
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E  and  F  be  their  chords  of  intersection,  so  that  S  -  S'  =  EF,  then 
the  equation  of  any  conic  touching  the  two  will  be 

|u3E3-2;u(S+  S')  +  F-'  =  0. 

For,  if  we  seek  the  envelope  of  this  conic,  we  find 

E^F2  -  (S  +  S')2  =  0,  or  4SS'  =  0; 

hence  this  conic  touches  both  the  given  ones. 

Since  ju  is  of  the  second  degree,  we  see  that  through  any 
point  can  be  drawn  two  conies,  each  of  which  will  have  double 
contact  with  the  given  ones ;  and  it  can  be  proved  that  one  of  | 
the  chords  of  intersection  of  these  conies  is  the  line  joining  the 
given  point  to  (EF),  and  the  other  the  fourth  harmonic  to  this 
line,  E  and  F. 

The  equation  of  a  conic  inscribed  in  a  quadrilateral  is  a  par- 
ticular case  of  the  foregoing,  and  is  i 

iu2E3-2^(AC  +  BD)  +  F2  =  0,  ^ 

where  ABCD  are  the  sides,  EF  the  diagonals,  and  AC  -  BD  =  EF. 


i 
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282.  The  equation  of  a  conic  having  double  contact  with  two 
circles  can  be  expressed  in  a  simpler  form,  viz., 

^2-2^(C  +  C')  +  (C-C')2  =  0. 

■'.' 
The  chords  of  contact  of  the  conic  with  the  circles  are  found 

to  be  C  -  C'+  ^  =  0,  and  C  -  C -  ^  -  0,  j 

which  are,  therefore,  parallel  to  each  other,  and  equidistant  from 
the  radical  axis  of  the  circles.  This  equation  may  also  be  written 
in  the  form  V  C  ±  V  G' =  V  fi-  | 

Hence,  the  locus  of  a  point,  the  sum  or  difference  of  ichose  tangents 
to  tioo  given  circles  is  constant,  is  a  conic  having  double  contact  with 
the  two  circles.  If  we  suppose  both  circles  infinitely  small,  we  ob- 
tain the  fundamental  property  of  the  foci  of  the  conic. 

GENERAL  EQUATION  OF  THE  SECOND  DEGREE. 

283.  We  have  already  seen  that  the  general  trilinear  equation 
of  the  second  degree  is 

Aa2  +  Ba/3  +  C/32  +  Day  +  EjSy  +  Fy^  =  0. 

We  may  reduce  the  number  of  expressed  constants  by  includingj 
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hree  of  them  implicitly  in  the  equations  of  the  lines  of  reference, 
md  writing       av/A=L,     (.^y/C  =  M,     yVF  =  N, 
md  the  equation  of  the  conic  may  be  written  in  the  form 
L2  +  M2  +  W  +  2nLM  +  2^MN  +  2mNL  =  0. 

This  equation  is  evidently  equivalent  to  the  equation 

-    (L  +  wM  +  7nN)2  +  (1  -  n2)  M^'  +  (1  -  m^)  N^  +  2  (Z  -  mn)  MN ; 

3ut  the  last  three  terms  are  the  equation  of  two  right  lines  drawn 
lirough  (MN) ;  hence  (Art.  255,  X.)  L  +  nM  +  viN  is  the  choid 
)f  contact  of  two  tangents  drawn  through  (ININ),  that  is  to  say, 
,he  polar  of  the  point  (MN). 

In  like  manner,  the  polar  of  NL  is 

md  the  polar  of  LM  is 

N  +  ZM  +  nL  =  0. 

;t  can  hence  readily  be  inferred  that  tJie  three  points  in  ichich  any 
nangle  meets  the  sides  of  its  polar  triangle  are  in  one  tight  line, 

L      M     N     ^ 

-y  +  —  +  —  =  0. 
L       m      n 

^gain,  the  lines  joining  the  vertices  of  any  triangle  to  the  correspond- 
jig  vertices  of  the  polar  triangle  will  meet  in  a  point  (see  page  96). 
Tor  these  lines  can  easily  be  proved  to  be 

{I  -  mn)  L  -  {m  -  nl)  M  =  0, 

{m-nl)M  -  (n  -Zm)N-0, 

{n  ~  bn)  N  -  (Z  -  mn)  L  =  0. 

Want  of  space  compels  us  to  omit  some  examples  of  questions 
olved  by  means  of  the  general  trilinear  equation.  This  equation 
6,  in  general,  less  convenient  than  the  form  (LM  =  R-),  because 
e  get  a  quadratic  to  determine  the  points  of  intersection  with  the 
iurve  of  any  line  through  (LM).  The  student  may  examine  by 
his  method  (Ex.  3,  p.  234),  and  he  will  find  that  the  solution, 
ilthough  more  troublesome  to  obtain  than  the  solution  there  given, 
ret  leads  more  easily  to  the  geometrical  construction. 

284.  The  form  of  the  equation  of  the  tangents  through  (LM) 
eads  to  an  important  property  of  the  sides  of  u  circumscribing 


244  METHODS  OF  ABRIDGED  NOTATION. 

hexagon,  and  affords  a  useful  test  for  determining  whether  six 

lines  touch  a  conic. 
The  tangents  are 

(1  -  m2)  L2  +  2  (71  -  Im)  LM  +  (1  -  P)  W  =  0, 
(1  -  n2)  M2  +  2  (^  -  mn)  MN  +  (1  -  iii^)W  =  0, 
(1  -  l^)  W   +2  {m  -  In)  NL  +  (1  -  n^)  U  =  0. 

Now,  if  the  roots  of  the  first  equation  be  L  =  ^M,  L  =  ju'M,  we 
have  1-/2 

The  corresponding  quantities  for  the  other  equations  are j; 

and  :; ,  and  these  three  multiplied  together  are  =  1.     Now, 

\  -  n^ 

recollecting  the  meaning  of  ju  (Art.  53)  we  learn,  that  if  A,  B,  C, 

D,  E,  F,  be  the  vertices  of  a  circumscribing  hexagon, 

sin  EAB  .  sin  FAB  .  sin  FBC  .  sin  DEC  .  sin  DCA  .  sin  EGA  _ 
si^EACTdn  FAC .  sin  FB A .  sin  DBA.  sin  DCB  .  sin  ECB  " 

Hence,  also,  if  the  equations  of  three  pairs  of  lines  can  be  put  into 
the  form  L^  +  M^  -  2w'LM  =  0, 

M2  +  W  -  2n\IN  =  0, 
N2  +  L2  -  27n'NL  =  0, 

they  will  touch  the  same  conic  section,  for  the  equations  last  given 
can  be  reduced  to  this  form  by  writing  v'  (1  -  ^*)L  for  L,  &c. 

285.  We  saw  that  the  polar  of  any  point  (/By),  with  regard 
to  the  conic,  S  =  0,  or  a^  +  2a(»n/3  +  ^7)  +  j3'-  +  7-  +  ^l^y  =  0,  is 

a  +  Wij3  +  ^7  =  0. 

Now,  this  is  the  first  derived  equation  of  S  =  0,  considered  as  a 

function  of  a.     We  shall  anticipate  the  notation  of  the  calculus, 

tZS 
and  denote  ihis  derived  equation  by  — — 

da 

In  like  manner,  the  polar  of  (07),  with  regard  to  S,  is  the 

7Q 

first  derived  equation  of  S,  considered  as  a  function  of  i3,  =  -n? 

.    dS  "i^ 

and  the  polar  of  a/3  is  — .     Hence,  if  the  equation  of  a  conic  be 

expressed  in  tei^rns  of  the  equations  of  three  rigid  lines,  the  equation 
of  the  polar  of  the  intersection  of  any  tico  of  them  is  the  first  derived 
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of  the  equation  of  the  conic,  considered  as  a  function  of  the  third  line. 
The  equations  of  polars  given  already  are  particular  cases  of  this. 
For  example,  the  polar  of  the  origin  {xy),  with  regard  to 

Aa'2  +  "Qxy  +  Cy^  +  T>xk  +  Y.7jk  +  Yk^  =  0, 

is  Bx  +  Ey  +  2FA  =  0, 

that  is,  its  first  derived  equation  with  regard  to  k. 

Again,  the  equation  of  the  diameter  which  bisects  chords  pa- 
rallel to  the  axis  of  ^r  is 

-P  =  0,     or  2A^  +  By  +  Dk  =  0, 
dx 

and  we  shall  show  hereafter  that  this  diameter  may  be  considered 
as  the  polar  of  the  point  (yk)  at  infinity  on  the  axis  of  x. 

286.  Ex.  1.  Given  four  points  on  a  conic,  the  polar  of  any  other 
given  point  will  pass  through  a  fixed  point. 

The  equation  of  the  conic  must  be  of  the  form  S  -  ^^S'  ==  0, 
where  S  and  S'  are  any  two  conies  through  the  four  points :  now 

the  polar  of  any  point  /Sy  with  regard  to  this  is   -^^ — =  0, 

which,  it  will  be  seen,  is  equivalent  to 

—  -k-—  =0;* 

and  since  this  equation  only  involves  k  in  the  first  degree,  it  will 
pass  through  a  fixed  point. 

Ex.  2.  To  find  the  locus  of  the  pole  of  a  given  line  (y),  ivitli  re- 
gard  to  a  conic  of  which  four  points  are  given. 

Wc  have  to  eliminate  k  from  the  equations 

_  -  ^  __  =  0, 
(la  cla 

rfS       ,  d'& 

^Ijd"    dj5^    ' 

*  We  may  mention  here,  that  if  tlie  axes  of  S  be  parallel  to  the  axes  of  S',  so  will  tlie 
axes  of  S  —  AS';  for  if  we  take  the  axes  of  S  for  axes  of  co-ordinates,  neither  S  nor  S' 
will  contain  the  term  .ri/.  If  S'  be  a  circle,  the  axes  of  S  —  /fS'  must  be  always  parallel 
to  the  axes  of  S.  If  S  —  AS'  reduce  to  a  pair  of  right  lines,  its  axes  will  become  the  inter- 
nal and  external  bisectors  of  the  angles  between  these  right  lines :  tlius  we  obtain  the 
theorem  of  p.  208. 


24G  METHODS  OF  ABRIDGED  NOTATION. 

and  wc  find  clS  dS'     dS  dS'     ^ 

d^djS'd^TiTi^    ' 

the  equation  of  a  conic  section. 

If  we  suppose  the  given  line  at  an  infinite  distance,  we  obtain 
the  locus  of  the  centres  (Art.  152). 

Ex.  3.  Given  two  jyoints  and  tioo  tangents  to  a  conic,  the  polar  of 
a  fixed  point  touches  a  conic  section. 

Let  LM  be  the  two  tangents,  R  the  line  joining  the  given 
points,  and  LM  -  N^  one  conic  touching  the  two  lines,  and  pass- 
ing through  the  given  points ;  then  the  equation  of  any  other 

must  be  of  the  form 

LM- (N  +  m)3  =  0; 
the  polar  is  therefore 

da  da  da 

which  must  always  touch  a  conic  section,  since  k  enters  in  the 
second  degree.  In  the  same  manner  it  may  be  proved  that  the 
locus  of  the  pole  of  a  given  line  is  a  conic  section. 

In  general,  if  the  equation  of  a  conic  section  involve  an  inde- 
terminate in  the  second  degree,  the  polar  of  any  fixed  point  will 
touch  a  conic  section.  Thus,  for  example,  the  locus  of  centres  of 
conic  sections  which  have  double  contact  with  two  given  conies 
(Art.  281)  is  a  conic  section. 

287.  To  find  the  equation  of  the  polar  of  any  point  (a'/S'y'),  icith 
regard  to  a  conic  section. 

This  may  be  done  by  a  method  similar  to  that  used  Art.  145. 
For  la  +  ma,  Zj3"  +  wz/3',  ly"  +  ny,  are  the  trilinear  co-ordinates  of 
a  point  somewhere  on  the  line  joining  a'j3y,  a"f5"y"  (see  note, p. 57), 
since  these  values  will  satisfy  any  equation  Aa  +  B/3  +  C-y  =  0, 
which  is  satisfied  for  both  these  points.  If  then  we  substitute 
these  values  in  the  general  equation  S  =  0,  we  have,  to  determine 
the  points  where  this  conic  is  met  by  the  line  joining  a'/S'y',  a"[i"y", 
the  quadratic 

ZnAa"2  +  Ba"|3"  +  C)3"2  +  Da"y"  +  E/S'V"  +  F7'-') 
+  Im  { (2 Aa"  +  Bj3"  +  Dy")  a  +  (Ba  +  20)3"  +  Ey")  /3' 

+  (Da"+Ej3"+  2F7")y'} 
+  7n\Aa^  +  B(.73'  +  C/3'-  +  Day'  +  EJi'y  +  Fy'^)  =  0. 
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Now,  as  in  Art.  145,  when  a"(5"y"  is  on  the  polar  of  a(5'j,  the  co- 
efficient of  bn  must  vanish,  since  we  know  that  the  line  joining 
the  points  must  in  this  case  be  cut  harmonically ;  the  equation  of 
the  polar  of  a'(5'y'  is,  therefore, 

(2Aa  +  B^  +  D7)a'+(Ba+  2C/3  +  Ey)/3'+  (Da  +  Ej3  +2Fy)7'=  0, 
which  we  may  write  for  shortness 

,  (to        ^,  wo  ,  (xo       ^ 

7Q       JQ      ,7Q 

Hence  if  the  three  lines  ^-,  -7-7,  ^-  meet  in  a  point,  the  polar  of 

da    dp   dy  ^  ^ 

any  other  point  will  pass  through  the  same  point.  This  will  be 
the  case  when  the  conic  resolves  itself  into  two  right  lines,  for 
then  the  polar  of  any  point  is  a  fourth  harmonic  through  the  in- 
tersection of  the  two  lines  to  the  line  joining  this  intersection  to 
the  given  point. 
If  the  conic  be 

L2  +  M3  +  N2  -  2/MN  -  2mNL  -  27iLM  =  0, 
the  condition  that 

h-nM-  mN,     M  -  ZN  -  wL,     N  -  mL  -  IM, 

should  meet  m  a  pomt,  is  proved  by  elimmatmg  ■^,  =^,  to  be 

1-1-2  -  jn2  _  ^2  _  2lm7i  =  0. 

If  1, 7n,  n  are  less  than  1,  we  may  put  /=  cos0,  m  =  cos0',  n  =  cosO", 
and  the  condition  takes  the  simple  form, 

e  +  e'  +  B"^  180°. 

INSCRIBED  AND  CIRCUMSCRIBED  TRIANGLES. 

288.  We  gave  (p.  102)  the  equation  of  a  conic  circumscribed 

about  a  triangle,*  i      jji      ^^ 

_  +       +  _  =  0, 
«      H       7 

we  may  prove,  precisely  as  at  p.  104,  that  the  tangents  at  the  three 

vertices  are 

//3  +  ma  =  0,     my  +  «j3  =  0,     na  +  ly  =  0; 

"  This  equation  was,  I  believe,  first  discussed  by  M.  Bobillier  (^Annates  de  Maihe- 
matiques,  vol.  xviii.  p.  320). 
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that  tlic  three  points  in  which  each  tangent  meets  the  opposite 
side  are  in  one  rifrht  line, 


'&• 


f  +  ^+^-^O; 
I      m      n 

and  that  the  lines  joining  each  vertex  to  the  opposite  vertex  of 
the  circumscribed  triangle  are 

I      m  m      n  n      I 

which  evidently  meet  in  a  point. 

To  find  the  equation  of  a  conic  circumscribing  a/3y,  and  having 
its  centre  at  a  given  point  {a'l5'y'). 

The  polar  of  any  point  is  (Art.  287) 

a  (my  +  w/3)  +  (5Xna  +  ly)  +  yX^ft  +  ma)  =  0. 
Now  it  is  required  to  determine  Imji,  so  that  this  equation  should 
represent  a  line  at  an  infinite  distance  (Art.  152). 

Comparing  this  equation,  therefore,  with  the  equation  of  a 
line  at  infinity  (Art.  64), 

aa  +  Z'/3  +  cy  =  0, 

where  abc  are  the  lengths  of  the  sides  of  the  triangle  a/By,  it  will  be 
found  that  we  may  take 

I  =  a{b^'  +  cy'  -  aa) ;  m  =  [5'(aa'  +  cy  -  bji') ;  n  =  y'(aa'  +  b(5'  -  cy').* 
In  like  manner  we  could  determine  I,  m,  n,  so  that  the  polar 
of  (a'/B'y')  should  be  any  right  line,  Aa  +  Bj3  +  Cy,  by  writing 
A,  B,  C,  for  a,  b,  c. 

If  we  were  given  three  points  on  a  conic  and  any  fourth  con- 
dition, this  fourth  condition  will  give  a  relation  between  I,  m,  n; 
then  by  writing  in  this  relation  the  values  of  /,  m,  n,  just  found, 
we  can  find  the  locus  of  centres  of  the  conic,  or  the  locus  of  the 
poles  of  a  given  line.t  Thus,  for  example,  if  we  are  given  a  fourth 
point  on  the  conic,  we  must  have 

I       m       n 

«       P        7 

*  aa  +  b(3  —  cy  is  the  line  joining  the  middle  points  of  afi.  I  do  not  perceive,  how- 
ever, that  these  values  admit  of  any  simple  geometrical  interpretation. 

f  The  method  given  in  tliis  and  the  following  Article,  of  finding  the  locus  of  the  centre 
of  a  conic  section  described  under  certain  conditions,  is  taken  from  Sir.  Ilearn's  Researches 
on  Conic  Sectio7is. 
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and  therefore  the  locus  of  the  centre  of  the  conic  circumscribing  a 
quadrilateral  is 

a  {l>(5  +  Cy  -  aa)       /3  {cig  +  Cy  -  b(5)       y  (aa  +  6j3  -  Cy) 

/3"  -^ 


+ 


+ 


-0, 


a  p  y 

a  conic  through  the  middle  points  of  the  given  quadrilateral. 

If  we  are  given  a  tangent  to  the  conic  we  must  have 

V{IA)  +  V(rnB)  +  V  {nC)  =  0, 

in  order  that  the  conic  should  touch 

Aa  +  B/3  +  Cy  =  0  (Art.  280), 

therefore  the  locus  of  centre,  three  points  and  a  tangent  being 
given,  is 

V  {Aa{b(5  +  Cy-  aa)]  +  V  {B/3(aa  +  Cy  -  6/3)} 

+  V[Cy{bl3  +  aa-cy)}  =  0, 

a  curve  in  c^eneral  of  the  fourth  deforce. 

289.  The  equation  of  the  conic  section  inscribed  in  a  triangle 
may  be  written  in  either  of  the  forms  (Art.  105) 

VW+  V(^"i3)+  V(ny)-0, 
Pc?  +  m2/32  +  n2y2  _  %nn^^  -  2nlya  -  nma^  =  0. 

It  was  proved  (Art.  106) 
that  AD,  BE,  CF  meet 
in  a  point,  their  equations 
being 

w?j3  -  ny  =  0,     ny  -  la  =  0' 
la  -  m[5  =  0 ; 

that  LP,  MQ,  NR  have 
for  their  equations  respec- 
tively, 

2m(5  +  2ny  -  la  =  0,    2ny  +  2la  -  m(5  =  0,    2la  +  2m(i  -  ny  =  0, 

and  that  PQR  is  a  right  line  whose  equation  is 

la  +  m[5  +  ny  =  0. 

It  is  evident  likewise  that  CA,  CF,  CB,  CR  form  a  harmonic 
pencil,  their  equations  being 

^-0,    la-mft=0,    a  =  0,    la  +  m(5^0. 

2k 
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To  find  the  equation  of  a  conic  inscribed  in  ajSy,  and  having  its 
centre  at  a  given  point  (a'/j'y). 

Tlic  polar  of  any  point  with  regard  to  this  conic  is  (Art.  287) 

al{m[i'  +  nj  -  la)  +  (5m{la'  +  ny'  -  77i/3')  +  yn{la  +  WJj3'  -  ny)  =  0. 

Now  if  it  were  required  to  determine  /,  ?»,  n,  so  that  this  polar 

should  coincide  with 

L«  +  Mj3  +  %  =  0, 
we  should  find 

I  =  L  (M/3'  +  N7'  -  La) ;     m  =  M  (La  +  Ny'  -  M/3') ; 

w  =  N(La'  +  Mj3'-Ny). 

Hence  the  locus  of  the  centres  of  a  conic  touching  three  lines, 
and  passing  through  a  given  point  a."(5"y",  is 

V  {aa\b[5  +  cy-~  aa)}  +  V  {h(5"{aa  +  cy  -  5/3)} 

+  V  [cy"{aa  +  b(i  -  cy)}  =  0, 

the  equation  of  a  conic  touching  the  lines  joining  the  middle 
points  of  the  sides  of  the  triangle  formed  by  the  given  tangents. 

If  the  conic  touch  a  fourth  given  line,  Aa  +  Bj3  +  C7  =  0,  we 
must  (Art.  280)  have  the  relation 

I       on      n       . 
A  +  B  +  C  =  ^' 

the  locus  of  the  centre  is,  therefore, 

a  (ij3  +  cy  -  aa)      h  (aa  +  cy  -  b(S)      c  (aa  +  6)3  -  cy)  _  ^ 
A  ''  B  +  C  "  ^' 

the  equation  of  a  right  line.* 

Thus  too  we  may  easily  form  the  equation  of  a  conic  touching 
five  given  right  lines,  viz.,  a,  j3,  7,  Aa  +  B)3  +  Cy,  A'o  +  B'/3  +  Cy ; 
for  we  have  the  two  equations 

*  The  condition  that  a  conic  circumscribed  about  the  triangle  (w/Sy), 

I       in      n 

-  +  -  +  -  =0, 
a      (3       y 

should  touch  another  inscribed  in  it, 

V(La)  +  V(M/3)  +  V(Ny)  =  0, 

is  (note,  p.  241)  (ZL)3  +  (wM)'  -|-  (wN)*  =  0  ; 

hence  we  can  iiud  the  locus  of  the  centre  of  the  conic  inscribed  in  a  given  triangle,  and 
touching  another  circumscribed  to  the  same  triangle,  or  rice  versa  (Ilearn,  p.  50). 
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I       m      n  I       m       n      ^ 

A  ^  B  ^  C  ^    '       A'  ^  B'  ^  C  "    ' 

from  which  we  can  determine  /  :  m  and  / :  n. 


CHAPTER  XIV. 


GEOMETRICAL    METHODS. 


290.  In  treating  of  curves  of  higher  dimensions,  we  feel  it  ne- 
cessary to  adopt  a  method  different  from  that  which  we  have  used 
in  the  case  of  the  right  line  and  circle.  In  the  first  part  of  this 
work  we  supposed  the  reader  already  acquainted  with  the  proper- 
ties of  the  figures  there  treated  of,  and  our  object  was  to  teach, 
not  the  properties  themselves,  but  the  analytic  method  of  inves- 
tigating them.  In  our  future  chapters,  on  the  contrary,  we  may 
suppose  the  reader,  although  unacquainted  with  the  properties  of 
the  higher  curves,  yet  to  be  tolerably  familiar  with  the  practice 
of  the  method  of  co-ordinates;  we  shall,  i\\cxe^ovQ,\\\Qke  the  theory 
of  curves  our  primary  object ;  and,  without  confining  ourselves  to 
the  exclusive  use  of  algebraic  methods,  shall  employ,  in  each  par- 
ticular case,  whatever  mode  of  investigation  appears  best  suited 
to  the  nature  of  the  subject  we  are  considering.  We  purpose  to 
occupy  the  present  chapter  with  some  important  geometrical  me- 
thods, an  account  of  which  must  form  an  essential  part  of  any 
work  devoted  to  the  theory  of  curves. 

THE  METHOD  OF  RECIPROCAL  POLARS.* 

291.  Being  given  a  fixed  conic  section  (2)  and  any  curve  (S), 
we  can  generate  another  curve  (.s)  as  follows:  draw  any  tangent 
to  S,  and  take  its  pole  with  regard  to  S,  the  locus  of  this  pole  will 
be  a  curve  s,  which  is  called  the  polar  curve  of  S  with  regard  to  S. 
The  conic  S,  with  regard  to  which  the  pole  is  taken,  is  called  the 
auxiliary  conic. 

*  This  beautiful  method  was  introduced  by  M.  Poncelet,  whose  account  of  it  will  be 
found  at  the  commencement  of  the  fourth  volume  of  Crelle's  Journal. 
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We  have  already  met  with  a  particular  example  of  polar 
curves  (Art.  235),  where  we  proved  that  the  polar  curve  of  a 
conic  section,  ^i      yi 

with  regard  to  another  conic  section, 

Ax'  +  "Bxy  +  C/  +  Dx  +  Ey/  +  F  =  0,     (S), 

is  always  a  curve  of  the  second  degree. 

We  shall  for  brevity  say  that  a  point  corresponds  to  a  line 
when  we  mean  that  the  point  is  the  pole  of  that  line  with  regard 
to  S ;  thus,  since  it  appears  from  our  definition  that  every  point 
of  s  is  the  pole  with  regard  to  S  of  some  tangent  to  S,  we  shall 
briefly  express  this  relation  by  saying  that  every  point  of  s  corres- 
ponds to  some  tangent  of  S. 

292.  The  point  of  intersection  of  two  tangents  to  S  ivill  corres- 
pond to  the  line  joining  the  corresponding  points  of  s. 

This  follows  from  the  property  of  the  conic  2,  that  the  point 
of  intersection  of  any  two  lines  is  the  pole  of  the  line  joining  the 
poles  of  these  two  lines  (Art.  141). 

Let  us  suppose  that  in  this  theorem  the  two  tangents  to  S  are 
indefinitely  near,  then  the  two  corresponding  points  of  s  will  also 
be  indefinitely  near,  and  the  line  joining  them  will  be  a  tangent 
to  s  (Art.  83) ;  it  also  easily  follows,  from  our  definition  of  a  tan- 
gent, that  any  tangent  to  a  curve  intersects  the  consecutive  tangent 
at  its  point  of  contact  (see  Art.  130)  ;  hence  for  this  case  the  last 
theorem  becomes :  If  any  tangent  to  S  correspond  to  a  point  on  s, 
the  point  of  contact  of  that  tangent  to  S  icill  correspond  to  the  tangent 
through  the  point  on  s. 

Hence  we  see  that  the  relation  between  the  curves  is  recipro- 
cal, that  is  to  say,  that  the  curve  S  might  be  generated  from  s  in 
precisely  the  same  manner  that  s  was  generated  from  S ;  hence 
the  name  "  reciprocal  polars." 

293.  We  are  now  able,  being  given  any  theorem  of  position 
(Art.  1)  concerning  any  curve  S,  to  deduce  another  concerning 
the  curve  s.  Thus,  for  example,  if  we  know  that  a  number  of 
points  connected  with  the  figure  S  lie  on  one  right  line,  we  learn 
that  the  corresponding  lines  connected  with  the  figure  .<«  meet  in 
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a  point  (Art.  141),  and  vice  versa  ;  if  a  number  of  points  connected 
with  the  figure  S  lie  on  a  conic  section,  the  corresponding  lines 
connected  with  s  will  touch  the  polar  of  that  conic  with  regard  to 
S,  or,  in  general,  if  the  locus  of  any  point  connected  with  S  be  any 
curve  S',  the  envelope  of  the  corresponding  line  connected  with  s 
is  s,  the  reciprocal  polar  of  S'. 

The  degi'ee  of  the  jyolar  reciprocal  of  any  curve  is  equal  to  the 
number  of  tangents  ichich  can  be  draivn  from  any  point  to  that 
curve. 

For  the  degree  of  s  is  the  same  as  the  number  of  points  in 
which  any  line  cuts  s,  and  to  a  number  of  points  on  s,  lying  on  a 
right  line,  correspond  the  same  number  of  tangents  to  S  passing 
through  the  point  corresponding  to  that  line.  Thus,  for  exam- 
ple, if  S  be  a  conic  section,  two,  and  only  two,  tangents,  real  or 
imaginary,  can  be  drawn  to  it  from  any  pokit  (Art.  130);  there- 
fore, any  line  meets  s  in  two,  and  only  two  points,  real  or  imagi- 
nary; we  may  thus  infer  (see  note,  p.  209),  independently  of 
Art.  235,  that  the  reciprocal  of  any  conic  section  is  a  curve  of  the 
second  degree. 

294.  We  shall  exemplify,  in  the  case  where  S  and  s  are  conic 
sections,  the  mode  of  obtaining  one  theorem  from  another  by  this 
method. 

AVe  know  (Art.  266)  that  "  if  a  hexagon  be  z'nscribed  in  S, 
whose  sides  are  A,  B,  C,  D,  E,  F,  then  the  points  of  intersection, 
AD,  BE,  CF,  are  in  one  right  line.'"  Hence  we  infer,  that  "  if  a 
hexagon  be  ciVc?«rtscribed  about  s,  whose  vertices  are  a,  b,  c,  d,  e,f, 
then  the  li7ies  ad,  be,  cf,  will  meet  in  a  point"  (Art.  264).  Thus 
we  see  that  Pascal's  theorem  and  Brianchon's  are  reciprocal  to  each 
other,  and  it  was  thus,  in  fact,  that  the  latter  was  first  obtained. 

In  order  to  give  the  student  an  opportunity  of  rendering  him- 
self expert  in  the  application  of  this  method,  we  shall  Avrite  in 
parallel  columns  some  theorems,  together  with  their  reciprocals. 
The  beginner  ought  carefully  to  examine  the  force  of  the  argu- 
ment by  which  the  one  is  inferred  from  the  other,  and  he  ought 
to  attempt  to  form  for  himself  the  reciprocal  of  each  theorem  be- 
fore looking  at  the  reciprocal  we  have  given.  He  will  soon  find 
that  the  operation  of  forming  the  reciprocal  theorem  will  reduce 
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itself  to  a  mere  mechanical  process  of  intei'changing  the  words 
"point"  and  "line,"  "inscribed"  and  "  circumscribed,"  "locus" 
and  "  envelope,"  &c. 


If  two  sides  of  a  triangle  pass 
through  fixed  points,  while  the  ver- 
tices move  on  fixed  right  lines,  the 
envelope  of  the  third  side  is  a  conic 
section. 

If  the  lines  on  which  the  vertices 
move  meet  in  a  point,  the  third  side 
will  pass  through  a  fixed  point, 
(p.  61.) 

In  what  other  case  will  the  third 
side  pass  through  a  fixed  point  ? 
(p.  62.) 

If  two  conies  touch,  their  reciprocals  will  also  touch ;  for  the 
first  pair  have  a  point  common,  and  also  the  tangent  at  that  point 
common,  therefore  the  second  pair  will  have  a  tangent  common 
and  its  point  of  contact  also  common.  So  likewise  if  two  conies 
have  double  contact  their  reciprocals  will  have  double  contact. 


If  two  vertices  of  a  triangle  move 
along  fixed  right  lines,  while  the  sides 
pass  each  through  a  fixed  point,  the 
locus  of  the  third  vertex  is  a  conic  sec- 
tion.    (Art.  270,  Ex.  4.) 

If,  however,  the  points  through 
which  the  sides  passlie  in  one  right  line, 
the  locus  will  be  a  right  line.    (p.  42.) 

In  what  other  case  will  the  locus 
be  a  right  line?     (p.  44.) 


If  a  triangle  be  circumscribed  to 
a  conic  section,  two  of  whose  vertices 
move  on  fixed  lines,  the  locus  of  the 
third  vertex  is  a  conic  section,  having 
double  contact  with  the  given  one. 
(Art.  270,  Ex.  1.) 


If  a  triangle  be  inscribed  in  a  conic 
section,  two  of  whose  sides  pass 
through  fixed  points,  the  envelope  of 
the  third  side  is  a  conic  section,  hav- 
ing double  contact  with  the  given 
one.     (Art.  276,  Ex.  2.) 


295.  We  proved  (Art.  292,  see  figure,  p.  257)  if  to  two  points 
P,  P',  on  S,  correspond  the  tangents  pt,  p't\  on  s,  that  the  tangents 
at  P  and  P'  will  correspond  to  the  points  of  contact  p,  p,  and 
therefore  Q,  the  intersection  of  these  tangents,  will  correspond  to 
the  chord  of  contact  pp .  Hence  we  learn  that  to  any  point  Q, 
and  its  'polar  PP',  xi'ith  respect  to  S,  correspond  a  line  pp  and  its 
pole  q  with  respect  to  s. 


Given  two  points  on  a  conic,  and 
two  of  its  tangents,  the  line  joining 
the  points  of  contact  of  those  tangents 
passes  through  a  fixed  point.  (Art. 
263.) 

Given  four  points  on  a  conic,  the 


Given  two  tangents  and  two  points 
on  a  conic,  the  point  of  intersection 
of  the  tangents  at  those  points  will 
move  along  a  fixed  right  line. 

Given  four   tangents  to   a   conic, 
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polar  of  a  fixed  point  passes  through 
a  fixed  point.     (Art.  236,  Ex.  4.) 

Given  four  points  on  a  conic,  the 
locus  of  the  pole  of  a  fixed  right  line 
is  a  conic  section.     (Art.  286.) 

Tlie  lines  joining  the  vertices  of 
a  triangle  to  the  opposite  vertices  of 
its  polar  triangle  with  regard  to  a 
conic,  meet  in  a  point.     (Art.  283.) 

Inscribe  in  a  conic  a  triangle  whose 
sides  pass  through  three  given  points, 
(p.  234.) 


the  locus  of  the  pole  of  a  fixed  right 
line  is  a  right  line. 

Given  four  tangents  to  a  conic, 
the  envelope  of  the  polar  of  a  fixed 
point  is  a  conic  section. 

The  points  of  intersection  of  each 
side  of  any  triangle,  with  the  opposite 
side  of  the  polar  triangle,  lie  in  one 
right  line. 

Circumscribe  about  a  conic  a  trian- 
gle whose  vertices  rest  on  three  given 
lines. 


296.  Given  two  conies,  S  and  S',  and  their  two  reciprocals,  s 
and  s  ;  to  any  point  common  to  S  and  S'  will  correspond  a  tangent 
common  to  s  and  s,  and  to  any  chord  of  intersection  of  S  and  S' 
will  correspond  an  intersection  of  common  tangents  to  s  and  s. 


If  three  conies  have  two  points 
common,  and,  therefore,  one  com- 
mon chord,  their  other  three  common 
chords  will  meet  in  a  point.  (  Art.  265.) 

If  three  conies  have  two  common 
tangents,  or  if  they  have  each  double 
contact  with  a  fourth,  their  six  chords 
of  intersection  will  pass  three  by  three 
through  the  same  points    (Art.  264.) 

Or,  in  other  words,  three  conies, 
having  each  double  contact  with  a 
fourth,  may  be  considered  as  having 
four  radical  centres,     (p.  108.) 


If  through  the  point  of  contact  of 
two  conies  which  touch,  any  chord  be 
drawn,  tangents  at  its  extremities 
will  meet  on  the  common  chord  of  the 
two  conies. 


If,  through  the  intersection  of  com- 
mon tangents  of  two  conies  any  two 
chords  be  drawn,  lines  joining  their 
extremities  will  intersect  on  one  or 


If  three  conies  have  two  tangents 
common,  the  points  of  intersection  of 
the  other  three  pairs  of  common  tan- 
gents lie  on  one  right  line. 

If  three  conies  have  two  points 
common,  or  if  they  have  each  double 
contact  with  a  fourth,  the  six  points 
of  intersection  of  common  tangents  lie 
three  by  three  on  the  same  right  lines. 

Or,  in  other  words,  three  conies, 
having  each  double  contact  with  a 
fourth,  may  be  considered  as  having 
four  axes  of  similitude.  (See  Art. 
118,  of  which  this  theorem  is  an  ex- 
tension.) 

If  from  any  point  on  the  tangent 
at  the  point  ofcontact  of  two  conies 
which  touch,  a  tangent  be  draw  n  to 
each,  the  line  joining  their  points  of 
contact  will  pass  through  the  inter- 
section of  common  tangents  to  the 
conies. 

If,  on  a  common  chord  of  two  co- 
nies, any  two  points  be  taken,  and 
from  these  tangents  be  drawn  to  the 
conies,  the  diagonals  of  the  quadrila- 
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other  of  the  common  chords  of  the  teral  so  formed  will  pass  through  one 
two  conies,     (p.  221.)  or  other  of  the  intersections  of  com- 

mon tangents  to  the  conies. 
If  A  and  B  be  two  conies  having  If  A  and  B  be  two  conies  having 

each  double  contact  with  S,  the  each  double  contact  with  S,  the  inter- 
chords  of  contact  of  A  and  B  with  S,  sections  of  the  tangents  at  their 
and  their  chords  of  intersection  with  points  of  contact  with  S,  and  the  in- 
each  other,  meet  in  a  point  and  form  tersections  of  tangents  common  to  A 
a  harmonic  pencil,     (p.  219.)  and  B,  lie  in  one  right  line,  which 

they  divide  harmonically. 
If  A,  B,  C,  be  three  conies,  having  If  A,  B,  C,  be  three  conies,  having 

each  double  contact  with  S,  and  if  A  each  double  contact  with  S,  and  if  A 
and  B  both  touch  C,  the  tangents  at  and  B  both  touch  C,  the  line  joining 
the  points  of  contact  will  intersect  on  the  points  of  contact  will  pass  through 
a  common  chord  of  A  and  B.  an  intersection  of  common  tangents 

of  A  and  B.* 

297.  We  have  hitherto  supposed  the  auxiliary  conic  S  to  be 
any  conic  whatever.  It  is  most  common,  however,  to  suppose 
this  conic  a  circle ;  and  hereafter,  when  we  speak  of  polar  curves, 
we  intend  the  reader  to  vmderstand  polars  ivith  regard  to  a  circle, 
unless  we  expressly  state  otherwise. 

We  know  (Art.  89)  that  the  polar  of  any  point  with  regard  to 
a  circle  is  perpendicular  to  the  line  joining  this   point  to  the 


*  The  reader  will  take  notice  that  we  have  now  proved  that  every  theorem  used  in 
Art.  123  in  the  theory  of  three  circles  has  a  theorem  corresponding  in  the  theory  of  three 
conies  which  are  each  inscribed  in  the  same  given  conic ;  and  hence  that,  given  three  such 
conies,  we  can  find  a  fourth  inscribed  in  tlie  same  conic,  and  such  as  to  touch  the  three 
given  conies.  The  learner  will  do  well  to  refer  to  Art.  123,  and  to  examine  for  himself 
how  the  demonstration  there  given  is  to  be  extended  to  the  case  of  three  conies  inscribed 
in  a  given  conic.  The  chief  difference  occurs  in  (5)  of  that  Article,  for  the  line  d'b"  is 
now  constructed  by  joining  the  pole  of  SS'S"  to  any  one  of  the  four  radical  centres  of  the 
three  conies.  The  problem  therefore  admits  of  thirty-two  solutions  instead  of  eight,  as  in 
the  case  of  the  three  circles.  The  theorems  which  answer  to  (0)  of  the  same  Article  are 
the  following : 

The  chord  of  contact  of  the  required  co-  The  pole  of  this  chord,  with  regard  to  S, 

nic  with  S  passes  through  the  intersection       lies  on  the  line  joining  one  of  their  radical 
of  one  of  the  axes  of  .similitude  of  the  three       centres  with  the  pole,  with  regard  to  S,  of 
given  conies  with  the  polar  of  one  of  their       one  of  their  axes  of  similitude. 
radical  centres  with  regard  to  S. 

The  reader  will  find  a  very  able  investigation  of  this  whole  problem  in  a  memoir  pub- 
lished by  Mr.  Cayley  in  vol.  39  of  Crelle's  Journal. 
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centre,  and  that  the  distances  of  the  point  and  its  polar  are,  when 
multiplied  together,  equal  to  the  square  of  the  radius;  hence  the 
relation  between  polar  curves  with  regard  to  a  circle  is  often 
stated  as  follows  :  Being  given 
any  point  O,  if  from  it  ice  lei  fall 
a  perpendicula7'  OT  on  a?*?/  tan- 
gent to  a  curve  S,  and  p>roduce 
it  until  the  rectangle  OT.Op  is 
equal  to  a  constant  k^,  then  the 
locus  of  the  point  p  is  a  curve  s, 
ivhich  is  called  the  polar  reciprocal 
of  S.  For  this  is  evidently  equi- 
valent to  saying  that  p  is  the  pole  of  PT,  with  regard  to  a  circle 
whose  centre  is  O  and  radius  k.  We  see,  therefore  (Art.  292), 
that  the  tangent  pt  will  correspond  to  the  point  of  contact  P,  that 
is  to  say,  that  OP  will  be  perpendicular  io  pt,  and  that  OP.O^  =  F. 

It  is  easy  to  show  that  a  change  in  the  magnitude  of  ^  will 
affect  only  the  size  and  not  the  shape  of  s,  which  is  all  that  in 
most  cases  concern  us.  In  this  manner  of  considering  polars  all 
mention  of  the  circle  may  be  suppressed,  and  s  may  be  called  the 
reciprocal  of  S  with  regard  to  tlie  point  O.  We  shall  call  this  point 
the  origin. 

The  advantage  of  using  the  circle  for  our  auxiliary  conic 
chiefly  arises  from  the  two  following  theorems,  which  are  at  once 
deduced  from  what  has  been  said,  and  which  enable  us  to  trans- 
form, by  this  method,  not  only  theorems  of  position,  but  also 
theorems  involving  the  magnitude  of  lines  and  angles: 

The  distance  of  any  point  Y  from  the  origin  is  the  reciprocal  of 
the  distance  of  the  corresponding  line  pt. 

The  angle  TQT'  heticeen  any  two  lines  TQ,  T'Q,  is  equal  to  the 
angle  pOp  subtended  at  the  origin  by  the  corresponding  points  p,  »', 
for  Op  is  perpendicular  to  TQ,  and  Op  to  T'Q. 

We  shall  give  some  examples  of  the  application  of  these  prin- 
ciples when  we  have  first  investigated  the  following  problem : 

298.  To  find  the  polar  reciprocal  of  one  circle  with  regard  to 
another.     That  is  to  say,  to  find  the  locus  of  the  pole  p  with  re- 
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ganl  to  the  circle  (O)  of  any  tangent  PT  to  tlie  circle  (C).     Let 
MN  be  tlie  polar  of  the  point  C 
with  regard  to  O,  then  having 
the  points  C,  p,  and  their  polars 
MN,  PT,  we  have  by  Ex.  3,  p.  95, 


the  ratio 


00      Op 


,  but  tlie  first 


OP     pN' 

ratio  is  constant,  since  both  00 

and  OP  are  constant ;  hence  the 

distance  oi'  p  from  O  is  to  its  distance  from  MN  in  the  constant 

00 
ratio  Y^Tj,  its  locus  is  therefore  a  conic,  of  which  O  is  a  focus,  MN 
OP 

00 

the  corresponding  directrix,  and  -^^  the  eccentricity.  Hence  the 

eccentricity  is  greater,  less  than,  or  =  1,  according  as  O  is  without, 
within,  or  on  the  circle  0. 

Hence  the  polar  reciprocal  of  a  circle  is  a  conic  section,  of 
lohich  the  origin  is  the  focus,  the  line  corresponding  to  the  centre  is  the 
directrix,  and  ivhich  is  an  ellipse,  hyperbola,  or  parabola,  according 
as  the  o?'igin  is  ivithin,  without,  or  on  the  circle. 

299.  We  shall  now  deduce  some  properties  concerning  angles, 
by  the  help  of  tlie  theorem  given  in  Art.  297. 

Any  two  tangents  to  a  circle  make  The  line  drawn  from  the  focus  to 

equal  angles  with  their  chord  of  con-       the  intersection  oftwo  tangents  bisects 
tact.  the  angle  subtended  at  the  focus  by 

their  chord  of  contact. 

For  the  angle  between  one  tangent  PQ  (see  fig.  p.  257)  and 
the  chord  of  contact  PP'  is  equal  to  the  angle  subtended  at  the 
focus  by  the  corresponding  points  p,  q ;  and  similarly,  the  angle 
QP'P  is  equal  to  the  angle  subtended  by  p,  q ;  therefore,  since 
QPP'  =  QP'P,  p)Oq  =  2'>'0q. 


Any  tangent  to  a  circle  is  perpen- 
dicular to  the  line  joining  its  point  of 
contact  to  the  centre. 


Any  point  on  a  conic,  and  the 
point  where  its  tangent  meets  the 
directrix,  subtend  a  right  angle  at 
the  focus. 


This  follows  as  before,  recollecting  that  the  directrix  of  the 
conic  answers  to  the  centre  of  the  circle. 
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Any  line  is  perpendicular  to  the 
line  joining  its  pole  to  the  centre  of 
the  circle. 

The  line  joining  any  point  to  the 
centre  of  a  circle,  makes  equal  angles 
with  the  tangents  through  that  point. 


Any  point  and  the  intersection  of 
its  polar  with  the  directrix  subtend  a 
right  angle  at  the  focus. 

If  the  point  where  any  line  meets 
the  directrix  be  joined  to  the  focus, 
the  joining  line  will  bisect  the  angle 
between  the  focal  radii  to  the  point 
where  the  given  line  meets  the  curve. 

The  envelope  of  a  chord  of  a 
conic,  which  subtends  a  given  angle 
at  the  focus,  is  a  conic  having  the 
same  focus  and  the  same  directrix. 

The  locus  of  the  intersection  of  tan- 
gents, whose  chord  subtends  a  given 
angle  at  the  focus,  is  a  conic  having 
the  same  focus  and  directrix. 

If  a  fixed  line  intersect  a  series  of 
conies  having  the  same  focus  and 
same  directrix,  the  envelope  of  the 
tangents  to  the  conies,  at  the  point 
where  this  line  meets  them,  will  be  a 
conic  having  the  same  focus,  and 
touching  both  the  fixed  line  and  the 
common  directrix. 

In  the  latter  theorem,  if  the  fixed  line  be  at  inlinitj,  we  find 
the  envelope  of  the  asymptotes  of  a  series  of  hyperbolae  having 
the  same  focus  and  same  directrix,  to  be  a  parabola  having  the 
same  focus  and  touchinof  the  common  directrix. 


The  locus  of  the  intersection  of 
tangents  to  a  circle,  which  cut  at  a 
given  angle,  is  a  concentric  circle. 

The  envelope  of  the  chord  of  con- 
tact of  tangents  which  cut  at  a  given 
angle  is  a  concentric  circle. 

If  from  a  fixed  point  tangents  be 
drawn  to  a  series  of  concentric  circles, 
the  locus  of  the  points  of  contact  will 
be  a  circle  passing  through  the  fixed 
point,  and  through  the  common  cen- 
tre. 


The  locus  of  the  intersection  of 
tangents  to  a  parabola  which  cut  at 
right  angles  is  the  directrix. 


If  two  chords  at  right  angles  to 
each  other  be  drawn  through  any 
point  on  a  circle,  the  line  joining  their 
extremities  passes  through  the  centre 
of  the  circle. 

We  say  a  parabola,  for,  the  point  through  which  the  cliords  of 
the  circle  are  drawn  being  taken  for  origin,  the  polar  of  the  circle 
is  a  parabola  (Art.  298). 


The  envelope  of  a  chord  of  a  cir- 
cle which  subtends  a  given  angle  at  a 
given  point  on  the  curve  is  a  concen- 
tric circle. 

Given  base  and  vertical  angle  of  a 
triangle,  the  locus  of  vertex  is  a  circle 


The  locus  of  the  intersection  of  tan- 
gents to  a  parabola  which  cut  at  a 
given  angle,  is  a  conic  having  the  same 
focus  and  the  same  directrix. 

Given  in  position  two  sides  ofa  tri- 
angle, and  the  angle  subtended  by  the 
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passing  through  the  extremities  of  the  base  at  a  given  point,  the  envelope  of 
base.  the  base  is   a  conic,    of  which  that 

point  is  a  focus,  and  to  which  the  two 

given  sides  will  be  tangents. 

The  locus  of  the  intersection   of  The  envelope  of  any  chord  of  a 

tangents  to   an  ellipse  or  hyperbola      conic  which  subtends  a  right  angle 

which  cut  at  right  angles  is  a  circle.       at  any  fixed  point  is  a  conic,  of  which 

that  point  is  a  focus. 

"  If  from  any  point  on  the  circumference  of  a  circle  perpen- 
diculars be  let  fall  on  the  sides  of  any  inscribed  triangle,  their 
three  feet  will  lie  in  one  right  line"  (Art.  103). 

If  we  take  the  fixed  point  for  origin,  to  the  triangle  inscribed 
in  a  circle  will  correspond  a  triangle  circumscribed  about  o.  para- 
bola ;  again,  to  the  foot  of  the  perpendicular  on  any  line  corres- 
ponds a  line  through  the  corresponding  point  perpendicular  to 
the  radius  vector  from  the  origin.  Hence,  "  If  we  join  the  focus 
to  each  vertex  of  a  triangle  circumscribed  about  a  parabola,  and 
erect  perpendiculars  at  the  vertices  to  the  joining  lines,  those  per- 
pendiculars will  pass  through  the  same  point."  If,  therefore,  a 
circle  be  described,  having  for  diameter  the  radius  vector  from  the 
focus  to  tliis  point,  it  will  pass  through  the  vertices  of  the  cir- 
cumscribed triangle.  Hence,  given  a  triangle  circumscribing  a 
parabola,  the  locus  of  the  focus  is  the  circumscribing  circle  (Art.  224, 
Cor.  4). 

The  locus  of  the  foot  of  the  per-  If  from  any  fixed  point  a  radius 

pendicular  (or  of  a  line  making  a  vector  be  drawn  to  a  circle,  and  a 
constantangle  with  the  tangent)  from  perpendicular  to  it  at  its  extremity 
the  focus  of  an  ellipse  or  hyperbola  (or  a  line  making  a  constant  angle 
on  the  tangent  is  a  circle.  with  it),  the  envelope  of  this  line  is 

a  conic  having  the  fixed  point  for  its 
focus. 

300.  Having  sufficiently  exemplified  in  the  last  Article  the 
method  of  transforming  theorems  involving  angles,  we  proceed  to 
show  that  theorems  involving  the  magnitude  of  lines  passing 
through  the  origin  are  easily  transformed  by  the  help  of  tlie  first 
theorem  in  Art.  297.  For  example,  the  sum*  of  the  perpendicu- 
lars let  fall  from  the  origin  on  any  pair  of  parallel  tangents  to  a 
circle  is  constant,  and  equal  to  the  diameter  of  the  circle. 

'i 

*  Or  the  difference,  if  the  origin  be  without  the  circle. 
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"  Now,  to  two  parallel  lines  correspond  two  points  on  a  line 
passing  through  the  origin."  Hence,  "  the  sum  of  the  reciprocals 
of  the  segments  of  any  focal  chord  of  an  ellipse  is  constant." 

We  know  (Art.  194)  that  this  sum  is  the  reciprocal  of  the 
semiparameter  of  the  ellipse,  and  since  we  learn  from  the  present 
example  that  it  only  depends  on  the  diameter,  and  not  on  the  po- 
sition of  the  reciprocal  circle,  we  infer  that  the  reciprocals  of  equal 
circles,  with  regard  to  any  origin,  have  the  same  parameter. 

The  rectangle  under  the  segments  The  rectangle  under  theperpen- 

of  any  chord  of  a  circle  through  the  diculars  let  fall  from  the  focus  on 
origin  is  constant.  two  parallel  tangents  is  constant. 

Hence,  gpiven  the  tangent  from  the  origin  to  a  circle,  we  are 
given  the  conjugate  axis  of  the  reciprocal  hyperbola. 

Again,  the  well-known  theorem,  that  the  sum  of  the  focal 

distances  of  any  point  on  an  ellipse  is  constant,  may  be  expressed 

thus  : 

The  sum  of  the  distances  from  the  The  sum  of  the  reciprocals  of  per- 

focus  of  the  points  of  contact  of  paraj-  pendiculars  let  fall  from  any  point  on 
lei  tangents  is  constant.  two  tangents  to  a  circle,  whose  chord 

of  contact  passes  through  the  point, 

is  constant. 

301.  Many  relations  involving  the  magnitude  of  lines  not 
passing  through  the  origin  may  be  transformed  by  the  help  of 
the  theorem  (p.  95)  used  in  Art.  298.  Thus  we  know,  that  if 
PA,  PB,  PC,  PD,  be  the  perpendiculars  let  fall  from  any 
point  of  a  conic  on  the  sides  of  an  inscribed  quadrilateral, 
PA.PC  =  ^PB.PD  (Art.  261);  now  we  may  write  this  relation, 

PA  PC      ,   PB  PD  . 

--^  .  -r-^  =  A.".  — Tp  .  jyni  t'^t  li  ^'  *^'  ^'  "'  be  the  points  correspond- 
ing to  the  lines  A,  B,  C,  D,  and  ap  the  perpendicular  let  fall  from 
a  on  the  line  corresponding  to  P  we  have  (p.  95)  j^  =  —.  Si- 
milarly for  the  other  sides ;  and  Oa,  Oh,  Oc,  Od,  being  constant, 
we  infer  that  if  a  fixed  quadrilateral  be  circumscribed  to  a  conic, 
the  product  of  the  perpendiculars  let  fall  from  two  opposite  vertices 
on  any  vamable  tangent  is  in  a  constant  ratio  to  the  product  of  (he 
perpendicidars  let  fall  from  the  other  tiQO  vertices. 
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The  product  of  the  perpendiculars  The  product  of  the  perpendiculars 

from  any  point  of  a  conic  on  two  from  two  fixed  points  of  a  conic  on 
fixed  tangents,  is  in  a  constant  ratio  any  tangent,  is  in  a  constant  ratio  to 
to  the  square  of  the  perpendicular  on  the  square  of  the  perpendicular  on  it, 
their  chord  of  contact.      (Art.  262.)      from  the  intersection  of  tangents  at 

those  points. 

If,  however,  the  origin  be  taken  on  the  chord  of  contact,  the 
reciprocal  theorem  will  be,  "  the  rectangle  under  the  intercepts, 
made  by  any  variable  tangent  on  two  parallel  tangents  is  con- 
stant." 

The  product  of  the  perpendiculars  The  square  of  the  radius  vector 

on  any  tangent  of  a  conic  from  two  from  any  fixed  point  to  any  point  on 
fixed  points  (the  foci)  is  constant.  a  conic,  is  in  a  constant  ratio  to  the 

product  of  the  perpendiculars  let 
fall  from  that  point  of  the  conic  on 
two  fixed  right  lines. 

302.  Very  many  theorems  concerning  magnitude  may  be  re- 
duced to  theorems  concerning  lines  cut  harmonically  or  anhar- 
monically,  and  are  transformed  by  the  following  principle  :  To 
any  four  j^oints  on  a  right  line  correspond  four  lines  jyassing  through 
a  point,  and  the  anharmonic  ratio  of  this  pencil  is  the  same  as  that  of 
the  four  points. 

This  is  evident,  since  each  leg  of  the  pencil  drawn  from  the 
origin  to  the  given  points  is  perpendicular  to  one  of  the  corres- 
ponding lines.  We  may  thus  derive  the  anharmonic  properties 
of  the  conies  in  general  from  that  of  tlic  circle. 

The  anharmonic  ratio  of  the  pencil  The    anharmonic     ratio    of    the 

joining  four  points  on  a  conic  to  a  points  in  which  four  fixed  tangents 
variable  fifth  is  constant.  to  a  conic  cut  any  variable  fifth  is 

constant. 

The  first  of  these  theorems  is  true  for  the  circle,  since  all  the 
angles  of  the  pencil  are  constant,  therefore  its  reciprocal,  the  se- 
cond, must  be  true  for  all  the  conies.  The  second  theorem  is  true 
for  the  circle,  since  the  angles  which  the  four  points  subtend  at 
the  centre  are  constant,  therefore  the  first  theorem  is  true  for  all 
the  conies.  By  observing  the  angles  which  correspond  in  the  re- 
ciprocal figure  to  the  angles  which  are  constant  in  tlie  case  of  the 
circle,  the  student  will  perceive  tliat  the  angles  which  the  four 
-points  of  the  variable  tangent  subtend  at  either  focus  are  constant, 
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and  that  the  angles  are  constant  which  are  subtended  at  the 
ibcus  by  the  four  points  in  which  any  inscribed  pencil  meets  the 
directrix. 

In  like  manner,  the  theorem  of  Art.  144  is  the  reciprocal  of 
that  in  Art.  142,  and  both,  being  true  for  the  circle,  must  be  true 
for  all  the  conies. 

303.  The  anharmonic  ratio  of  a  line  is  not  the  only  relation 
concerning  the  magnitude  of  lines  which  can  be  expressed  in 
terms  of  the  angles  subtended  by  the  lines  at  a  fixed  point.    In  the 

PI  •         .     AB.CD 

case  ot  anharmonic  ratio  we   substitute  for  each   line 

.^    OA.OB.sinAOB      ,       "    t.  •      , 
^^, Qp ,  where  OF  is  the  perpendicular  on  AB 

from  the  point  O  (note,  p.  52) ;  Ave  find  that  the  ratio  reduces  to 
a  relation  between  the  sines  of  angles  subtended  at  O ;  and  we  in- 
fer that  the  ratio  is  the  same  for  any  four  points  which  subtend 
the  same  angle  at  O.  Now,  if  any  other  relation  be  such  that  it 
can  be  reduced  by  a  similar  substitution  to  a  relation  between  the 
sines  of  angles  subtended  at  a  given  point,  this  relation  will  be 
eqvially  true  for  any  transversal  cutting  the  lines  joining  the  given 
point  to  the  extremities  of  the  lines,  and  by  taking  the  given 
point  for  origin  a  reciprocal  theorem  can  be  easily  obtained.  For 
example,  the  following  theorem,  due  to  Carnot,  is  an  immediate 
consequence  of  Art.  145 :  "  If  any  conic  meet  the  side  AB  of  any 
triangle  in  the  points  c,  c  ;  BC  in  a,  a  ;  AC  in  b,  b' ;  then  the 
ratio  Ac.Ac'.Ba.Ba'.Cb.Cb' 


Ab.Ab'.Bc.Bc'.Ca.Ca 


=  1." 


Now,  it  will  be  seen  that  this  ratio  is  such  that  we  may  sub- 
stitute for  each  line  Ac  the  angle  AOc,  which  it  subtends  at  any 
fixed  point;  and  if  we  take  the  reciprocal  of  this  theorem,  we  ob- 
tain the  theorem  given  already  at  p.  244. 

304.  Having  shown  how  to  form  the  reciprocals  of  particular 
theorems,  we  shall  add  some  general  considerations  respecting 
reciprocal  conies. 

We  proved  (Art.  298)  that  the  reciprocal  of  a  circle  is  an 
ellipse,  hyperbola,  or  parabola,  according  as  the  origin  is  within, 
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witliout,  or  on  the  curve ;  we  shall  now  extend  this  conclusion  to 
all  the  conic  sections.  It  is  evident  that,  the  nearer  any  line  or 
point  is  to  the  origin,  the  farther  the  coi'responding  point  or  line 
will  be;  that  if  any  line  passes  through  the  origin  the  corres- 
ponding point  must  be  at  an  infinite  distance ;  and  that  the  line 
corresponding  to  the  origin  itself  must  be  altogether  at  an  infinite 
distance.  To  two  tangents,  therefore,  through  the  origin  on  one 
figure,  will  correspond  two  points  at  an  infinite  distance  on  the 
other ;  hence,  if  two  real  tangents  can  be  drawn  from  the  origin, 
the  reciprocal  curve  will  have  two  real  points  at  infinity,  that  is, 
it  will  be  a  hyperbola ;  if  the  tangents  drawn  from  the  origin  be 
imaginary,  the  reciprocal  curve  will  be  an  ellipse;  if  the  origin 
be  on  the  curve,  the  tangents  from  it  coincide  (Art.  130),  there- 
fore the  points  at  infinity  on  the  reciprocal  curve  coincide,  that  is, 
the  reciprocal  curve  will  be  a  parabola.  Since  the  line  at  infinity 
corresponds  to  the  origin,  we  see  that,  if  the  origin  be  a  point  on 
one  curve,  the  line  at  infinity  will  be  a  tangent  to  the  reciprocal 
curve;  and  we  are  again  led  to  the  theorem  (Art.  251)  that  every 
parabola  has  one  tangent  situated  at  an  infinite  distance. 

Hence  the  theorem,  Art.  234,  is  the  reciprocal  of  the  theorem, 
Art.  '222. 

305.  To  the  points  of  contact  of  two  tangents  through  the 
origin  must  correspond  the  tangents  at  the  two  points  at  infinity 
on  the  reciprocal  curve,  that  is  to  say,  the  asymptotes  of  the 
reciprocal  curve.  The  eccentricity  of  the  reciprocal  hyperbola 
depending  solely  on  the  angle  between  its  asymptotes,  depends, 
therefore,  on  the  angle  between  the  tangents  drawn  from  the  ori- 
gin to  the  original  curve. 

Again,  the  intersection  of  the  asymptotes  of  the  reciprocal 
curve  (i.  e.  its  centre)  corresponds  to  the  chord  of  contact  of  tan- 
gents from  the  origin  to  the  original  curve ;  or  we  might  have 
otherwise  inferred,  by  Art.  295,  that  to  the  origin  and  its  polar, 
with  regard  to  one  curve,  must  correspond  the  line  at  infinity  and 
its  pole  with  regard  to  the  other.  We  met  with  a  particular  case 
of  this  theorem  when  we  proved  that  to  the  centre  of  a  circle  cor- 
responds the  directrix  of  the  reciprocal  conic,  for  the  directrix  is 
the  polar  of  the  origin  which  is  the  focus  of  that  conic. 
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We  can  thus,  likewise,  find  the  axes  of  the  reciprocal  curve, 
for  they  must  be  lines  drawn  through  its  centre  parallel  to  the 
internal  and  external  bisectors  of  the  angle  between  the  tangents 
drawn  from  the  origin.  This  may  otherwise  be  expressed  (by  the 
help  of  the  theorem,  p.  IGG),  that  if  through  the  origin  we  draw 
a  conic  confocal  to  the  given  one,  the  axes  of  the  reciprocal  conic 
will  be  parallel  to  the  tangent  and  normal  at  the  origin  to  the 
confocal  conic.  This  latter  statement  is  preferable,  because  it 
holds  when  the  origin  is  within  the  curve. 

306.  Hence,  given  two  circles,  we  can  find  a  point  such  that 
the  reciprocals  of  both  shall  be  confocal  conies.  For,  since  the 
reciprocals  of  all  circles  must  have  one  focus  (the  origin)  com- 
mon, in  order  that  the  other  focus  should  be  common,  it  is  only 
necessary  that  the  two  reciprocal  curves  should  have  the  same 
centre,  that  is,  that  the  polar  of  the  origin  with  regard  to  both 
circles  should  be  the  same,  or  that  the  origin  should  be  one  of  the 
two  points  determined  in  Art.  113.  Hence,  given  a  system  of 
circles,  as  in  Art.  Ill,  their  reciprocals  with  regard  to  one  of  these 
limiting  points  will  be  a  system  of  confocal  conies.  Theorems, 
therefore,  concerning  confocal  conies,  are  at  once  transformed  into 
theorems  relating  to  the  system  of  circles,  e.  g.,  the  theorem  of 
Art.  187  corresponds  to  "  the  common  tangent  to  two  circles  sub- 
tends a  right  angle  at  either  of  the  limiting  points."  The  theo- 
rem of  Art.  189  corresponds  to  "  if  any  line  intersect  two  circles, 
its  two  intercepts  between  the  circles  subtend  equal  angles  at 
either  limiting  point."  Or,  again,  by  Art.  237,  any  fixed  point, 
and  the  fixed  point  through  whicli  (Art.  112)  its  polar  must  pass, 
subtend  a  right  angle  at  the  limiting  points. 

We  may  mention  here  that  the  method  of  reciprocal  polars 
affords  a  simple  solution  of  the  problem,  "  to  describe  a  circle 
touching  three  griven  circles."  The  locus  of  the  centre  of  a  circle 
touching  two  of  the  given  circles  (1),  (2),  is  evidently  a  hyper- 
bola, of  which  the  centres  of  the  given  circles  are  the  foci,  since 
the  problem  is  at  once  reduced  to  "  Given  base  and  difference  of 
sides  of  a  triangle."  Hence  (Art.  298)  the  polar  of  the  centre 
with  regard  to  either  of  the  given  circles  (1)  will  always  touch  a 
circle  which  can  be  easily  constructed.     In  like  manner,  the  polar 

2   31 
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of  the  centre  of  any  circle  touching  (1)  and  (3)  must  also  touch 
a  •'•iven  circle.  Therefore,  if  we  draw  a  common  tangent  to  the 
two  circles  thus  determined,  and  take  the  pole  of  this  line  with 
respect  to  (1),  we  have  the  centre  of  the  circle  touching  the  three 
given  circles.* 

307.  Given  any  two  conies,  there  are  three  points  such  that 
their  reciprocals  with  regard  to  any  of  them  will  be  concentric 
curves.  For  there  are  three  points  tvhose  polars  with  regard  to  the 
tioo  conies  are  the  same,  namely,  if  we  form  the  common  inscribed 
quadrilateral  by  joining  the  four  points  in  which  the  curves  inter- 
sect, the  three  points  E,  F,  O  (see  Art.  236).  These  three  points 
may  be  real,  even  when  the  conies  cut  in  imaginary  points. 


I 


308.  To  find  the  equation  of  the  reciprocal  of  a  conic  ivith  re- 
gard to  its  centre. 

We  found,  in  Art.  173,  that  the  perpendicular  on  the  tangent 
could  be  expressed  in  terms  of  the  angles  it  makes  with  the  axes 

p"-  =  a2  cos20  -f  62  sin20.  ^j 

Hence  the  polar  equation  of  the  reciprocal  curve  is 

^  =  a2cos20+  b''sm% 
or  aKx^      hhf  . 

a  concentric  conic,  whose  axes  are  the  reciprocals  of  the  given 

i 
one.  ^ 

309.  To  find  the  equation  of  the  reciprocal  of  a  conic  with  regard 
to  any  point  {x'y). 

The  length  of  the  perpendicular  from  any  point  is  (Art.  1 73) 

p  =  —  =  x'cosO  +  y'sinO  -  V (a^ cos^O  +  b^ sin-O) ; 

r 

therefore,  the  equation  of  the  reciprocal  curve  is 
{xx  +  yy  -  l?)^  =  c^x^  +  h'^y'^. 
If  it  were  required  to  find  the  reciprocal  of  a  conic  given  by  its 


This  solution  is  taken  from  Gergonnes  AnnaJes. 
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most  general  equation,  tliis  is  only  to  find  the  envelope  of  the 
right  line  xx  +  yy  -  k^,  x  and  y  being  connected  by  the  relation 

A«'3  +  Bx'y  +  Cy^  +  T>x  +  Ey  +  F  =  0. 

Multiplying  the  first  three  terms  of  this  last  equation  by  A;*,  the 
next  two  by  k- {xx  +  yy),  and  the  last  by  (xx+yy)^,  we  find 

(A^4  +  D^2^-  +  Fx'-)x^  +  (B^i  +  D%  +  Ek^-x  +  2Fxy)xy' 

+  {Ck^  +  E%  +  F/)7/'2  =  0. 
The  required  envelope  is,  therefore  (Art.  280), 
(Bki+'Dk^y+Ek^^x  +  2Fxyy=4.{Ak^+Dk^x+Fx^)  (Ck^+Ek'^y+Fy^) ; 
or,  arranging  the  terms, 
(E2  -  4CF)A>2  -  2(DE  -  2BF).ry  +  (D^  -  4AF)3/2 

+  2(BE  -  2CD)k\v  +  2(BD  -  2AE)%  +  (B^  -  4AC)X,-4  =  0. 

It  is  easy  to  deduce  from  this  equation  the  properties  which 
"we  have  already  obtained  geometrically,  such  as,  that  if  the 
curve  be  a  parabola,  the  origin  will  be  a  point  on  the  reciprocal 
curve,  &c. 

310.  Given  the  reciprocal  of  a  curve  with  regard  to  the  origin 
of  co-ordinates,  to  find  the  equation  of  its  reciprocal  with  regard 
to  any  point  {xy). 

If  the  perpendicular  from  the  origin  on  the  tangent  be  P,  the 
perpendicular  from  any  other  point  is  (Art.  31) 

x  cos  6  +  y  sinO  -  P, 

and,  therefore,  the  polar  equation  of  the  locus  is 

k^  ,         .  '■     n       ^^ 

—  =  X  COS  f  +  V  sm  y  -  ^ ; 
p  K 

hence 

k^      XX  +  y'y  -  k'^        ,  R  cos  Q  p  cos  0 


R  p  k^  XX  +  yy'  -  k- ' 

we  must,  therefore,  substitute,  in  the  equation  of  the  curve  for  x, 

k^x  ,  p  k-y 

-,  and  for  y,—r 


xx  +  yy  -  k^^  ^^'  +  yy  -  ^"^ 

The  effect  of  this  substitution  may  be  very  simply  written  as 
follows:  Let  the  equation  of  the  reciprocal  with  regard  to  the 
origin  be  ^^  +  y^^^  ^  ^^.2,  &c.  (see  Art.  270), 


268  THE  METHOD  OF  RECIPROCAL  POLARS. 

then  the  reciprocal  with  regard  to  any  point  is 

I XX  +  vii  -  k^\             ( XX  +  ml  -  k'\2     „ 
«„  +  M«-,  f ^ j  +  "«-2( Y^ j  +  &c. 

a  curve  of  the  same  degree  as  the  given  reciprocah 

311.  Before  quitting  the  suhject  of  reciprocal  polars  we  wish 
to  mention  a  class  of  theorems,  for  the  transformation  of  which 
M.  Chasles  has  proposed  to  take  as  the  auxiliary  conic  a  'parabola 
instead  of  a  circle.  We  proved  (Art.  213)  that  the  Intercept  made 
on  the  axis  of  the  parabola  between  any  two  lines  is  equal  to  the 
intercept  between  perpendiculars  let  fall  on  the  axis  from  the  poles 
of  these  lines.  This  principle,  then,  enables  us  readily  to  trans- 
form theorems  which  relate  to  the  magnitude  of  lines  measured 
parallel  to  a  fixed  line.  We  shall  give  one  or  two  specimens  of 
the  use  of  this  method,  premising  that  to  two  tangents  parallel  to 
the  axis  of  the  auxiliary  parabola  correspond  the  two  points  at  in- 
finity on  the  reciprocal  curve,  and  that,  consequently,  the  curve 
will  be  a  hyperbola  or  ellipse,  according  as  these  tangents  are  real 
or  imaginary.  The  reciprocal  will  be  a  parabola  if  the  axis  pass 
through  a  point  at  infinity  on  the  original  curve. 

"  Any  variable  tangent  to  a  conic  intercepts  portions  on  two 
parallel  tangents  whose  rectangle  is  constant." 

To  the  two  points  of  contact  of  parallel  tangents  answer  the 
asymptotes  of  the  reciprocal  hyperbola,  and  to  the  intersection  of 
those  parallel  tangents  with  any  other  tangent  answer  parallels  to 
the  asymptotes  through  any  point;  and  we  obtain,  in  the  first  in- 
stance, that  the  asymptotes  and  parallels  to  them  through  any  point 
on  the  curve  intercept  portions  on  any  fixed  line  whose  rectangle 
is  constant.  But  this  is  plainly  equivalent  to  the  theorem :  "  The 
rectangle  under  parallels  drawn  to  the  asymptotes  from  any  point 
on  the  curve  is  constant." 

Chords    drawn    from    two    fixed  If  any  tangent  to  a  parabola  meet 

points  of  a  hyperbola  to  a  variable  two  fixed  tangents,  perpendiculars 
third  point,  intercept  a  constant  from  its  extremities  on  the  tangent 
length  on  the  asymptote.  at  the  vertex  will  intercept  a  constant 

length  on  that  line. 

This  method  of  parabolic  polars  is  plainly  much  more  limited 
in  its  application  than  the  method  of  circular  polars,  whose  re- 
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sources  in  transforminCT  theorems  of  magnitude  M.  Chasles  has 
possibly  underrated. 
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312.  The  harmonic  and  anharmonic  properties  of  conic  sec- 
tions admit  of  so  many  applications  in  the  theory  of  these  curves, 
that  we  think  it  not  unprofitable  to  spend  a  little  time  in  pointing 
out  to  the  student  the  number  of  particular  theorems  either  di- 
rectly included  in  the  general  enunciations  of  these  properties,  or 
"which  may  be  inferred  from  them  without  much  difficulty. 

The  cases  which  we  shall  most  frequently  consider  are,  when 
one  of  the  four  points  of  the  right  line,  whose  anharmonic  ratio 
we  are  examining,  is  at  an  infinite  distance.     The  anharmonic 

ratio  of  four  points,  A,  B,  C,  D,  being  in  general  =  "ttt^W^'  ^^ 

CD 

D  be  at  an  infinite  distance,  the  ratio  -r-^  is  ultimately  =  1,  and 

AD  '' 

AB 

the  anharmonic  ratio  becomes  simply  ^ttt-    If  the  line  be  cut  har- 

^  -^  BC 

monically,  its  anharmonic  ratio  =  1,  and  if  D  be  at  an  infinite 
distance  AC  is  bisected.  The  reader  is  supposed  to  be  acquainted 
with  the  geometric  investigation  of  these  and  the  other  funda- 
mental theorems  connected  with  anharmonic  section. 

313.  We  shall  commence  with  the  simple  theorem :  "  If  any 
line  drawn  through  a  point  O  meet  a  conic  in  the  points  R',  R", 
and  the  polar  of  O  in  R,  the  line  OR'RR"  is  cut  harmonically" 
(Art.  142). 

First.  Let  R"  be  at  an  infinite  distance  ;  then  the  line  OR 
must  be  bisected  at  R';  that  is,  if  through  a  fixed  point  a  line  be 

*  We  shall  in  the  next  part  return  to  consider  the  principle  of  duality  involved  in  the 
theory  of  reciprocal  polars,  from  a  purely  analytical  point  of  view ;  and  shall  show  that 
instead  of,  as  in  this  method,  deriving  one  of  two  reciprocal  theorems  from  the  other,  both 
may  be  regarded  as  equally  entitled  to  be  considered  the  geometrical  interpretation  of  the 
same  equation. 

t  The  discovery  of  the  anharmonic  properties  of  conies  is  due  to  M.  Chasles,  from  the 
notes  to  whose  History  of  Geometrj'  the  following  pages  have  been  developed.  We  con- 
cur in  M.  Chasles's  opinion,  that  these  properties  form  the  centre  whence  the  whole  theory 
of  conic  sections  can  most  naturallv  be  deduced. 
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drawn  pat^allel  to  an  asym^ytote  of  an  hyperbola,  or  to  a  diameter  of 
a  parabola,  the  portion  of  this  line  betioeen  the  fixed  point  and  its 
polar  will  be  bisected  by  the  curve  (Art.  213). 

Secondly.  Let  R  be  at  an  infinite  distance,  and  R'R"  must  be 
bisected  at  O  ;  that  is,  if  through  any  point  a  chord  be  draion 
parallel  to  the  polar  of  that  point,  it  will  be  bisected  at  the  point 
(Art.  133).  ^ 

If  the  polar  of  the  point  be  at  an  infinite  distance,  every  chord 
through  the  point  meets  the  polar  at  an  infinite  distance,  and 
therefore  every  chord  is  bisected.  Hence  this  point  is  the  centre, 
or  the  centre  may  be  considered  as  a  point  whose  polar  is  at  an  infi- 
nite distance  (Art.  152). 

Thirdly.  Let  the  fixed  point  itself  be  at  an  infinite  distance, 
then  all  the  lines  through  it  will  be  parallel,  and  will  be  bisected 
on  the  polar  of  the  fixed  point.  Hence  every  diameter  of  a  conic 
may  be  considered  as  the  polar  of  the  point  at  infinity  in  which  its 
ordinates  are  supposed  to  intersect  (Art.  285). 

This  also  follows  from  the  equation  of  the  polar  of  a  point 
(Art.  139), 

(2Aa;  +  B^  +  D)  +  {2Cy  +  Bx  +  E)^,  +  ^-^  +  %  +  ^^  =  0. 

Now,  if  xy  be  a  point  at  infinity  on  the  line  my  =  nx,  we  must 

make  — ,  =  — ,  and  x  infinite,  and  the  equation  of  the  polar  becomes 
X      m 

m  {2  Ax  +  By  +  D)  +  n{2Cy  +  Bx  +  E)  =  0, 
a  diameter  conjugate  to  my  =  nx  (Art.  135). 

314.  We  may,  in  like  manner,  make  particular  deductions 
from  the  theorem  (Art.  144),  that  the  two  tangents  through  any_ 
point,  any  other  line  through  the  point,  and  the  line  to  the  pole 
of  this  last  line,  form  an  harmonic  pencil. 

Thus,  if  one  of  the  lines  through  the  point  be  a  diameter,  the 
other  will  be  parallel  to  its  conjugate,  and  since  the  polar  of  any 
point  on  a  diameter  is  also  parallel  to  its  conjugate,  we  learn  that 
the  portion  between  the  tangents  of  any  line  drawn  parallel  to 
the  polar  of  the  point  is  bisected  by  the  diameter  through  the 
point. 

Again,  let  the  point  be  the  centre,  the  two  tangents  will  be 
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the  asymptotes.  Hence  the  asymptotes,  together  with  any  pair  of 
cotijugate  diameters,  foim  an  harmonic  pencil,  and  the  portion  of 
any  tangent  intercepted  between  the  asymptotes  is  bisected  by 
the  curve  (Art.  199). 

315.  The  anharmonic  property  of  the  points  of  a  conic  (Art. 
261)  gives  rise  to  a  much  greater  variety  of  particular  theorems. 
For,  the  four  points  on  the  cvirve  may  be  any  whatever,  and  either 
one  or  two  of  them  may  be  at  an  infinite  distance ;  the  fifth  point 
O,  to  which  the  pencil  is  drawn,  may  be  also  either  at  an  infinite 
distance,  or  may  coincide  with  one  of  the  four  points,  in  which 
latter  case  one  of  the  legs  of  the  pencil  will  be  the  tangent  at  that 
point ;  then,  again,  we  may  measure  the  anharmonic  ratio  of  the 
pencil  by  the  segments  on  any  line  drawn  across  it,  which  we 
may,  if  we  please,  draw  parallel  to  one  of  the  legs  of  the  pencil,  so 
as  to  reduce  the  anharmonic  ratio  to  a  simple  ratio. 

The  following  examples  being  intended  as  a  practical  exercise 
to  the  student  in  developing  the  consequences  of  this  theorem,  we 
shall,  in  most  cases,  merely  state  the  points  whence  the  pencil  is 
drawn,  the  line  on  which  the  ratio  is  measured,  and  the  resulting 
theorem,  recommending  to  the  reader  a  closer  examination  of  the 
manner  in  which  each  particular  theorem  is  inferred  from  the 
general  principle. 

We  use  the  abbreviation  {O.ABCD}  to  denote  the  anhar- 
monic ratio  of  the  pencil  OA,  OB,  OC,  OD. 

Ex.1.  {A.ABCD}  =  (B.ABCD). 

Let  these  ratios  be  estimated  by  the  seg- 
ments on  the  line  OD;  let  the  tangents  at 
A,  B,  meet  CD  in  the  points  T,  T',  and  let 
the  chord  AB  meet  OD  in  K,  then  the  ratios 
are  TK.OD      KT .  OD 

TD.KO  ~  KDTT'O' 
that  is,  if  any  chord  OD  meet  two  tangents 
in  T,  T',  and  their  chord  of  contact  in  K, 
KO.KT'.DT  =  KD.KT.CT'. 

(The  reader  must  be  careful,  in  this  and  the  following  exam- 
ples, to  take  the  points  of  the  pencil  in  the  same  order  on  both 
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sides  of  the  equation.  Thus,  on  the  left-hand  side  of  this  equa- 
tion we  took  K  second,  because  it  answers  to  the  leg  OB  of  the 
pencil ;  on  the  right-hand  we  take  K  first,  because  it  answers  to 
the  leg  OA). 

Ex.  2.  Let  T  and  T'  coincide,  then 

*    KC.DT  =  KD.CT, 

or,  any  choi'd  through  the  intersection  of  two  tangents  is  cut  harmoni- 
cally hy  the  chord  of  contact  (Art.  142). 

Ex.  3.  Let  T'  be  at  an  infinite  distance,  or  the  secant  CD 
drawn  parallel  to  PT',  and  it  will  be  found  that  the  ratio  will  re- 
duce to  TK^  =  'pQ  XD 

Ex.  4.  Let  one  of  the  points  be  at  an  infinite  distance,  then 
{O.  ABCoo  }  is  constant.  Let  this  ratio  be  estimated  on  the  line 
C  00.     Let  the  lines  AO,  BO,  cut  Coo  in  a,  b;  then  the  ratio  of 

the  pencil  will  reduce  to  j^;  and  we  learn,  that  if  tico  fixed  points, 

KjO 

A,  B,  on  a  hyperbola  or  parabola,  be  joined  to  any  variable  point  O, 
and  the  joining  line  meet  a  fixed  parallel  to  an  asymptote  {if  the  curve 
be  a  hyperbola),  or  to  a  diameter  (if  the  curve  be  a  parabola),  in  a,  b, 

then  the  ratio  -^  loill  be  constant. 

Ex.  5.  If  the  same  ratio  be  estimated  on  any  other  parallel 
line,  lines  inflected  from  any  three  fixed  points  to  a  variable  point 

cut  a  fixed  parallel  to  an  asymptote  or  diameter,  so  that  —  is 

constant. 

Ex.  6.  It  follows  from  Ex.  4,  that  if  the  lines  joining  AB  to 
any  fourth  point  O'  meet  Coo  in  db',  we  must  have 

ab      aC 
db'      a'C 

Now  let  us  suppose  the  point  C  to  be  also  at  an  infinite  distance, 

the  line  Coo  becomes  an  asymptote,  the  ratio  -77-,  becomes  one  of 

ab 

equality,  and  lines  joining  two  fixed  points  to  any  variable  pt)int 

on  the  hyperbola  intercept  on  either  asymptote  a  constant  portion 

(Art.  232). 
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Ex.  7.  (A.ABCoo  j  =  {B.ABa>o  }. 

Let  these  ratios  be  estimated  on 
Coo  ;  then  if  the  tangents  at  A,  B,  cut 
Coo  in  a,  b,  and  the  chord  of  contact 
AB  in  K,  we  have 

Ca      CK 
CK~  Ch 

(observing  the  caution  in  Ex.  1).  Or,  if  any  parallel  to  an  asymp- 
tote of  an  hyperbola,  or  diameter  of  a  pai^abola,  cut  two  tangents  and 
their  chord  of  contact,  the  intercept  from  the  curve  to  the  chord  is  a 
geometric  mean  between  the  intercepts  from  the  curve  to  the  tangents. 
Or,  conversely,  if  a  line  db,  parallel  to  a  given  one,  meet  the  sides 
of  a  triangle  in  the  points  aiK,  and  there  be  taken  on  it  a  point 
C  such  that  CK^  =  Qa.Qb,  the  locus  of  C  will  be  a  parabola,  if 
Qjb  be  parallel  to  the  bisector  of  the  base  of  the  triangle  (Art. 
213),  but  otherwise  an  hyperbola,  to  an  asymptote  of  which  ab  is 
parallel. 

Ex.  8.  Let  two  of  the  fixed  points  be  at 
infinity, 

{  00.  AB  oc  oo'}  =:  [  Go'.AB  00  oo'}  ; 

the  lines  oo  oo,  oo' oo',  are  the  two  asymp- 
totes, while  00  oo'  is  altogether  at  infinity. 
Let  these  ratios  be  estimated  on  the  diameter 
OA;  let  this  line  meet  the  parallels  to  the 
asymptotes  B  oo,  B  oo',  in  a  and  a';  then  the 

ratios  become  -^^  ^  cVK'     ^^'  V^'^'^^^^^^  ^^  ^^^  asymptotes  through 

any  point  on  a  hyperbola  cut  any  semidiameter,  so  that  it  is  a  mean 
proportional  beticeen  the  segments  on  it  from  the  centre. 

Hence,  conversely,  if  through  a  fixed  point  O  a  line  be  drawn 
cutting  two  fixed  lines,  Ba,  Ba',  and  a  point  A  taken  on  it  so 
that  OA  is  a  mean  between  Oa,  Oci,  the  locus  of  A  is  a  hyper- 
bola, of  whicli  O  is  the  centre,  and  Ba,  Ba',  parallel  to  the 
asymptotes. 

Ex.9.  {  oD.ABoooo'}  =  {  oo'.ABoooo'}. 

Let  the  segments  be  measured  on  the  asymptotes,  and  we  have 

2  N 
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7=TT  =  f)~rv^  being  the  centre),  or  the  rectanrjle  zinder  jxirallels  to 

the  asymptotes  tlirougli  any  point  on  the  curve  is  constant  (we  invert 
the  second  ratio  for  the  reason  given  in  Ex.  1). 

316.  We  next  proceed  to  examine  some  particular  cases  of 
the  anharmonic  property  of  the  tangents  to  a  conic  section  (Art. 
272). 

Ex.  1.  This  pro- 
perty assumes  a  very 
simple  form,  if  tlie 
curve  be  a  parabola, 
for  one  tangent  to  a 
parabola  is  always  at 
an  infinite  distance 
(Art.  251).  Hence 
three  fixed  tangents  to  a  parabola  cut  any  fourth  in  the  points 

AB 

A,  B,  C,  so  that  -r-r^  is  always  constant.    If  the  variable  tangents 
Au 

coincide  in  turn  with  each  of  the  given  tangents,  we  obtain  the 
theorem,  pQ  _RF  _  Qr 

QR  ~  P^  ~  7^" 

Ex.  2.  Let  two  of  the  four  tangents 

to  an  ellipse  or  hyperbola  be  parallel  to 

each  other,  and  let  the  variable  tangent 

coincide  alternately  Avith   each  of  the 

parallel  tangents.     In  the  first  case  the 

ratio  is  Ab        t  •      ^  ^  Dc' 

-r— ,  and  in  the  second  ^j^-r/ 
Ac  D6 

Hence  the  rectangle  Ab  .  Y>b'  is  constant. 

It  may  be  deduced  from  the  anharmonic  property  of  the  points 
of  a  conic,  that  if  the  lines  joining  any  point  on  the  curve  O  to 
A,  D,  meet  the  tangents  in  the  points  b,  b',  then  the  rectangle 
A6.D6' will  be  constant. 


i 


INVOLUTION. 

317.  If  there  be  three  pairs  of  points  on  a  right  line,  AA', 
BB',  CC  (of  which  A  is  said  to  be  conjugate  to  A',  &c.),  and  if 


^ 
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the  anharmonic  ratio  of  any  four  of  them  is  equal  to  that  of  their 

four  conjugates, 

{ABC  A'}  =  {A'B'CA}, 

then  the  anharmonic  ratio  of  any  other  four  will  be  equal  to  that 
of  thei?'  four  conjugates,  and  the  six  points  are  said  to  be  i7i  invo- 
lution. 

M.  Chasles  has  proved  this  theorem  algebraically,  but  the 
following  geometrical  demonstration,  communicated  to  me  by 
Mr.  Townsend,  is  much  more  simple,  and  appears  to  me  to  give 
a  much  clearer  idea  of  the  relation  between  points  in  involution. 

It  is,  in  general,*  pos-  P 

sible  to  find  some  point  P 
at  which  AB  and  A'B'  will 
subtend  equal  angles,  since 
it  is  only  necessary  to  de-  ^'  o    a  b  c   f      C      b'         a 

scribe  on  AB,  A'B'  segments  of  circles  intersecting  each  other 
which  contain  the  same  angle.     Now  since  we  are  given 

{P.ABCA'}  =  { P.  A'B'CA  j, 

and  since  two  angles  of  these  pencils  are  equal, 

(APB  =  A'PB',   BPA'  =  B'PA) 

the  remaining  angle  will  be  equal  (APC  =  A'PC) ;  for  we  have 

sin  APB .  sin  CPA'  _  sin  A'PB' sin  C'PA 
sin  APC  .  sin  BPA'  ~  sin  A'PC'sinB'PA' 

But  since  APB  =  A'PB'  and  BPA'  =  B'PA,  we  infer  from  this 
equation  that  PC  and  PC  divide  the  angle  APA'  into  parts 
whose  sines  are  in  the  same  ratio,  therefore  APC  =  A'PC,  and 
therefore  the  angle  any  two  points  subtend  at  P  is  equal  to  that 
subtended  by  their  two  conjugates. 

We  recommend  the  reader  to  make  a  table  of  the  different 
relations  of  magnitude  between  the  six  points  inferred  from  this 
identity  of  anharmonic  ratios ;  for  instance,  from 

{ABCA't  =  {A'B'CA} 

*  The  locus  of  such  points  P  is  in  general  a  circle.  This  locus,  however,  may  become 
imaginar_y,  as,  for  instance,  if  the  points  A'  B'  lie  between  A  and  B.  The  reader  who  has 
caught  the  force  of  the  reasoning  in  Art.  243,  will  perceive  that  even  in  this  case  the 
theorem  in  the  text  does  not  cease  to  be  true. 
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we  have  AB .  CA'     A'B'.  C'A 


AA.BC     AA.B'C" 

or  AB .  CA.  B'C  =  A'B'.  C'A .  BC. 

We  tliink  it  unnecessary  to  enlarge  on  the  development  of 
these  relations,  as  it  can  present  no  difficulty  to  the  reader. 

318.  This  method  of  considering  points  in  involution  shows 
at  once  that  their  number  is  not  limited  to  six,  for  if  we  take  any 
other  point  D  on  the  line,  and  draw  a  line  so  that  A'PD'  =  APD, 
we  obtain  another  pair  of  points  which  with  any  two  of  the  three 
original  pairs  will  form  six  points  in  involution;  and  in  like  man- 
ner we  can  form  a  whole  system  of  points  in  involution,  any  three 
pairs  of  which  have  the  relation  described  above.  ^ 

We  see  also  that  two  pairs  of  points  determine  the  system ; 
that  if,  for  example,  CC,  DD',  EE'  be  each  in  involution  with 
AA',  BB',  they  will  be  in  involution  with  each  other ;  and  that, 
given  the  points  A  A',  BB',  we  can  find  the  point  conjugate  to  any 
other  (C).  For  the  equation  just  written  gives  the  ratio  B'C:  C'A 
in  terms  of  known  quantities,  and  therefore  enables  us  to  find  C. 
The  following  geometrical  construction  for  the  same  purpose  is 
only  another  expression  of  a  theorem  which  we  shall  just  prove, 
(Art.  320):  "Assume  any  point  at  random  d;  join  dC,  dD',  tZB'; 
construct  any  triangle  whose  vertices  rest  on  these  three  lines,  and 
two  of  whose  sides  pass  through  B,  D,  then  the  remaining  side 
will  pass  through  C,  the  point  conjugate  to  C.  The  point  d 
might  have  been  taken  at  infinity,  and  the  three  lines  dC,  dD',  cZB' 
would  then  be  parallel. 

One  remarkable  case  deserves  examination :  it  is  when  one  of 
the  points  has  its  conjugate  at  an  infinite  distance.  This  will 
happen  if  we  draw,  PO'  parallel  to  A  A,  and  take  a  point  O  such 
that  A'PO  =  APO'.  The  point  O  will  then  have  its  conjugate 
point  at  infinity.  O  is  called  the  centre  of  the  system  of  points  in 
involution. 

Now  the  relation  between  the  points  takes  in  this  case  a  very 
simple  form,  for  we  have  ,'• 

{ABOO'j  =  {A'B'O'O),  I 

or  .  AO.BO      AO'.  B'O 

AO'.BO  ~  AG. B'O'' 
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let  O'  be  at  an  infinite  distance,  and  this  equation  becomes 

OA.OA'=OB.OB'.       • 

Or,  the  product  of  the  distances  from  the  centre  of  any  tioo  conjugate 
points  is  constant. 

"  Given  two  pairs  of  points  of  the  system,  to  find  the  centre,"  is 
only  a  particular  case  of  the  theorem  just  given,  and  the  following 
is  the  form  which  the  construction  just  given  will  in  this  case 
assume:  "Through  A,  B  draw  any  pair  of  parallels  LA,  MB; 
through  A',  B',  a  diiFerent  pair  of  parallels,  MA',  LB' ;  then  LM 
will  pass  through  the  centre  of  the  system." 

319.  Another  important  particular  case  is  when  a  point  coin- 
cides with  its  conjugate.  We  shall  term  such  a  point  a.  focus*  of 
the  system  of  points  in  involution.  Every  system  of  points  in  in- 
volution has  evidently  iivo  foci,  namely,  the  points  FF',  where  the 
external  and  internal  bisectors  of  the  angle  APA'  meet  the  line 
AA'.  Hence  evidently  the  line  F'AFA'  is  cut  harmonically ;  or 
any  point,  its  conjugate,  together  loith  the  two  foci,  form  four  points 
of  a  line  cut  harmonically. 

Given  two  pairs  of  points  of  the  system,  we  can  find  the  foci, 
either  by  the  construction  Art.  317,  or  as  follows:  Since  F  is  con- 
jugate to  itself  we  have 

{AFBA'j  =  (A'FB'A), 

or  •  AF .  BA'  _  A'F.B'A 

A'F.BA  ~  AF.B'A'' 
Hence  AF2 :  A'F^ : :  AB .  AB' :  A'B .  A'B' ; 

or  F  is  the  point  where  the  line  AA'  is  cut,  either  internally  or 
externally,  in  a  certain  given  ratio.  It  is  easy  to  see  that  this  ratio 
(and  therefore  the  foci)  will  be  imaginary  at  the  same  time  that 
the  locus  of  P  is  imaginary  in  the  geometrical  construction  of 
Art.  317. 

This  may  be  otherwise  solved  by  first  finding  the  centre  by 
the  last  Article;  then  if  any  two  conjugate  points  A  A'  be  on  the 
same  side  of  the  centre,  we  get  the  foci  by  taking  O  A  .  O  A'  =  OF^, 


•  I  borrow  this  name  from  a  paper  published  by  Mr.  Davies  in  The  Mathematician 
(vol.  i.  pp.  169,  243),  which  contains  the  most  complete  account  of  anharmonic  section 
and  involution  which  I  have  met  with  in  English. 
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but  if  they  be  on  opposite  sides  of  the  centre  the  foci  are  imagi- 
nary, for  no  point  then  can  coincide  with  its  conjugate;  and  the 
conjugate  of  the  point  F  such  that  OA.OA'  =  OF^  will  not  be 
itself,  bvit  the  point  F'  equidistant  from  the  centre. 

It  is  important  to  observe  that  the  relation  between  six  points 
in  involution  is  of  the  class  noticed  in  Art.  303,  and  is  such  that 
the  same  relations  will  subsist  between  the  sines  of  the  angles  sub- 
tended by  them  at  any  point  as  subsist  between  the  segments  of 
the  lines  themselves.  Consequently,  if  a  pencil  he  clraion  from 
any  point  to  six  points  in  involution,  any  tj'ansversal  cuts  this  pencil 
in  six  points  in  involution.  Again,  the  reciprocal  of  six  points  in 
involution  is  a  pencil  in  involution* 

320.  We  proceed  to  mention  the  most  important  application 
of  these  principles  to  the  theory  of  conic  sections. 

If  a  quadrilateral  ahcd 
be  inscribed  in  a  conic  sec- 
tion, and  any  transversal 
cut  the  conic  in  A,  A',  the 
sides  ah,  cd,  in  B,  B',  and 
the  sides  ad,  he  in  C,  C, 
then  the  points  AABB'CC 
are  in  involution,  for  by  the  anharmonic  property  of  conic  sections, 

[a.MbP^]  =  {c.A(/iAj; 

m 

*  Involution  is  itself  a  particular  case  of  the  following : — If  we  have  a  system  of 
points  on  a  right  line,  ABCUE,  &c.,  and  another  system,  A'BC'D'E',  &&,  either  on 
the  same  or  on  a  different  right  line,  the  systems  are  said  to  be  similar,  if  the  anharmo- 
nic ratio  of  any  four  points  whatever  of  the  first  system  be  equal  to  that  of  the  four  corres- 
ponding points  of  the  second  system.  Thus  if  we  draw  a  pencil  from  any  point  O, 
to  the  points  of  the  first  system,  and  cut  it  by  any  transversal,  we  shall  have  a  similar 
system.  We  can  construct  a  system  similar  to  a  given  one,  and  such  that  three  arbi- 
trary points  A'B'C  shall  correspond  to  three  given  points  ABC  of  the  first  system.  For, 
draw  through  A  any  line  making  an  angle  with  AB,  on  it  take  Ab  =  A'B',  Ac  =  A'C, 
and  the  intersection  of  iB,  cC,  determines  the  point  O,  and,  therefore,  the  entire  of  the 
second  system. 

When  the  two  systems  form  part  of  the  same  right  line,  it  will  not  generally  happen 
that  a  given  point  will  have  the  same  conjugate  when  it  is  considered  as  belonging  to  the 
first  and  as  belonging  to  the  second  system.  If,  however,  two  similar  systems  form  part 
of  the  same  right  line,  and  if  every  point  have  the  same  conjugate,  to  Avhichever  system  it 
be  considered  to  belong,  the  entire  series  forms  a  system  in  ins  olutiou. 
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but  if  we  observe  the  points  in  which  these  pencils  cut  A  A',  we  get 

{ACBA'I  =  {AB'C'A')  =  {A'C'B'A). 

If  any  other  conies  through  the  points  abed  meet  the  transversal 
in  points  DD',  EE',  &c.,  since  each  pair  of  points  is  in  involution 
with  BB',  CC,  these  points  form  a  system  in  involution.  Hence 
a  system  of  conies  drcfiimscribing  the  same  quadrilateral  meet  any 
transversal  in  a  system  of  points  in  involution. 

Reciprocally,  if  a  system  of  conies  be  inscribed  in  the  same  qua- 
drilateral, the  pairs  of  tangents  drawn  to  them  from  any  point  will 
form  a  system  in  involution. 

321.  The  following  particular  inferences  are  drawn  from  this 
property  by  the  help  of  Art.  319 : 

If  three  conies  circumscribe  the  same  quadrilateral,  the  common 
tangent  to  any  two  ivill  be  cut  harmonically  by  the  third.  For  the 
points  of  contact  of  these  tangents  will  be  the  foci  of  the  system  in 
involution. 

Again,  if  one  of  the  conies  break  up  into  two  right  lines,  we 
learn  that,  if  through  the  intersection  of  the  common  chords  of  tioo 
conies  we  draio  a  tangent  to  one  of  them,  this  line  will  be  cut  har- 
monically by  the  other. 

Or  again,  if  we  suppose  the  two  common  chords  to  coincide, 
we  learn  that  if  two  conies  have  double  contact  ivith  each  other,  or  if 
they  have  a  contact  of  the  third  order,  any  tangent  to  the  one  is  cut 
harmonically  at  the  points  where  it  meets  the  other,  and  where  it  meets 
the  chord  of  contact. 

Thus  likewise  we  can  describe  a  conic  through  four  points 
abed  to  touch  a  given  right  line ;  for  the  point  of  contact  must  be 
one  of  the  foci  of  the  system  BB'CC,  &c.,  and  these  points  can  be 
determined  by  Art.  319.  This  problem,  therefore,  admits  of  two 
solutions.  ' 

322.  We  now  proceed  to  give  some  examples  of  problems 
easily  solved  by  the  help  of  the  anharmonic  properties  of  conic 
sections. 

Ex.  1.  To  prove  Mac  Laurin's  method  of  generating  conic 
sections  (p.  235),  viz.,  To  find  the  locus  of  the  vertex  Yofa  triangle 
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wliose  sides  pass  through  the  points  A,  B,  C,  and  ivhose  base  angles 
move  on  the  fixed  lines  Oa,  Ob. 

Let  us  suppose  four  such  tri- 
angles drawn,  tlien  since  the  pen- 
cil [C.aaa'a'"]  is  the  same  pencil 
as  [C.bb'b"d"'},  we  have 

[aad'd")  =  {bb'b"b"'], 
and,  therefore, 

[K.adad")  =  {B.bb'b"b"'}; 
or,  from  the  nature  of  the  ques- 
tion, I A  .V  V'V"V"']  =  ( B .  VV'V'V'"}  ; 

and  therefore  A,  B,  V,  V,  V",  V"  lie  on  the  same  conic  section. 
Now  if  the  first  three  triangles  be  fixed,  it  is  evident  that  the  locus 
of  V"  is  the  conic  section  passing  through  ABVV'V". 

Ex.  2.  M.  Chasles  has  showed  that  the  same  demonstration 
will  hold  if  the  side  ab,  instead  of  passing  through  the  fixed  point 
C,  touch  any  conic  which  touches  Oa,  Ob,  for  then  any  four  po- 
sitions of  the  base  cut  Oa,  Ob,  so  that 

{add'd"]  =  {bb'b"b"']   (Art.  272), 

and  the  rest  of  the  proof  proceeds  the  same  as  before. 

Ex.  3.  Newton's  method  of  generating  conic  sections.  Tioo 
angles  of  constant  magnitude  move 
about  fixed  points  P,  Q,  the  inter- 
section of  two  of  their  sides  traverses 
the  right  line  AA' ;  then  the  locus 
of  V,  the  intersection  of  their  other 
two  sides,  will  be  a  co7iic  passing 
through  P,  Q. 

For,  as  before,  take  four  posi- 
tions of  the  angles,  then 

{P.AA'A"A"'j  =  (Q.AA'A'A'"}; 
but  {P.AA'A"A"')  =  {P.VV'V"V"'j, 

since  the  angles  of  the  pencils  are  the  same ;  and 
{Q.AAA'A'")  =  {Q.VV'VV'"), 


A  A'  A'  A" 


therefore 


P.VV'V'V'"]  =  {Q.VV'VV'"}; 
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and,  therefore,  as  before,  the  locus  of  V"  is  a  conic  through 
P,  Q,  V,  V,  V". 

Ex.  4.  M.  Chasles  has  extended  this  method  of  generating 
conic  sections,  by  supposing  the  point  A,  instead  of  moving  on  a 
right  line,  to  move  on  any  conic  passing  through  the  points  PQ, 
for  we  shall  still  have 

{P.AA'A"A"'}  =  {Q.AA'A"A"'}.* 

Ex.  5.  The  demonstration  would  be  the  same  if,  in  place  of 
the  angles  APV,  AQV  being  constant,  APV  and  AQV  cut  off 
constant  intercepts  each  on  one  of  two  fixed  lines,  for  we  should 
then  prove  the  pencil 

(P.AA'A"A"'}  =  {P.VV'V'V'"}, 

because  both  pencils  cut  off  intercepts  of  the  same  length  on  a 
fixed  line. 

Thus,  also,  given  base  of  a  triangle  and  the  intercept  made  by 
the  sides  on  any  fixed  line,  we  can  prove  that  the  locus  of  vertex 
is  a  conic  section. 

Ex.  6.  We  may  also  extend  Ex.  1,  by  supposing  the  extre- 
mities of  the  line  ah  to  move  on  any  conic  section  passing  through 

*  In  consequence  of  some  doubts  expressed  by  Mr.  Davies  in  his  Paper,  quoted  p.  277, 
as  to  the  validity  of  this  demonstration,  I  subjoin  the  following  proof  by  the  method  of  co- 
ordinates. Let  the  middle  point  of  the  line  PQ  be  taken  for  origin,  and  PQ  for  axis  of  x, 
let  A  be  x'y',  V,  xy,  then  we  have 


c  +  x       c  ->r  X  c  —  X       c  —  X 

tan  a,      and  , =  tan  p, 


l  +  _ J^^_  1+  y^ 


(c  +a:)  (c  4  x")  (c  —  x)   (c  —  a') 

which  are  equivalent  to  equations  of  the  form 

Ax  +  By  +  Ac  =  0,  Ax'  +  By  -  Ac  =  0, 

where  A,  B,  A',  B',  are  linear  functions  of  x  and  y  ;  hence  we  have 

BA'  +  AB'  ,  2AA' 


BA  -  AB'  '     "       AB'  -  BA 


c. 


Now,  if  x'j/'  be  restricted  to  move  on  a  conic  section,  substituting  these  values  for  x,  y', 
we  find  an  equation  of  the  fourth  degree  ;  but  if  this  conic  pass  through  the  points  PQ, 
since,  when  we  make  y  —  0,  the  equation  of  the  conic  must  become  x"^  —  c^  =  0,  the  equa- 
tion of  the  generated  curve  will  become  divisible  by  A  A,  and  is  only  of  the  second  degree. 
The  student  will  not  find  it  difficult  to  explain  why  A,  A',  enter  as  factors  into  the  equa- 
tion of  the  locus,  if  he  examine  the  geometric  signification  of  those  quantities. 

2o 
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the  points  AB,  for,  taking  four  positions  of  the  triangle,  we  have, 
by  Art.  272,  {aaa"a"\  =  {hh'b'V"]  ; 

therefore,  \A.aa'd'd"\  =  {B.  bb'lj"b"'], 

and  the  rest  of  the  proof  proceeds  as  before. 

Ex.  7.  The  base  of  a  triangle  passes  through  C,  the  intersec- 
tion of  common  tangents  to  two  conic  sections ;  the  extremities  of 
the  base  ab  lie  one  on  each  of  the  conic  sections,  while  the  sides 
pass  through  fixed  points  AB,  one  on  each  of  the  conies :  the  locus 
of  the  vertex  is  a  conic  through  A,  B. 

The  proof  proceeds  exactly  as  before,  depending  now  on  the 
last  theorem  proved  Art.  273. 

We  may  mention  that  the  theorem  of  Art.  273  admits  of  a 
simple  geometrical  proof  Let  the  pencil  {O.ABCDj  be  drawn 
from  points  corresponding  to  [o.abcd].  Now,  the  lines  OA,  oa, 
intersect  at  r  on  one  of  the  common  chords  of  the  conies ;  in  like 
manner,  BO,  bo,  intersect  in  /  on  the  same  chord,  &c. ;  hence 
[rr'r"r"'l  measures  the  anharmonic  ratio  of  both  these  pencils. 

Ex.  8.  In  Ex.  6  the  base,  instead  of  passing  through  a  fixed 
point  C,  may  be  supposed  to  touch  a  conic  having  double  contact 
with  the  given  conic  (see  Art.  275). 

Ex.  9.  If  a  polygon  be  inscribed  in  a  conic,  all  whose  sides 
but  one  pass  through  fixed  points,  the  envelope  of  that  side  will 
be  a  conic  having  double  contact  with  the  given  one. 

For,  take  any  four  positions  of  the  polygon,  then,  if  a,  b,  c,  &c., 
be  the  vertices  of  the  polygon,  we  have 

[aaa  a  ]  =  \bbb  b  j  =  \ccc  c  ] ,  (xc. 

The  problem  is,  therefore,  reduced  to  that  of  Art.  275,  "Given 
three  pairs  of  points,  add\  ddd",  to  find  the  envelope  oi  d"d"',  such 
that  [ad  ad")  =  {ddd'd"]r  ; 

Ex.  10.  To  inscribe  a  polygon  in  a  conic  section,  all  whose 
sides  pass  through  fixed  points.  J 

If  we  assume  any  point  (a)  at  random  on  the  conic  for  the 
vertex  of  the  polygon,  and  form  a  polygon  whose  sides  pass 
through  the  given  points,  the  point  z,  where  the  last  side  meets 
the  conic,  will  not,  in  general,  coincide  with  a.  If  we  make  four 
such  attempts  to  inscribe  the  polygon,  we  must  have,  as  in  the 
last  example,  [add'd"]  =  {zz'zz"). 
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Now,  if  the  last  attempt  were  successfnl,  the  point  a"  would  coin- 
cide with  z",  and  the  problem  is  reduced  to,  "  Given  three  pairs 
of  points,  add\  zzz'\  to  find  a  point  K  such  that 

[Kada]  =  [Kzz'z"]." 

Now,  if  we  make  az'dzd'z  the  vertices  of  an  inscribed  hexagon 
(in  the  order  here  given,  taking  an  a  and  z  alternately,  and  so  that 
az,  dz\  d'z",  may  be  opposite  vertices),  then  either  of  the  points 
in  which  the  line  joining  the  intersec-  E, 

tions  of  opposite  sides  meets  the  conic  c^ 

may  be  taken  for  the  point  K.  For,  in 
the  figure,  the  points  ACE  are  add\ 
DFB  are  zz'z",  and  if  we  take  the  sides  Kj 
in  the  order  ABCDEF,  L,  M,  N,  are  the 
intersections  of  opposite  sides.  Now, 
since  { KFNL}  measures  both  { D.KACE } 
and  (A.KDFBJ,  we  have 

{KACE}  =  {KDFB}     Q.  E.  D.* 

It  is  easy  to  see,  from  the  last  example,  that  K  is  a  point  of 
contact  of  a  conic  having  double  contact  with  the  given  conic,  to 
which  az,  dz\  d'z"  are  tangents,  and  that  we  have  therefore  just 
given  the  solution  of  the  question,  "  to  describe  a  conic  touching 
three  given  lines,  and  having  double  contact  with  a  given  conic." 

Ex.  11,  The  anharmonic  property  affords  also  a  simple  proof 
of  Pascal's  theorem,  alluded  to  in  the  last  example. 

We  have  {E.CDFB}  =  {A.CDFBj.  Now,  if  we  examine 
the  segments  made  by  the  first  pencil  on  BC,  and  by  the  second 
on  DC,  we  have         jCRMB}  =  (CDNS). 

Now,  if  we  draw  a  pencil  from  the  point  L  to  each  of  these 
points,  both  pencils  will  have  the  three  legs,  CL,  DE,  AB,  com- 
mon, therefore  the  fourth  legs,  NL,  LM,  must  form  one  right  line 
(Art.  317). 

*  This  construction  for  inscribing  a  polj'gon  in  a  conic  is  due  to  M.  Poncelet  (  Traite 
des  Proprietes  Projcctives,  p.  351).  Tlie  deuioustration  here  used,  which  was  commu- 
nicated to  me  by  Mr.  Townsend,  seems  to  me  more  simple  than  that  employed  by  51. 
Poncelet.  The  proof  here  used  shows  that  Fencelet's  construction  will  equally  solve  the 
problem,  "  To  inscribe  a  polygon  in  a  conic,  each  of  whose  sides  shall  touch  a  conic  hav- 
ing double  contact  with  the  given  conic."  The  conies  touched  by  the  sides  may  be  all 
difi'erent. 
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Ex.  12.  Pascal's  theorem  leads  at  once  to  Mac  Laurin's  me- 
thod of  generating  conic  sections,  for  if  we  suppose  the  five  points 
ABODE  given,  and  F  variable,  then  F  will  be  the  vertex  of  a 
triangle  FMN,  whose  sides  pass  through  the  fixed  points  L,  A,  E, 
and  whose  base  angles  move  on  the  fixed  lines  CD,  CB.  We  see, 
therefore,  that,  given  Jive  points  on  a  conic,  ive  can  determine  as 
many  other  points  on  the  conic  as  loe  please.  By  the  same  construc- 
tion, given  five  points  on  a  conic,  ABODE,  loe  can  determine  the 
point  where  any  line  AN  through  one  of  them  meets  the  conic  again. 
So  also,  given  five  points  on  a  conic  we  can  find  its  centre.  For  we 
may  draw  parallels  through  A  to  BC,  BD,  and  determine  the 
points  where  they  meet  the  conic  again,  and  then  find  the  centre 
by  note,  p.  130. 

Ex.  13.  Given  four  points  on  a  conic,  ADFB,  and  tivo  fixed 
lines  through  any  one  of  them,  DC,  DE,  to  find  the  envelope  of  the 
line  CE  pining  the  points  lohere  those  fixed  lines  again  meet  the 
curve. 

The  vertices  of  the  triangle  OEM  move  on  the  fixed  lines 
DC,  DE,  NL,  and  two  of  its  sides  pass  through  the  fixed  points, 
B,  F,  therefore,  the  third  side  envelopes  a  conic  section  touching 
DC,  DE  (by  the  reciprocal  of  Mac  Laurin's  mode  of  generation). 

Ex.  14.  Given  four  points  on  a  conic  ABDE,  and  two  fixed 
lines,  AF,  CD,  passing  each  through  a  different  one  of  the  fixed 
points,  the  line  CF  joining  the  points  ivhere  the  fixed  lines  agai?i  meet 
the  curve  will  pass  through  a  fixed  point. 

For  the  triangle  OFM  has  two  sides  passing  through  the  fixed 
points  B,  E,  and  the  vertices  move  on  the  fixed  lines  AF,  CD,  NL, 
which  fixed  lines  meet  in  a  point,  therefore  (p.  254)  CF  passes 
through  a  fixed  point. 

The  reader  will  find,  in  the  section  on  Projections,  how  the 
last  two  theorems  are  suggested  by  other  well-known  theorems. 

Ex.  15.  To  in- 
scribe  a  triangle  in 
a  conic  whose  three 
sides  pass  through 
three  given  points. 

This  is  of  course 
a  particular  case  of 
Ex.  10,  but  our  pre-  f 
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sent  object  is  to  give  a  geometrical  proof  of  the  construction  used 
at  p.  234. 

If  we  consider  the  quadrilateral  of  which  E,  L,  N  are  vertices, 
and  D,  F  the  intersections  of  opposite  sides ;  by  the  harmonic  pro- 
perties of  a  quadrilateral,  ML,  MP^,  MN,  MD  form  a  harmonic 
pencil,  and  therefore  the  line  Bl  is  cut  harmonically  in  the  points 
where  it  meets  these  four  lines.  But  since  B  is  the  pole  of  MD, 
Bl  is  also  cut  harmonically  in  the  points  where  it  meets  the  conic 
and  where  it  meets  MD ;  hence  it  appears  that  Bl  and  MN  must 
intersect  on  the  conic,  or  that  1,  2,  B  lie  on  one  right  line.  In 
the  same  manner  it  is  proved  that  13  passes  through  A,  and  32 
through  C. 

323.  The  anliarmonic  ratio  of  four  points  on  a  right  line  is  the 
same  as  that  of  their  polars  with  respect  to  any  conic. 

For  this  property  is  true  for  the  circle  (Art.  302),  and  if  we 
take  the  reciprocal  of  this  circle  with  regard  to  any  point,  we  see, 
by  Art.  302,  that  the  property  must  be  true  for  any  conic.  A 
particular  case  of  this  theorem  is,  the  anhai'monic  ratio  of  any  four 
diameters  is  equal  to  that  of  their  four  conjugates.  We  might  also 
prove  this  directly,  from  the  consideration  that  the  anharmonic 
ratio  of  four  chords  proceeding  from  any  point  of  the  curve  is 
equal  to  that  of  the  supplemental  chords  (Art.  174). 

A  conic  circumscribes  a  given  quadrilateral,  to  find  the  locus  of 
its  centre. 

Draw  diameters  of  the  conic  bisecting  the  sides  of  the  quadri- 
lateral, their  anharmonic  ratio  is  equal  to  that  of  their  four  con- 
jugates, but  this  last  ratio  is  given,  since  the  conjugates  are 
parallel  to  the  four  given  lines ;  hence  the  locus  is  a  conic  passing 
through  the  middle  points  of  the  given  sides.  If  we  take  the 
cases  where  the  conies  break  up  into  two  right  lines,  we  see  that 
the  intersections  of  the  diagonals,  and  also  those  of  the  opposite 
sides,  are  points  in  the  locus,  and,  therefore,  that  these  points  lie 
on  a  conic  passing  through  the  middle  points  of  the  sides  and  of 
the  diagonals.  When  the  given  quadrilateral  has  a  re-entrant 
angle  it  is  easy  to  see  that  such  a  quadrilateral  cannot  be  inscribed 
in  a  closed  figure  of  the  shape  of  the  ellipse  or  parabola,  and  that 
the  circiunscrlbing  conic  must  therefore  be  a  hyperbola,  which 
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may  have  some  of  the  vertices  in  opposite  branches.  But  since 
the  centre  of  an  hyperbola  is  never  at  infinity,  the  locus  of  centres 
must  in  this  case  be  an  ellipse.  Through  four  points  not  so  dis- 
posed in  general  two  parabolte  can  be  drawn,  for  (Art.  253)  this 
is  a  particular  case  of  the  last  problem  of  Art.  321.  The  locus  of 
centres  will  in  this  case  be  a  hyperbola,  having  for  asymptotes 
lines  parallel  to  the  diameters  of  these  two  j)arabola3.  The  locus 
of  centres  will  be  o,  parabola  ^hen  one  of  the  given  points  is  at  an 
infinite  distance ;  that  is,  when  it  is  required,  "  given  three  points 
and  a  parallel  to  an  asymptote,  to  find  the  locus  of  centre." 

It  is  very  easy  to  show,  by  the  same  method,  that  the  locus  of 
the  pole  of  any  given  right  line  is  a  conic  section. 

324.  We  think  it  unnecessary  to  go  through  the  theorems, 
which  are  only  the  polar  reciprocals  of  those  investigated  in  the 
last  examples,  but  we  recommend  the  student  to  form  the  polar 
reciprocal  of  each  of  these  theorems,  and  then  to  prove  it  directly 
by  the  help  of  the  anharmonic  property  of  the  tangents  of  a  conic. 
A  single  example  will  suffice. 

Any  tratisversal  through  a  fixed  point  P  jneets  tico  fixed  lines 
OA,  OB,  in  the  points  A,  B,  and  portions  of  given  lengths  AC,  BD, 
are  taken  on  those  lines :  to  find  the  envelope  of  CD. 

Take  any  four  positions  of  the  transversal,  and  we  have 
{AA'A'A'J  -  {BB'B"B"'j, 
but  (AA'A"A"'}  -  {CC'C'C"),  and  {BB'B"B"'J  =  {DD'D"D"'j  ; 

therefore,  the  four  lines,  CD,  QY)',  C"D",  C"'D"',  cut  the  two  lines 

OC,  OD,  so  that 

{CC'C'C'"')  =  {DD'D'D"'}, 

and,  therefore,  the  envelope  of  CD  is  a  conic  touching  OA,  OB. 

325.  Generally  when  the  envelope  of  a  moveable  line  is  found 
by  this  method  to  be  a  conic  section,  it  is  useful  to  take  notice 
whether  in  any  particular  position  tlie  moveable  line  can  be  alto-  | 
gether  at  an  infinite  distance,  for  if  it  can,  the  envelope  is  a  para- 
bola (Art.  253).  Thus,  in  the  last  example  the  line  CD  cannot 
be  at  an  infinite  distance,  unless  in  some  position  AB  can  be  at 
an  infinite  distance,  that  is,  unless  P  is  at  an  infinite  distance. 
Hence  we  see  that  in  the  last  example  if  the  transversal,  instead 
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of  passing  through  a  fixed  point,  were  parallel  to  a  given  line,  the 
envelope  would  be  a  parabola.  In  like  manner,  the  nature  of  the 
locus  of  a  moveable  point  is  often  at  once  perceived  by  observing 
particular  positions  of  the  moveable  point,  as  we  have  exemplified 
in  Art.  323. 

326.  Given  three  points  on  a  right  line,  a,  h,  c,  and  three 
points  on  another  right  line,  A,  B,  C,  if  we  take  dT)  so  that 

{abed}  =  {ABCD}, 

it  is  evident,  from  the  preceding  articles,  that  the  envelope  of  dD 
is  a  conic  section,  and  that  the  lines  jyd,  PD,  joining  dD  to  two 
fixed  points,  will  intersect  on  a  conic  passing  through  these  points.* 
Let  us  examine  the  most  general  relation  between  d  and  D  that 
this  should  be  the  case.  If  we  denote  the  distances  of  abed  from 
any  fixed  point  o  on  the  same  line  by  r,  r,  r",  r"\  and  the  distances 
of  ABCD  from  a  fixed  point  O  on  the  other  right  line  by 
R,  R',  R",  R",  we  have 

ir-r){T"-T")      (R  -  R')  (R"  -  R") 
(r  -  r")  {r'  -  r")  ~  (R  -  R ")  (R  -  R")  ' 

and  if  we  suppose  r  and  R  alone  variable,  this  gives  a  relation  of 
the  form 

^'Rr  +  ZR  +  mr  +  n  =  0      (compare  Art.  275). 

This  relation  containing  three  independent  constants  is,  there- 
fore, the  most  general  connexion  between  od  and  OD  if  dD  en- 
velope a  conic  touching  od,  OD. 

If  ^  =  0,  dD  will  envelope  a  parabola,  since  then  R  and  r  will 
become  infinite  at  the  same  time. 

M.  Chasles  has  given  this  relation  in  a  different  form.     Let 

there  be  given  two  other  points  e  and  E,  then  if  X .— ,  +  u  .  7=-;-  =  1, 

od    ^   OD 


*  We  saw,  p.  232,  that  it  is  also  true,  if  ABCD,  abed,  be  points  on  the  same  conic 
section,  that  Dd  will  envelope  a  conic  if  {ABCD}  =  [abed},  and  the  intersection  of  PD, 
pd,  will  in  this  case  be  a  conic  if  P,  p  be  points  on  the  conic.  Again,  any  two  conies  will 
be  cut  by  four  tangents  to  any  conic  having  double  contact  with  both,  so  that  {  ABCD  }  = 
{abed}  (Art.  275) ;  but  it  will  not  be  true  conversely,  that,  if  this  relation  holds,  the 
envelope  of  Drf  will  be  a  conic,  unless  the  points  ABC,  abc,  be  so  taken  that  Ac,  B6,  Cc, 
may  all  touch  the  same  conic  having  double  contact  with  both. 
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dD  will  envelope  a  conic ;  for  if  its  distances  eo,  EO,  be  called  a,  A, 
tliis  relation  may  be  written 

r  -  a  R  -  A 

A  . +  fx  . ^5 =  1, 

r  K 

an  equation  included  in  the  general  form  we  have  given. 

THE  METHOD  OF  INFINITESIMALS. 

327.  In  the  next  Part  we  purpose  to  show  how  the  differential 
calculus  enables  us  readily  to  draw  tangents  to  curves,  and  to  de- 
termine the  macjnitude  of  their  areas  and  arcs.  We  wish  first, 
however,  to  give  the  reader  some  idea  of  the  manner  in  which 
these  problems  were  investigated  by  geometers  before  the  inven- 
tion of  that  method.  The  geometric  methods  are  not  merely  in- 
teresting in  a  historical  point  of  view ;  they  afford  solutions  of 
some  questions  more  concise  and  simple  than  those  furnished  by 
analysis,  and  they  have  even  recently  led  to  a  beautiful  theorem 
(Art.  337),  which  had  not  been  anticipated  by  those  who  have 
applied  the  integral  calculus  to  the  rectification  of  conic  sections. 

If  a  polygon  be  inscribed  in  any  curve,  it  is  evident  that  the 
more  the  number  of  the  sides  of  the  polygon  is  increased,  the 
more  nearly  will  the  area  and  perimeter  of  the  polygon  approach 
to  equality  with  the  area  and  perimeter  of  the  curve,  and  the  more 
nearly  will  any  side  of  the  polygon  approach  to  coincidence  with 
the  tangent  at  the  point  where  it  meets  the  curve.  Now,  if  the 
sides  of  the  polygon  be  multiplied  ad  infinitum,  the  polygon  will 
coincide  with  the  curve,  and  the  tangent  at  any  point  will  coincide 
with  the  line  joining  two  indefinitely  near  points  on  the  curve. 
In  like  manner,  we  see  that  the  more  the  number  of  the  sides  of  a 
circumscribing  polygon  is  increased,  the  more  nearly  will  its  area 
and  perimeter  approach  to  equality  with  the  area  and  perimeter 
of  the  curve,  and  the  more  nearly  will  the  intersection  of  two  of 
its  adjacent  sides  approach  to  the  point  of  contact  of  either. 
Hence,  in  investigating  the  area  or  perimeter  of  any  curve,  we 
may  substitute  for  the  curve  an  inscribed  or  circumscribing  poly- 
gon of  an  indefinite  number  of  sides ;  we  may  consider  any  tangent 
of  the  curve  as  the  line  joining  two  indefinitely  near  points  on  the 
curve,  and  any  point  on  the  curve  as  the  intersection  of  two 
indefinitely  near  tangents. 
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The  nature  of  this  method  will  be  best  understood  by  exam- 
ples, of  which  we  give  a  few,  commencing  with  the  simple  case  of 
the  circle. 

328.  Ex.  1.  To  find  the  direction  of  the  tangent  at  any  point  of 
a  circle. 

In  any  isosceles  triangle  AOB,  either  base  angle  OBA  is  less 
than  a  right  angle  by  half  the  vertical  angle ;  but  as  the  points 
A  and  B  approach  to  coincidence,  the 
vertical  angle  may  be  supposed  less 
than  any  assignable  angle,  therefore 
the  angle  OBA  which  the  tangent 
makes  with  the  radius,  is  ultimately 
equal  to  a  right  angle.  We  shall  fre- 
quently have  occasion  to  use  the  prin- 
ciple here  proved,  viz.,  that  two  inde- 
finitely near  lines  of  equal  length  are 
at  right  angles  to  the  line  joining  their  extremities. 

Ex.  2.  The  circumferences  of  two  circles  are  to  each  other  as  their 
radii. 

If  polygons  of  the  same  number  of  sides  be  inscribed  in  the 
circles,  it  is  evident,  by  similar  triangles,  that  the  bases  ab,  AB, 
are  to  each  other  as  the  radii  of  the  circles,  and,  therefore,  that 
the  whole  perimeters  of  the  polygons  are  to  each  other  in  the 
same  ratio ;  and  since  this  will  be  true,  no  matter  how  the  num- 
ber of  sides  of  the  polygon  be  increased,  the  circumferences  are  to 
each  other  in  the  same  ratio. 

Ex.  3.  The  area  of  a  circle  is  equal  to  the  radius  multiplied  hy 
the  semidixumference. 

For  the  area  of  any  triangle  OAB  is  equal  to  half  its  base 
multiplied  by  the  perpendicular  on  it  from  the  centre;  hence  the 
area  of  any  inscribed  regular  polygon  is  equal  to  half  the  sum  of 
its  sides  multiplied  by  the  perpendicular  on  any  side  from  the 
centre ;  but  the  more  the  number  of  sides  is  increased,  the  more 
nearly  will  the  perimeter  of  the  polygon  approach  to  equality 
with  that  of  the  circle,  and  the  more  nearly  will  the  perpendicu- 
lar on  any  side  approach  to  equality  with  the  radius,  and  the  dif- 
ference between   them  can   be   made   less  than   any  assignable 
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quantity;  hence  -ultimately  the  area  of  the  circle  is  equal  to  the 
radius  multiplied  by  the  semicircumference. 

If  we  denote  the  circumference  by  27r?',  the  area  will  there- 
fore =  7rr^. 

329.  Ex.  1.  To  determine  the 
dii'ection  of  the  tangent  at  any  point 
on  an  ellipse. 

Let  P  and  P'  be  two  indefi- 
nitely near  points  on  the  curve, 
then  FP  +  PF  =  FF  +  P'F;  or, 
taking  FR  =  FP,  F'R'  =  F  P',  we 
have  FR  =  PR' ;  but  in  the  triangles  PRF,  PRF',  we  have 
also  the  base  PF  common,  and  (by  Ex.  1,  Art.  328)  the  angles 
PRF,  PRF  right;  hence  the  angle  PP'R  =  PPR'.  Now  TPF 
is  ultimately  equal  to  PP'F,  since  their  difference  PFF  may  be 
supposed  less  than  any  given  angle ;  hence  TPF  =  PFF',  or  the 
focal  radii  make  equal  angles  with  the  tangent. 

Ex.  2.   To  determine  the  direction  of  the  tangent  at  any  point  on 
a  hyperbola. 

We  have 

FP'  -  F P  =  FP'  -  FP, 
or,  as  before,  j,>^r 

PR  =  PR'. 
Hence  the  angle 

PP  R  =  PP'R', 
or,  the  tangent  is  the  internal  bisector  of  the  angle  FPF'. 

Ex.  3.  To  determine  the  direction  of  the  tan- 
gent at  any  point  of  a  parabola. 

We  have  FP  =  PN,  and  FF  =  P'N';  hence 
P'R  =  P'S,  or  the  angle  N'P'P  =  FFP.  The 
tangent,  therefore,  bisects  the  angle  FPN. 

330.  To  find  the  area  of  the  parabolic  sector 
FVP. 

Since  PS  =  PR,  and  PN  =  FP,  we  have  the 
triangle  FPR  half  the  parallelogram  PSNN. 
Now  if  we  take  a  number  of  points  PF",  &c. 
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between  V  and  P,  it  is  evident  that  the  closer  we  take  them,  the 
more  nearly  will  the  sum  of  all  the  parallelograms  PSNN',  &c., 
approach  to  equality  with  the  area  DVP,  and  the  sum  of  all  the 
triangles  PFR,  &c.,  to  the  sector  VFP;  hence  ultimately  the  sec- 
tor PFV  is  half  the  area  DVPN,  and  therefore  one-third  of  the 
quadrilateral  DFPN, 

Ex.  2.   To  find  the  area  of  the  segment  of  a  parabola  cut  off  by 
any  right  line. 

Draw  the  diameter  bisecting  it,  then 
the  parallelogram  PR'  is  equal  to  PM', 
since  they  are  the  complements  of  paral- 
lelograms about  the  diagonal ;  but  since 
TM  is  bisected  at  V,  the  parallelogram 
PN'  is  half  PR';  if,  therefore,  we  take  a 
number  of  points  PP'P",  &c.,  it  follows  that 
the  sum  of  all  the  parallelograms  PM'  is 
double  the  sum  of  all  the  parallelograms 
PN',  and  therefore  ultimately  that  the  space  V'PM  is  double 
VPN ;  hence  the  area  of  the  parabolic  segment  V'PM  is  to  that 
of  the  parallelogram  V'NPM  in  the  ratio  2  :  3. 


331.  Ex.  1.   Tlie  area  of  an  ellipse  is  equal  to  the  area  of  a  circle 
ichose  radius  is  a  geometric  mean  beticeen  the  semiaxes  of  the  ellipse. 

For  if  the  ellipse  and  the 
circle  on  the  transverse  axis  be 
divided  by  any  number  of  lines 
parallel  to  the  axis  minor,  then 
since  mb :  md : : mb' :  md' ::  b:  a, 
the  quadrilateral  mbb'm'  is  to 
mdd'm'  in  the  same  ratio,  and 
the  sum  of  all  the  one  set  of  qua- 
drilaterals, that  is,  the  polygon 
^bb'b"A  inscribed  in  the  ellipse 
is  to  the  corresponding  polygon 
Ddd'd'A  inscribed  in  the  circle,  in  the  same  ratio.  Now  this  will 
be  true  whatever  be  the  number  of  the  sides  of  the  polygon :  if 
we  suppose  them,  therefore,  increased  indefinitely,  we  learn  that 
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the  area  of  the  ellipse  is  to  the  area  of  the  circle  as  6  to  a;  but  the 
area  of  the  circle  being  =  ttcl^,  the  area  of  the  ellipse  =  irab. 

Cor.  It  can  be  proved,  in  like  manner,  that  if  any  two  figures 
be  such  that  the  ordinate  of  one  is  in  a  constant  ratio  to  the  cor- 
responding ordjiate  of  the  other,  the  areas  of  the  figures  are  in  the 
same  ratio. 

Ex.  2.  Every  diameter  of  a  conic  bisects  the  curve. 

For  if  we  suppose  a  number  of  ordinates  drawn  to  this  diame- 
ter, since  the  diameter  bisects  them  all,  it  also  bisects  the  trapezium 
formed  by  joining  the  extremities  of  any  two  adjacent  ordinates, 
and  by  supposing  the  number  of  these  trapezia  increased  without 
limit,  we  see  that  the  diameter  bisects  the  curve. 


332.  Ex.  1.  The  area  of  the  sector  of  a  hyperbola  made  by  join- 
ing any  two  points  of  it  to  the  centre^  is  equal  to  the  area  of  the  seg- 
7nent  made  by  drawing  parallels  from  them  to  the  asymptotes. 

For  since  the  triangle  PKC  =  QLC  (Art.  202)  the  area 
PQC  =  PQKL. 

Ex.  2.    Any  two   segments, 
PQKL,  RSMN,  are  equal,  if 

PK  :  QL  : :  RM  :  SN. 
For 

PK  :  QL  : :  CL  :  CK, 

but  (Art.  200) 

CL  =  MT',  CK  =  NT; 

we  have,  therefore, 

RM:SN::MT':NT, 

and  therefore  QR  is  parallel  to  PT.  We  can  now  easily  prove 
that  the  sectors  PCQ,  RCS  are  equal,  since  the  diameter  bisecting 
PS,  QR  will  bisect  both  the  hyperbolic  a'-ea  PQRS,  and  also  the 
triangles  PCS,  QCR. 

If  we  suppose  the  points  Q,  R  to  coincide,  we  see  that  we  can 
bisect  any  area  PKNS  by  drawing  an  ordinate  QL,  a  geometric 
mean  between  the  ordinates  at  its  extremities. 

Again,  if  a  number  of  ordinates  be  taken  forming  a  continued 
geometric  progression,  the  area  between  any  two  is  constant. 


T'    N  T 
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333.  The  tangent  to  the  interior  of  two  similar,  similarly  placed, 
and  concentric  conies  cuts  off  a  constant  area  from  the  exterior  conic. 

For  we  proved  (p.  203)  that  this 
tangent  is  always  bisected  at  the  point    \       \  /        / 

of  contact ;  now  if  we  draw  any  two 
tangents,  the  angle  AQA'  will  be  equal 
to  BQB',  and  the  nearer  we  suppose 
the  point  Q  to  P,  the  more  nearly  will  the  sides  AQ,  A'Q  ap- 
proach to  equality  with  the  sides  BQ,  B'Q ;  if,  therefore,  the  two 
tangents  be  taken  indefinitely  near,  the  triangle  AQA'  will  be 
equal  to  BQB',  and  the  space  AVB  will  be  equal  to  A'VB'; 
since,  therefore,  this  space  remains  constant  as  we  pass  from  any 
tangent  to  the  consecutive  tangent,  it  will  be  constant  whatever 
tangent  we  draw. 

Cor.  1.  It  can  be  proved,  in  like  manner,  that  if  a  tangent  to 
one  curve  always  cut  off  a  constant  area  from  another,  it  will  be 
bisected  at  the  point  of  contact ;  and,  conversely,  that  if  it  be 
always  bisected  it  cuts  off  a  constant  area. 

Hence  we  can  draw  through  a  given  point  a  line  to  cut  off 
from  a  given  conic  the  minimum  area.  If  it  were  required  to  cut 
off  a  given  area  it  would  be  only  necessary  to  draw  a  tangent 
through  the  point  to  some  similar  and  concentric  conic,  and  the 
greater  the  given  area,  the  greater  will  be  the  distance  between 
the  two  conies.  The  area  will  therefore  evidently  be  least  when 
this  last  conic  passes  through  the  given  point ;  and  since  the  tan- 
gent at  the  point  must  be  bisected,  the  line  through  a  given  point 
which  cuts  off  the  minimum  area  is  bisected  at  that  point. 

In  like  manner,  the  chord  drawn  through  a  given  point  which 
cuts  off  the  minimum  or  maximum  area  from  any  curve  is  bi- 
sected at  that  point.  In  like  manner  can  be  proved  the  following 
two  theorems.  I  am  indebted  to  the  late  Professor  Mac  Cullagh 
for  my  knowledge  of  all  the  theorems  of  this  article,  and  I  do  not 
remember  having  seen  them  elsewhere  published. 

Ex.  1.  If  a  tangent  AB  to  one  curve  cut  off'  a  constant  arc  from, 
another,  it  is  divided  at  the  point  of  contact,  so  that  AP :  PB  inversely 
as  the  tangents  to  the  outer  curve  at  A  and  B. 

Ex.  2.  If  the  tangent  AB  be  of  a  constant  length,  a7id  if  t1iep)er- 
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pendlcular  let  fall  on  AB  from  the  intersection  of  the  tangents  at  A 
and  B  meet  AB  in  M,  then  AP  will  =  MB. 

334.    To  find  the  radius  of  curvature  at  any  point  on  an  ellipse. 

The  centre  of  the  circle  circumscribing  any  triangle  is  the  in- 
tersection of  perpendiculars  erected  at  the  middle  points  of  the 
sides  of  that  triangle ;  it  follows,  therefore,  that  the  centre  of  the 
circle  passing  through  three  consecutive  points  on  the  curve  is  the 
intersection  of  two  consecutive  normals  to  the  curve. 

Now,  given  any  two  triangles  FPF',  FP'F,  and  PN,  FN,  the 
two  bisectors  of  their  vertical  angles,  it  is  easily  proved,  by  ele- 
mentary  geometry,  that  twice  the  angle  PNP'  =  PFP'  +  PF'F. 
(See  figure,  p.  290). 

Now,  since  the  arch  of  any  circle  is  proportional  to  the  angle 
it  subtends  at  the  centre  (Euc.  VI.  33),  and  also  to  the  radius 
(Art.  328),  if  we  consider  PFas  the  arch  of  a  circle,  whose  centre 

PF 

is  N,  the  angle  PNP'  is  measured  by  ™-.  In  like  manner,  taking 

PR 

FR  =  FP,  PFF  is  measured  by  ^^p,  and  we  have 

2PF     PR     PR 

+ 


i 


PN  "  FP     F  F ' 

but  PR  =  PR'  =  PF  sin PP'F ;  j 

therefore,  denoting  this  angle  by  Q,  PN  by  R,  FP,  FP,  by  p,  p\ 
we  have  2  11 

R  sin  0     p      p 
Hence  it  may  be  inferred  that  the  focal  chord  of  curvature  is  double 
the  harmonic  mean  betiveen  the  focal  radii.     Substituting  y-,  for 
sin  d,  2a  for  p  +  p,  and  b'^  for  pp,  we  obtain  the  known  value, 

b'^ 
ab 

The  radius  of  curvature  of  the  hyperbola  or  parabola  can  be 
investigated  by  an  exactly  similar  process.  In  the  case  of  the 
parabola  we  have  p  infinite,  and  the  formula  becomes 

2  1 

R  sin  0      p 
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I  am  indebted  to  Mr.  Townsend  for  the  following  investiga- 
tion, by  a  different  method,  of  the  length  of  the  focal  chord  of 
curvature : 

Draw  any  parallel  QR  to  the  tangent 
at  P,  and  describe  a  circle  through  PQR 
meeting  the  focal  chord  PL  of  the  conic  Q) 
atC.  Then  bythe  circle  PS. SC  =  QS.SR, 
and  by  the  conic  (Art.  194) 

PS.SL:QS.SR::PL:MN; 

therefore,  whatever  be  the  circle, 

SC:SL::MN:PL; 
but  for  the  circle  of  curvature  the  points  S  and  P  coincide,  there- 
fore PC:PL::MN:PL; 

or  the  focal  chord  of  curvature  is  equal  to  the  focal  chord  of  the  conic 
drawn  parallel  to  the  tangent  at  the  point  (p.  209). 

335.  The  radius  of  curvature  of  a  central  conic  may  otherwise 
be  found  thus : 

Let  Q  be  an  indefinitely  near  point 
on  the  curve,  QR  a  parallel  to  the 
tangent,  meeting  the  normal  In  S ; 
now,  if  a  circle  be  described  passing 
through  P,  Q,  and  touching  PT  at  P, 
since  QS  is  a  perpendicular  let  fall 
from  Q  on  the  diameter  of  this  circle, 
we  have  PQ'  =  PS  multiplied  by  the  diameter;  or  the  radius  of 
PQ2 


curvature 


2PS 


Now,  since  QR  is  always  drawn  parallel  to  the 


tangent,  and  since  PQ  must  ultimately  coincide  with  the  tangent, 
we  have  PQ  ultimately  equal  to  QR ;  but,  by  the  property  of  the 
ellipse  (if  we  denote  CP  and  its  conjugate  by  a',  b'), 

6'2 :  «'2  : :  QR2  :  PR .  RF  (=  2a.  PR), 


therefore 


QR2  = 


2b'KFR 


Hence  the  radius  of  curvature  = 


a 
h'-'  PR 


a 


PS" 


Now,  no  matter  how 
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small  PR,  PS,  are  taken,  we  liave,  by  similar  triangles,  tlieir 


ratio 


PR     CP 


Hence  radius  of  curvature  == 


i'2 


T  t' 


PS      CT     p  p 

It  is  not  difficult  to  prove  that  at  the  intersection  of  two  confocal 
conies  the  centre  of  curvature  of  either  is  the  pole  of  its  own  tangent 
icith  respect  to  the  other. 

336.  //  two  tangents  be  draivn  to  an  ellipse  from  any  point  of  a 
confocal  ellipse,  the  excess  of  the  sum  of  these  two  tangents  over  the  arc 
intercepted  between  them  is  constant* 

For,  take  an  indefinitely  near 
point  T',  and  let  fall  the  perpendicu- 
lars TR,  T'S,  then  (Art.  328) 
PT  =  PR  =  PP'  +  PR 
(for  P'R  may  be  considered  as  the 
continuation  of  the  line  PP') ;  in  like 
manner,  Q'T'  =  QQ'  +  QS. 

Again,  since,  by  Art.  189,  the  angle  TT'R  =  T'TS,  we  have 
TS  =  T'R.  If,  therefore,  in  the  quantity  TP  +  TQ  -  PQ  we 
substitute  for  TP,  PP+  PR,  for  TQ,  TS  +  TQ' -  QQ',  for  PQ, 
PP  +  P'Q,  we  find  this  quantity  =  T'F  +  TQ'  -  P'Q'. 

Cor.  The  same  theorem  will  be  true  of  any  two  curves  which 
possess  the  property  that  two  tangents,  TP,  TQ,  to  the  inner  one, 
always  make  equal  angles  with  the  tangent  TT'  to  the  outer. 

337.  If  two  tangents  be  drawn 
to  an  ellipse  from  any  i^oint  of  a 
confocal  hyperbola,  the  difference  of 
the  arcs  PK,  QK,  is  equal  to  the  dif- 
ference of  the  tangents  TP,  TQ.f 

For  it  appears,  precisely  as  be- 
fore, that  the  uxcess  of  TP'  -  P'K 
over  TP  -  PK  =  T'R,  and  that 
the  excess  of  T'Q'  -  Q'K  over 
TQ  -  QK  is  TS,  which  is  equal 


*  This  beautiful  theorem  was  discovered   by   Mr.  Graves.     See  his  Translation  of 
Chasles's  Memoirs  on  Cones  and  Spherical  Conies,  p.  77. 
\  This  extension  of  the  preceding  theorem  was  discovered  by  Mr.  Mac  CuUagh.    Dublin 
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to  T'R,  since  (Art.  189)  TT'  bisects  the  angle  RT'S.  The  difFe- 
rence,  therefore,  between  the  excess  of  TP  over  PK,  and  that  of 
TQ  over  QK,  is  constant;  but  in  the  particular  case  where  T 
coincides  with  K,  both  these  excesses,  and  consequently  their 
difference,  vanish  ;  in  every  case,  therefore,  TP  -  PK  =  TQ  -  QK. 
Cor.  1.  Fagnams  theorem,  "  that  an  elliptic  quadrant  can  be 
so  divided,  that  the  difference  of  its  parts  may  be  equal  to  the 
difference  of  the  semiaxes,"  follows  immediately  from  this  Article, 
since  we  have  only  to  draw  tangents  at  the  extremities  of  the 
axes,  and  through  their  intersection  to  draw  a  hyperbola  confocal 
with  the  given  ellipse.  The  co-ordinates  of  the  points  where  it 
meets  the  ellipse  are  found  to  be 

^  = T,     y  = 7- 

a  +  6      ^       a  +b 

Cor.  2.  It  may  also  be  inferred  from  this  Article,  that  if  a 
quadrilateral  circumscribe  an  ellipse,  two  of  whose  vertices  rest 
on  a  confocal  conic,  each  other  pair  of  vertices  must  lie  on  a  con- 
focal  conic.  Otherwise  we  should  be  able  to  find  a  right  line 
equal  in  length  to  an  elliptic  arc.  This  theorem,  however,  can 
easily  be  proved  directly.* 

THE  METHOD  OF  PROJECTIONS.! 

338.  We  have  already  several  times  had  occasion  to  point  out 
to  the  reader  the  advantage  gained  by  taking  notice  of  the  num- 
ber of  particular  theorems  often  included  under  one  general 
enunciation,  but  we  now  propose  to  lay  before  him  a  short  sketch 
of  a  method  which  renders  us  a  still  more  important  service,  and 
which  enables  us  to  tell  when  from  a  particular  given  theorem 


Exam.  Papers,  1841,  p.  41  ;  1842,  pp.  68,  83.  M.  Chasles  afterwards  independently 
noticed  the  same  extension  of  Sir.  Graves's  theorem.  Comptes  rendus,  October,  1843, 
tom.  xvii.  p.  838. 

*  The  reader  will  find  some  beautiful  applications  of  the  method  used  in  this  section  to 
the  rectification  of  conic  sections,  in  a  paper  by  Mr.  Mac  Cullagh,  published  in  vol.  xvi. 
of  the  Transactions  of  the  Royal  Irish  Academy. 

f  This  method  is  the  invention  of  M.  Poncelet.  See  his  Traite  des  Proprietcs  Pro- 
jeetives,  published  in  the  year  1822.  I  shall  be  glad  if  the  slight  sketch  here  given  in- 
duces any  reader  to  study  a  work,  from  which  I  have  perhaps  derived  more  information 
than  from  any  other  on  the  theory  of  curves. 

2q 
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we  can  safely  infer  the  general  one  under  which  it  is  contained. 
The  method  of  projections,  indeed,  as  requiring  some  knowledge 
of  the  geometry  of  three  dimensions,  may  seem  scarcely  admissible 
into  a  treatise  on  'plane  geometry;  yet,  as  it  is  only  in  laying 
down  the  principles  of  the  method  that  we  shall  have  to  use  a  few 
not  very  difficult  theorems  of  solid  geometry,  and  as  the  applica- 
tions of  the  method  (the  principles  being  once  admitted)  do  not 
require  any  consideration  of  space  of  three  dimensions,  we  feel 
that  this  beautiful  method  could  not  with  propriety  be  excluded 
from  the  present  treatise.  The  reader  will  have  less  difficulty  in 
following  the  demonstrations  here  given,  as  in  studying  spherical 
trigonometry  he  has  been  already  introduced  to  the  consideration 
of  space  of  three  dimensions  {Luhy's  Trig.  p.  57). 

339.  If  all  the  points  of  any  figure  be  joined  to  any  fixed 
point  in  space  (O),  the  joining  lines  will  form  a  cone,  of  which 
the  point  O  is  called  the  vertex,  and  the  section  of  this  cone,  by 
any  plane,  will  form  a  figure  which  is  called  the  'projection  of  the 
given  figure.  The  plane  by  which  the  cone  is  cut  is  called  the 
•plane  of  projection. 

To  any  point  of  one  figure  icill  correspond  a  point  in  the  other.  ' 

For,  if  any  point  A  be  joined  to  the  vertex  O,  the  point  a,  in  \ 
which  the  joining  line  OA  is  cut  by  any  plane,  will  be  the  pro- 
jection on  that  plane  of  the  given  point  A. 

A  right  line  icill  always  he  projected  into  a  right  line. 

For,  if  all  the  points  of  the  right  line  be  joined  to  the  vertex, 
the  joining  lines  will  form  a  plane,  and  this  plane  will  be  inter- 
sected by  any  plane  of  projection  in  a  right  line. 

Hence,  if  any  number  of  points  in  one  figure  lie  in  a  right 
line,  the  corresponding  points  on  the  projection  also  lie  in  a  right 
line,  and  if  any  number  of  lines  in  one  figure  pass  through  a 
point,  the  corresponding  lines  on  the  projection  will  pass  through 
a  point.  I 

340.  Any  plane  curve  will  always  he  projected  into  another  curve 
of  the  same  degree. 

For  it  is  plain  that,  if  the  given  curve  be  cut  by  any  right  line 
in  any  number  of  points,  ABCD,  &c.,  the  projections  will  be  cut 
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by  the  projection  of  that  right  line  in  the  same  number  of  corres- 
ponding points,  a,  b,  c,  d,  &c.,  but  (p.  209)  the  degree  of  a  cnrve 
is  estimated  geometrically  by  the  number  of  points  in  which  it 
can  be  cut  by  any  right  line.  If  the  line  AB  meet  the  curve  in 
some  real  and  some  imaginary  points,  the  line  ab  will  meet  the 
projection  in  the  same  number  of  real  and  the  same  number  of 
imaginary  points. 

In  like  manner,  if  any  two  curves  intersect,  their  projections 
will  intersect  in  the  same  number  of  points,  and  any  point  com- 
mon to  one  pair,  whether  real  or  imaginary,  must  be  considered  as 
the  projection  of  a  corresponding  real  or  imaginary  point  common 
to  the  other  pair. 

Any  tangent  to  one  curve  icill  be  projected  into  a  tangent  to  the 
other. 

For,  any  line  AB  on  one  curve  must  be  projected  into  the  line 
ab  joining  the  corresponding  points  of  the  projection.  Now,  if 
the  points  A,  B,  coincide,  the  points  a,  b,  will  also  coincide,  and 
the  line  ab  will  be  a  tangent. 

]\Iore  generally,  if  any  two  curves  touch  each  other  in  any 
number  of  points,  their  projections  will  touch  each  other  in  the 
same  number  of  points. 

341,  If  a  plane  through  the  vertex  parallel  to  the  plane  of  pro- 
jection meet  the  original  plane  in  a  line  AB,  then  any  pencil  of 
lines  diverging  from  a  point  on  that  line  AB  will  be  projected 
into  a  system  of  parallel  lines  on  the  plane  of  projection.  For, 
since  the  line  from  the  vertex  to  any  point  of  AB  meets  the  plane 
of  projection  at  an  infinite  distance,  the  intersection  of  any  two 
lines  which  meet  on  AB  is  projected  to  an  infinite  distance  on  the 
plane  of  projection.  Conversely,  ayiy  system  of  parallel  lines  on 
the  original  plane  is  projected  into  a  system  of  lines  meeting  on  a 
point  in  the  line  DF,  ichere  a  plane  through  the  vertex  parallel  to  the 
original  plane  is  cut  by  the  plane  of  projection.  The  method  of 
projections  then  leads  us  naturally  to  the  conclusion,  that  any 
system  of  parallel  lines  may  be  considered  as  passing  through  a 
point  at  an  infinite  distance,  for  their  projections  on  any  plane 
pass  through  a  point  in  general  at  a  finite  distance ;  and  again, 
that  all  tJie p>oints  at  infinity  on  any  jylane  may  be  considered  as  lying 
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on  a  right  line,  since  we  have  showed,  that  the  projection  of  any 
point  in  which  parallel  lines  intersect  must  lie  somewhere  on  the 
right  line  DF  in  the  plane  of  projection. 

342.  We  see  now  that  if  any  property  of  a  given  curve  does 
not  involve  the  magnitude  of  lines  or  angles,  but  merely  relates  to 
the  position  of  lines  as  drawn  to  certain  points,  or  touching  cer- 
tain curves,  or  to  the  position  of  points,  &c.,  then  this  property 
will  be  true  for  any  curve  into  which  the  given  curve  can  be  pro- 
jected.    Thus,  for  instance,  "  if  through  any  point  in  the  plane 
of  a  circle  a  chord  be  drawn,  the  tangents  at  its  extremities  will 
meet  on  a  fixed  line."     Now  since  we  shall  presently  prove  that 
there  is  no  cvirve  of  the  second  degree  which  cannot  be  projected 
into  a  circle,  the  method  of  projections  shows  at  once  that  the  pro- 
perties of  poles  and  polars  are  true  not  only  for  the  circle,  but 
also  for  all  curves  of  the  second  degree.     Again,  Pascal's  and 
Brianchon's  theorems  are  properties  of  the  same  class,  which  it  is 
sufficient  to  prove  in  the  case  of  the  circle,  in  order  to  know  that 
they  are  true  for  all  conic  sections. 

343.  Properties  which,  if  true  for  any  figure,  are  true  for  its 
projection,  are  called  projective  properties.  Beside  the  classes  of 
theorems  mentioned  in  the  last  Article,  there  are  many  projective 
theorems  which  do  involve  the  magnitude  of  lines.  For  instance, 
the  anharmonic  ratio  of  four  points  in  a  right  line,  {ABCD  j  being 
measured  by  the  ratio  of  the  pencil  {O.ABCD)  drawn  to  the 
vertex,  must  be  the  same  as  that  of  the  four  points  [ahcd],  where 
this  pencil  is  cut  by  any  transversal.  Again,  if  there  be  an  equa- 
tion between  the  mutual  distances  of  any  number  of  points  in  a 
right  line,  such  as 

AB.CD.EF  +  ^.  AC.BE.DF  +  ^.AD.CE.BF  +  &c.  =  0, 

where  in  each  term  of  the  equation  the  same  points  are  men- 
tioned, although  in  diflcrent  orders,  this  property  will  be  projec- 
tive.    For  (see  Art.  303)  if  for  AB  we  substitute 

OA.OB.sinAOB    , 

OP '^'- 

each  term  of  the  equation  will  be  divisible  by 
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OA.OB.OC.OD.QE.OF 

and  there  will  remain  merely  a  relation  between  the  sines  of 
angles  subtended  at  O.  It  is  evident  that  the  points  ABCDEF 
need  not  be  on  tlie  same  right  line ;  or,  in  other  words,  that  the 
perpendicular  OP  need  not  be  the  same  for  all,  provided  the 
points  be  so  taken  that  after  the  substitution,  each  term  of  the 

equation  may  be  divisible  by  the  same  product  r\p  f)p  /^p'»  ^^' 

Thus,  for  example,  "  If  lines  meeting  in  a  point  drawn  through 
the  vertices  of  a  triangle  ABC  meet  the  opposite  sides  in  the 
points  abc,  then  Ab.Bc.Ca  =  Ac.Ba.Cb."  This  is  a  relation  of 
the  class  just  mentioned,  and  which  it  is  sufficient  to  prove  for  any 
projection  of  the  triangle  ABC.  Let  us  suppose  the  point  C  pro- 
jected to  an  infinite  distance,  then  AC,  BC,  Cc  are  parallel,  and 
the  relation  becomes  Ab.Bc  =  Ac.Ba,  the  truth  of  which  is  at  once 
perceived  on  making  the  figure. 

344.  It  appears  from  what  has  been  said,  that  if  we  wish  to 
dem.onstrate  any  projective  property  of  any  figure,  it  is  sufficient 
to  demonstrate  it  for  the  simplest  figure  into  which  the  given 
figure  can  be  projected;  e.  g.  for  one  in  which  any  line  of  the 
given  figure  is  at  an  infinite  distance. 

Thus,  if  it  were  required  to  investigate  the  harmonic  proper- 
ties of  a  complete  quadrilateral  ABCD,  whose  opposite  sides  in- 
tersect in  E,  F,  and  the  intersection  of  whose  diagonals  is  G,  we 
mav  join  all  the  points  of  this  figure  to  any  point  in  space  O,  and 
cut  the  joining  lines  by  any  plane  parallel  to  OEF,  then  EF  is 
projected  to  infinity,  and  we  have  a  new  quadrilateral,  whose 
sides  ab,  cd  intersect  at  e  at  infinity,  that  is,  are  parallel ;  while 
ad,  be  intersect  in  a  point/ at  infinity,  or  are  also  parallel.  We 
thus  see  that  any  quadrilateral  may  be  projected  into  a  parallelo- 
gram. Now  since  the  diagonals  of  a  parallelogram  bisect  each 
other,  the  diagonal  ac  is  cut  harmonically  in  the  points  a,  g,  c,  and 
the  point  where  it  meets  the  line  at  infinity  ef.  Hence  AB  Is  cut 
harmonically  in  the  points  A,  G,  C,  and  where  it  meets  EF. 

Ex.  2.  If  two  triangles  ABC,  AB'C,  be  such  that  the  points  of 
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intersection  0/ AB,  A'B';  BC,  B'C;  CA,  C'A';  lie  in  a  right  line, 
then  the  lines  A  A',  BB',  CC  meet  in  a  point. 

Project  to  infinity  the  line  in  which  AB,  A'B',  &c.,  intersect; 
then  the  theorem  becomes:  "  If  two  triangles  ahc,  a'h'c  have  the 
sides  of  the  one  respectively  parallel  to  the  sides  of  the  other, 
then  the  lines  ad^  bb',  cc  meet  in  a  point."  But  the  truth  of  this 
latter  theorem  is  evident,  since  ad,  bb'  both  cut  cc  in  the  same 
ratio. 

345.  Before  giving  examples  of  the  application  of  the  method 
of  projections  to  curves  of  the  second  degree,  we  wish  to  examine 
more  particularly  than  in  Art.  340  the  nature  of  the  section  made 
by  any  plane  in  a  cone  standing  on  a  circular  base.  We  there 
proved  that  the  projection  of  a  circle  must  be  always  a  curve  of 
the  second  degree,  and  we  wish  now  to  show  that  the  same  circle 
may  be  projected  into  any  of  the  three  species  of  curves  of  the  se- 
cond degree.  We  commence  by  proving  that  any  curve  loill  be 
projected  into  a  similar  curve,  on  ai^lane  parallel  to  the  plane  of  the 
original  curve. 

For  take  any  fixed  point  A  in  the  plane  of  one  of  them,  and 
the  corresponding  point  a  in  the  plane  of  the  other,  and  let  radii 
vectores  be  drawn  from  them  to  any  corresponding  points  B,  b ; 
now  from  the  similar  triangles  OAB,  Oab,  AB  is  to  ab  in  the  con- 
stant ratio  OA  :  Oa ;  and  since  every  radius  vector  of  the  one  curve 
is  in  this  constant  ratio  to  the  corresponding  radius  vector  of  the 
other,  the  two  curves  are  similar  (Art.  238). 

Cor.  If  a  cone  standing  on  a  circular  base  be  cut  by  any  plane 
parallel  to  the  base,  the  section  will  be  a  circle.  This  is  evident 
as  before:  we  may,  if  we  please,  suppose  the  points  A,  a  the 
centres  of  the  curves. 

346.  The  section  by  any  plane  of  a  cone  standing  on  a  circular 
base  is  a  curve  of  the  second  degree. 

A  cone  of  the  second  degree  is  said  to  be  right  if  the  line 
joining  the  vertex  to  the  centre  of  the  circle  which  is  taken  for 
base  be  perpendicular  to  the  plane  of  that  circle;  in  which  case 
this  line  is  called  the  axis  of  the  cone.     If  this  line  be  not  per- 
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pendicular  to  the  plane  of  the  base,  the  cone  is  said  to  be  oblique. 
The  investigation  of  the  sections  of  an  oblique  cone  is  exactly  the 
same  as  that  of  the  sections  of  a  right  cone,  but  we  shall  treat  them 
separately,  because  the  figure  in  the  latter  case  being  more  simple 
will  be  more  easily  understood  by  the  learner,  who  may  at  first 
find  some  difficulty  in  the  conception  of  figures  in  space. 

Let  a  plane  (OAB)  be  drawn  through  the  axis  of  the  cone 
OC  perpendicular  to  the  plane  of  the  section,  so  that  both  the 
section  MSsN  and  also  the  base  A  SB 
are  supposed  to  be  perpendicular  to 
the  plane  of  the  paper:  the  line  RS, 
in  which  the  section  meets  the  base, 
is,  therefore,  also  supposed  perpen- 
dicular to  the  plane  of  the  paper.  Let 
the  section  cut  the  plane  OAB  in  the 
line  MN,  which  we  shall  first  suppose 
to  meet  both  the  sides  OA,  OB,  as  in 
the  figure,  on  the  same  side  of  the 
vertex. 

Now  let  a  plane  parallel  to  the  base  be  drawn  at  any  other 
point  s  of  the  section.     Then  we  have  (Euc.  III.  35)  the  square  of 
RS,  the  ordinate  of  the  circle,  =  AR.RB,  and  in  like  manner 
i's^  =  ar  .rh.     But  from  a  comparison  of  the 
similar  triangles  ARM,  orM ;  BRN,  JrN, 
it  can  at  once  be  proved  that 

AR .  RB  :  MR .  RN  : :  ar .  rh  :  Mr .  ?'N. 
Therefore 

RS2:rs2::MR.RN:Mr.?^N. 

Hence  the  section  MSsN  is  such  that  the 
square  of  any  ordinate  rs  is  to  the  rectangle 
under  the  parts  in  which  it  cuts  the  line 
MN  in  the  constant  ratio  RS^ :  MR .  RN. 
Hence  it  can  immediately  be  inferred  (Art. 
147)  that  the  section  is  an  ellipse,  of  which 
MN  is  the  axis  major,  while  the  square  of 
the  axis  minor  is  to  MN^  in  the  given  ratio 
RS2:MR.RN. 
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Secondly.  Let  MN  meet  one  of  the  sides  OR  p7vduced.  The 
proof  proceeds  exactly  as  before,  only  that  now  we  prove  the 
square  of  the  ordinate  rs  in  a  constant  ratio  to  the  rectangle 
Mt^.t'N  under  the  parts  into  which  it  cuts  the  line  MN  produced. 
The  learner  will  have  no  difficulty  in  proving  that  the  locus  will 
in  this  case  be  a  hyperbola,  consisting  evidently  of  the  two  oppo- 
site branches  NsS,  Ms'S'. 

Thirdly.  Let  the  line  MN  be  parallel  to 
one  of  the  sides.    In  this  case,  since  AR  =  ar,  XO 

and  RB  -.rh:: RN  :  ?^N,  we  have  the  square 
of  the  ordinate  rs{=  ar.rb)  to  the  abscissa 
?'N  in  the  constant  ratio 

RS3(=  AR.RB)  :RN. 

The  section  is  therefore  o.  parabola.* 

347.  It  is  evident  that  the  projections 
of  the  tangents  at  the  points  A,  B  of  the 

circle  are  the  tangents  at  the  points  M,  N  of  the  conic  section 
(Art.  341)  ;  now  in  the  case  of  the  parabola  the  point  M  and  the 
tangent  at  it  go  off  to  infinity ;  we  are  therefore  again  led  to  the 
conclusion  that  every  parabola  has  one  tangent  altogether  at  an  infi- 
nite distance. 

348.  Let  the  cone  now  be  supposed  oblique.    The  plane  of  the 

*  It  is  worth  mentioning,  that  if  a  sphere  be  inscribed  in  a  right  cone  touching  the 
plane  of  any  section,  the  point  of  contact  will  be  a  focus  of  that 
section,  and  the  corresponding  directrix  will  be  the  intersection 
of  the  plane  of  the  section  with  the  plane  of  contact  of  the  cone 
tvith  the  sphere. 

Let  a  sphere  be  both  inscribed  and  exscribed  between  the 
cone  and  the  plane  of  the  section.  Now,  if  any  point  P  of  tlie 
section  be  joined  to  tlie  vertex,  and  the  joining  line  meet  the 
planes  of  contact  in  Y)d,  then  we  have  PD  =  PF,  since  they 
are  tangents  to  the  same  sphere,  and,  similarly,  Prf=  PF,  there- 
fore PF  +  PF  =  Dd,  which  is  constant.  The  point  (R)  where 
FF  meets  AB  produced,  is  a  point  on  the  directrix,  for  by  the 
property  of  the  circle  NFMR  is  cut  harmonically,  therefore,  R  is  a  point  on  the  polar  of  F. 
This  is  only  a  particular  case  of  a  more  general  theorem. 

The  reader  will  have  no  difficulty  in  proving  that  the  parameter  of  the  section  MPN 
is  constant,  if  the  distance  of  the  plane  from  the  vertex  be  constant. 
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paper  is  a  plane  drawn  tlirougli  the  line  OC,  perpendicular  to  the 
plane  of  tlie  circle  AQSB.  Now  let  the 
section  meet  the  base  in  any  line  QS, 
draw  a  diameter  LK  bisecting  QS,  and 
let  the  section  meet  the  plane  OLK  in  the 
line  MN,  then  the  proof  proceeds  exactly 
as  before ;  we  have  the  square  of  the  ordi- 
nate RS  equal  to  the  rectangle  LR.RK; 
if  we  conceive  a  plane,  as  before,  drawn 
parallel  to  the  base  (which,  however,  is  left 
out  of  the  figure  in  order  to  avoid  render- 
ing it  too  complicated),  we  have  the  square 
of  any  other  ordinate,  ?'5,  equal  to  the  corresponding  rectangle 
Ir.o'k  ;  and  we  then  prove  by  the  similar  triangles  KRM,  kr^i  ; 
LRN,  //-N,  in  the  plane  OLK,  exactly  as  in  the  case  of  the  right 
cone,  that  RS^ :  rs^,  as  the  rectangle  under  the  parts  in  which 
each  ordinate  divides  MN,  and  that  therefore  the  section  is  a 
conic  of  which  MN  is  the  diameter  bisecting  QS,  and  which  is  an 
ellipse  when  MN  meets  both  the  lines  OL,  OK  on  the  same  side 
of  the  vertex,  an  hyperbola  when  it  meets  them  on  different  sides 
of  the  vertex,  and  a  parabola  when  it  is  parallel  to  either. 

In  the  proof  just  given  QS  is  supposed  to  intersect  the  circle 
in  real  points ;  if  it  did  not,  we  have  only  to  take,  instead  of  the 
circle  AB,  any  other  parallel  circle  ah,  which  does  meet  the  sec- 
tion in  real  points,  and  the  proof  will  proceed  as  before. 

349.  If  a  circular  section  be  cut 
hy  any  plane  in  a  line  RS  the  rect- 
angle DR .  RF  of  the  segments  of  the 
diameter  of  the  circle  conjugate  to  QS 
is  to  the  rectangle  ^R.R^  under  the 
segments  of  the  diameter  of  the  section 
conjugate  to  QS,  as  the  square  of  the 
diameter  of  the  section  parallel  to  QS 
is  to  the  square  of  the  conjugate  dia- 
meter gk. 

This  has  been  proved  in  the  last  Article,  in  the  case  where 
QS  meets  the  circle  in  real  points,  since  rs^  =  dr.rf.     Now,  if  the 

2  R 
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plane  meet  any  other  parallel  plane  in  a  line  QS  winch  does  not 
meet  the  curve  :  First,  wc  say  that  the  diameters  conjugate  to  QS 
with  regard  to  the  circle,  and  with  regard  to  the  other  section, 
will  meet  QS  in  the  same  point  R,  for  it  is  evident,  by  Art.  345, 
that  the  diameter  df,  bisecting  chords  of  any  circular  section  pa- 
rallel to  qs,  will  be  projected  into  a  diameter  bisecting  the  parallel 
chords  of  any  parallel  section.  The  middle  points,  therefore,  of 
all  chords  parallel  to  qs,  must  lie  in  the  plane  Of//,  and,  conse- 
quently, the  diameter  conjugate  to  QS,  in  the  section  gqhs,  must 
be  the  line  gk,  in  which  it  is  met  by  the  plane  Odf.  DF,  there- 
fore, and  gh,  intersect  in  the  point  R,  where  QS  meets  the  plane 

Now,  since  we  have  proved  that  the  lines  gk,  df,  DF,  lie  in  one 
plane  passing  through  the  vertex,  the  points  D,  d,  are  projections 
of  g,  that  is,  they  lie  in  one  right  line  passing  through  the  ver- 
tex ;  we  have,  therefore,  by  similar  triangles,  as  in  Art.  346, 
dr . r/  :  DR . RF  ::  gr.rkigll.  Rk ;  and,  since  dr.rf:  gr . rk,  as  the 
squares  of  the  parallel  semidiameters,  DR.RF  :  f/R.RA  in  the 
same  ratio. 

350.  If  a  plane  be  drawn  through  the  vertex  parallel  to  the 
circular  base  meeting  the  section  gqks  in  TL,  it  follows,  as  a  par- 
ticular case  of  the  preceding,  that  gL.hk:  OIJ  in  the  ratio  of  the 
squares  of  the  parallel  diameters  of  the  section.  Hence  we  see 
that,  given  any  conic  section  and  a  line,  TL,  in  its  plane,  it  is  an 
indeterminate  problem  to  find  O  the  vertex  of  a  cone  such  that 
the  section  of  it,  by  any  plane  parallel  to  OTL,  should  be  a  circle. 
For,  draw  the  diameter  of  the  section  conjugate  to  TL,  then  the 
distance  of  L  from  the  vertex  of  the  cone  is  determined  by  the 
present  Article ;  also  OL  must  lie  in  the  plane  perpendicular  to 
TL,  since  it  is  parallel  to  the  diameter  of  a  circle  perpendicular 
to  TL ;  O  may,  therefore,  be  any  point  of  a  certain  circle  in  a 
plane  perpendicular  to  TL. 

Hence,  given  any  conic  section,  and  any  line  TL  in  its  plane  not 
cutting  it,  ice  can  i^roject  it  so  that  tJie  conic  section  may  become  a 
circle  ;  and  the  line  may  be  projected  to  infinity,  for  we  have  only 
to  take  any  point  O,  such  that  the  plane  OTL  may  be  parallel  to 
the  planes  of  circular  section,  and  then  any  plane  parallel  to  OTL 
will  be  a  plane  of  projection  fulfilling  the  required  conditions. 
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351.  Given  any  conic  section  and  a  point  in  its  plane,  ive  can 
project  it  into  a  circle,  of  tvJiich  the  projection  of  that  p)oint  is  the  cen- 
tre, for  we  have  only  to  project  it  so  that  the  projection  of  the 
polar  of  the  given  point  may  pass  to  infinity  (Art.  152). 

Or  again,  Any  two  conic  sections  may  he  projected  so  as  both  to 
become  circles,  for  we  have  only  to  project  one  of  them  into  a  circle 
so  as  that  any  of  its  chords  of  intersection  with  the  other  shall  pass 
to  infinity,  and  then,  by  Art.  253,  the  projection  of  the  second 
conic  passing  through  the  same  points  at  infinity  as  the  circle 
must  be  a  circle  also. 

Any  two  conies  which  have  double  contact  with  each  other  may  be 
projected  into  concentric  circles. 

For  we  have  only  to  project  one  of  them  into  a  circle  so  that 
its  chord  of  contact  with  the  other  may  pass  to  infinity  (Art.  253). 

Strictly  speaking,  all  these  projections  have  only  been  shown 
to  be  possible  when  the  line  projected  to  infinity  does  not  meet 
the  conic  in  real  points,  but  this  is  a  limitation  which  it  is  unne- 
cessary in  practice  to  attend  to.  The  reader  is,  probably,  already 
convinced  that  the  distinction  between  real  and  imaginary,  how- 
ever much  it  affects  the  shape  and  outward  appearance  of  curves, 
has  comparatively  little  influence  on  their  projective  properties; 
and  that  a  projective  proposition  once  proved  true  for  any  state 
of  a  figure  may  become  unmeaning,  but  will  never  become  false, 
when  certain  lines  in  that  figure  have  become  imaginary.  Thus, 
for  example,  although  the  method  of  projecting  into  concentric 
circles  only  directly  proves  properties  of  conies  having  double 
contact,  wliose  chord  of  contact  is  imaginary,  we  shall  not  think  it 
necessary  to  seek  for  an  independent  proof  of  the  same  properties 
in  the  case  where  the  chord  of  contact  is  real. 

352.  We  shall  now  give  some  examples  of  the  method  of  de- 
riving properties  of  conies  from  those  of  the  circle,  or  from  other 
more  particular  properties  of  conies. 

Ex.  1.  "  A  line  through  any  point  is  cut  harmonically  by  the 
curve  and  the  polar  of  that  point."'  This  property  and  its  reci- 
procal are  projective  properties  (Art.  343),  and  both  being  true  for 
the  circle  are  true  for  every  conic.  Hence  all  the  properties  of 
the  circle  depending  on  the  theory  of  poles  and  polars,  are  true 
for  all  the  conic  sections. 
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Ex.  2.  The  anharmonic  properties  of  the  points  and  tangents 
of  a  conic  are  projective  properties,  which,  when  proved  for  the 
circle,  as  in  Art.  302,  are  proved  for  all  the  conies.  Hence,  every 
property  of  the  circle  which  results  from  either  of  its  anharmonic 
properties  is  true  also  for  all  the  conic  sections. 

Ex.  3.  Garnet's  theorem  (Art.  303),  that  if  a  conic  meet  the 
sides  of  a  triangle, 

Ab .  M.  Be .  Be.  Ca .  Qa  =  Ac .  Ac'.  Ba .  Ba'.  Cb .  Ch\ 

is  a  projective  property  which  need  only  be  proved  in  the  case  of 
the  circle,  in  which  case  it  is  evidently  true,  since 

Ab.Ab'  =  Ac.Ac,  &c. 

The  theorem  is  evidently  true,  and  can  be  proved  in  like  manner 
for  any  polygon.  ,, 

Ex.  4.  From  Garnet's  theorem,  thus  proved,  could  be  deduced    * 
the  properties  of  Art.  146,  by  supposing  the  point  C  at  an  infinite 
distance ;  we  then  have 

Ab.Ab'  _  Ba.Bg 
Ac .  Ac'  ~  Be  .  Be" 
where  the  line  Ab  is  parallel  to  Ba. 

Ex.  3.   Given  two  concentric  cir-  Given  two   conies  having  double 

cles,  any  chord  of  one  which  touches  contact  with  each  other,  any  chord  of 
the  other  i.s  bisected  at  the  point  of  one  which  touches  the  other  is  cut 
contact.  harmonically  at  the  point  of  contact, 

and  where  it  meets  the  chord  of  con- 
tact of  the  conies.     (Art.  321.) 

For  the  line  at  infinity  in  the  first  case  is  projected  into  the 
chord  of  contact  of  two  conies  having  double  contact  with  each 
other.     Ex.  4,  Art.  242,  is  only  a  particular  case  of  this  theorem. 

Ex.  6.   Given  three  concentric  cir-  Given   three   conies   all    touching 

cles,  any  tangent  to  one  is  cut  by  the  each  other  in  the  .same  two  points, 
other  two  in  four  points  whose  anhar-  any  tangent  to  one  is  cut  by  the  other 
monic  ratio  is  constant.  two  in  four  points  whose  anharmonic 

ratio  is  constant. 

The  first  theorem  is  obviously  true,  since  the  four  lengths  are 
constant.  The  second  may  be  considered  as  an  extension  of  the 
anharmonic  property  of  the  tangents  of  a  conic.  In  like  manner, 
the  theorems  (in  Art.  275)  with  regard  to  anharmonic  ratios  in 


THE  METHOD  OF  PROJECTIONS.  309 

conies  having  double  contact  are  immediately  proved  by  projecting 
the  conies  into  concentric  circles. 

Ex.  7.  We  mentioned  already,  that  it  was  sufficient  to  prove 
Pascal's  theorem  for  the  case  of  a  circle,  but  by  the  help  of  Art. 
341  we  may  still  further  simplify  our  figure,  for  we  may  suppose 
the  line  joining  the  intersection  of  AB,  DE,  to  that  of  BC,  EF, 
to  pass  off  to  infinity ;  and  it  is  only  necessary  to  prove  that,  if  a 
hexagon  be  inscribed  in  a  circle  having  the  side  AB  parallel  to 
DE,  and  BC  to  EF,  then  CD  will  be  parallel  to  AF,  but  the 
truth  of  this  can  be  shown  from  elementary  considerations. 

PjX.  8.  A  triangle  is  inscribed  in  any  conic,  tioo  of  lohose  sides 
pass  through  fixed  points,  to  find  the  envelope  of  the  third  (p.  233)- 
Let  the  line  joining  the  fixed  points  be  projected  to  infinity,  and 
at  the  same  time  the  conic  into  a  circle,  and  this  property  becomes, 
"  A  triangle  is  inscribed  in  a  circle,  two  of  whose  sides  are  parallel 
to  fixed  lines,  to  find  the  envelope  of  the  third."  But  this  enve- 
lope is  a  concentric  circle,  since  the  vertical  angle  of  the  triangle 
is  given ;  hence,  in  the  general  case,  the  envelope  is  a  conic 
touching  the  given  conic  in  two  points  on  the  line  joining  the  two 
given  points. 

Ex.  9.  To  investigate  the  2'>'>"0Jective  p)rop)erties  of  a  quadrilateral 
inscribed  in  a  conic.  Let  the  conic  be  projected  into  a  circle,  and 
the  quadrilateral  into  a  parallelogram  (Art.  344).  Now  the  in- 
tersection of  the  diagonals  of  a  parallelogram  inscribed  in  a  circle 
is  the  centre  of  the  circle;  hence  the  intersection  of  the  diagonals 
of  a  quadrilateral  inscribed  in  a  conic  is  the  pole  of  the  line  join- 
ing the  intersections  of  the  opposite  sides.  Again,  if  tangents  to 
the  circle  be  drawn  at  the  vertices  of  this  parallelogram,  the  dia- 
gonals of  the  quadrilateral  so  formed  will  also  pass  through  the 
centre,  bisecting  the  angles  between  the  first  diagonals;  hence, 
"  the  diagonals  of  the  inscribed  and  corresponding  circumscribing 
quadrilateral  pass  through  a  point,  and  form  an  harmonic  pencil." 

Ex.  10.   Given  four  points  on  a  co-  Given  four  points  on  a  conic,  the 

nic,  the  locus  of  its  centre  is  a  conic  locus  of  the  pole  of  any  fixed  line  is 
through  the  middle  points  of  the  sides  a  conic  passing  through  the  fourth 
of  the  given  quadrilateral-  harmonic  to  the  point  in  which  this 

line  meets  each  side  of  the  given  qua- 
trilateral. 
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Ex.1 1.  The  locus  of  the  pointwhere 
parallel  chords  of  a  circle  are  cut  in 
a  given  ratio,  is  an  ellipse  having  dou- 
ble contact  with  the  circle.  (Art. 
157.) 

Ex.  12.  If  from  the  vertex  of  an 
ellijise  any  radius  vector  be  drawn, 
and  a  parallel  radius  vector  through 
the  centre,  the  locus  of  the  intersec- 
tion of  this  parallel,  with  a  tangent 
through  the  variable  point,  is  the 
tangent  at  the  other  vertex.  (Art. 
'229.) 


If  through  a  fixed  point  O  a  line  he 
drawn  meeting  the  conic  in  A,B,  and 
on  it  a  point  F  be  taken,  such  that 
{  O  A 13  P }  may  be  constant,  the  locus 
of  P  is  a  conic  having  double  contact 
with  the  given  conic. 

Given  a  fixed  point  P  and  its  polar 
TT',  and  let  any  line  through  P  meet 
the  conic  in  u,  u,  then  if  a  line  PQ  be 
drawn  to  the  point  where  any  radius 
vector  a\i  meets  TT',  the  locus  of  the 
intersection  of  PQ  with  the  tangent 
at  R  will  be  the  tangent  at  a. 


Ex.  1.  The  locus  of  the  centre  of 
a  circle  touching  two  given  circles  is 
a  hyperbola,  having  the  centres  of 
the  given  circles  for  foci. 


353.  We  may  project  several  properties  i'clating  to  foci  by 
the  help  of  the  delinition  of  a  focus  given  page  237. 

If  a  conic  be  described  through 
two  fixed  points,  and  touching  two 
conies  which  also  pass  through  those 
points,  the  locus  of  the  pole  of  the 
line  joining  those  points  is  a  conic  in- 
scribed  in  the  quadrilateral  formed 
by  joining  the  two  given  points  to  the 
poles  of  the  same  line  with  regard  to 
the  given  conies. 

We  give  this  example  as  worth  the  learner's  study,  because  it 
illustrates  the  different  principles  that  all  circles  pass  through  two 
fixed  points  at  infinity  (Art.  253);  that  the  centre  is  the  pole  of 
the  line  joining  them  (Art.  152)  ;*  that  a  focus  is  the  intersection 
of  tangents  passing  through  these  fixed  points  (Art.  277) ;  and 
that  we  are  safe  in  extending  our  conclusion  from  imaginary  to 
real  points  (Art.  351). 

Ex.  2.  Given  the  focus  and  two  Given  two  tangents,  and  two  points 
points  of  a  conic  section,  the  intersec-  on  a  conic,  the  locus  of  the  intersec- 
tion of  tangents  at  those  points  will  tion  of  tangents  at  those  points  is  a 
be  on  a  fixed  line.     (Art.  233.)  right  line. 


•  We  might  liavi'  mentioned  before,  that  it  may  Ijo  iiifcned  that  tlie  polar  of  the 
centre  of  a  conic  is  at  an  infinite  distance,  from  the  definition  of  the  polar,  page  135,  and 
from  the  fact  that  tangents  at  the  extremities  of  any  chord  pasf-iiig  through  the  centre  are 


parallel. 
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Ex.  3.  Given  a  focus  and  two  tan-  Given  four  tangents   to   a  conic, 

gents  to  a  conic,  the  locus  of  the  and  a  fixed  point  on  each  of  two  of 
other  focus  is  a  right  line.  (This  fol-  them,  the  locus  of  the  intersection  of 
lows  from  Art.  189.)  tangents  from  these  points  is  aright 

line. 

For,  the  two  points  at  infinity  on  any  circle  lie  one  on  each  of 
the  tangents  from  one  focus,  and  the  intersection  of  the  other 
tangents  from  these  two  points  is  the  other  focus. 


Ex.  4.   Given  three  tangents  to  a 
parahola,  the  locus  of  the  focus  is  the 

(Art.  224.) 


circumscribing  circle 


Given  four  tangents  to  a  conic,  and 
two  fixed  points  on  any  one  of  them, 
the  locus  of  the  intersection  of  the 
other  tangents  from  these  points  is 
a  conic  passing  through  these  two 
points,  and  circumscribing  the  tri- 
angle formed  by  the  other  three  tan- 
gents. 

For  every  parabola  has  one  tangent  at  infinity,  and  the  two 
points  through  which  every  circle  must  pass  lie  on  this  tangent. 


Ex.  5.  The  locus  of  the  centre  of 
a  circle  passing  through  a  fixed  point, 
and  touching  a  fixed  line,  is  a  para- 
bola of  which  the  fixed  point  is  the 
focus, 

Ex.  6.  Given  four  tangents  to  a 
conic,  the  locus  of  the  centre  is  the 
line  joining  the  middle  points  of  the 
diagonals  of  the  quadrilateral. 


Given  one  tangent,  and  three 
points  on  a  conic,  the  locus  to  the  in- 
tersection of  tangents  at  any  two  of 
these  points  is  a  conic  inscribed  in 
the  triangle  formed  by  those  points. 

Given  four  tangents  to  a  conic, 
the  locus  of  the  pole  of  any  line,  is  the 
line  joining  the  fourth  harmonics  of 
the  points  where  the  given  line  meets 


the  diagonals  of  the  quadrilateral. 

It  follows  from  our  definition  of  a  focus,  that  if  two  conies 
have  the  same  focus,  this  point  will  be  an  intersection  of  common 
tangents  to  them,  and  will  possess  the  properties  mentioned  in 
Art.  264.  Also,  that  if  two  conies  have  the  same  focus  and  the 
same  directrix  they  may  be  considered  as  two  conies  having  double 
contact  with  each  other,  and  may  be  projected  into  two  concentric 
circles. 

354.  If  we  are  given  any  property  relating  to  the  magnitude 
of  angles,  since  angles  which  are  constant  in  any  figure  will  in 
general  not  be  constant  in  the  projection  of  that  figure,  we  pro- 
ceed to  show  what  property  of  a  projected  figure  may  be  inferred 
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from  the  given  property,*  and  we  commence  with  the  case  of  the 
riglit  angle. 

Let  the  equations  of  two  lines  at  right  angles  to  each  other  be 
^  =  0,  y  =  0,  then  the  equation  which  determines  the  direction  of 
the  points  at  infinity  on  any  circle  is  x^  +y^  =  0,  or 

Hence  (Art.  54)  these  four  lines  form  an  harmonic  pencil.  Hence, 
given  four  points,  ABCD,  of  a  line  cut  harmonically,  where  A,  C 
may  be  real  or  imaginary,  if  these  points  be  transferred  by  a  real 
or  imaginary  projection,  so  that  A,  C  may  become  the  two  imagi- 
nary points  at  infinity  on  any  circle,  then  any  lines  through  B,  D, 
will  be  projected  into  lines  at  right  angles  to  each  other.  Con- 
versely, an}/  two  lines  at  o^ight  angles  to  each  other  icill  he  projected 
into  lines  ivhich  cut  harmonically  the  line  joining  the  two  fixed  points 
which  are  the  projections  of  the  imagina7'y  points  at  infinity  on  a 
circle.  The  following  examples  will  illustrate  the  use  of  this 
principle  : 

Ex.  1.   The  tangent  to  a  circle  is  Any  chord  of  a  conic  is  cut  har- 

at  right  angles  to  the  radius.  monically  by  any  tangent,  and  by  the 

line  joining  the  point  of  contact  of 
that  tangent  to  the  pole  of  the  given 
chord.     (Art.  142.) 

*  M.  Poncelet  has  only  treated  of  some  particular  cases  where  constant  angles  are 
projected  into  constant  angles.  He  has  thus  very  ingeniously  connected  properties  relating 
to  angles  subtended  at  the  foci  of  conies  with  properties  of  the  circle.  These  properties, 
however,  follow  so  naturally  from  the  metiiod  of  reciprocal  polars,  that  I  have  not  thought 
it  worth  while  to  give  up  the  space  necessary  to  explain  M.  Poncelet's  metliod  of  obtaining 
them  by  projection.  Properties  relating  to  angles  in  conies  may  also  be  reduced  to  proper- 
ties relating  to  angles  in  circles  by  tlie  help  of  the  following  principle,  due  to  Mr.  Mulcahy, 
which  the  reader  will  find  easy  to  prove :  "  If,  through  any  point  C  of  any  circular  section 
of  an  oblique  cone  a  plane  be  drawn  making  with  the  line  to  the  vertex  OC  the  same  angle 
as  that  made  by  the  plane  of  the  circular  section,  and  passing  through  the  line  perpendi- 
cular to  OC  in  the  plane  of  the  circular  section,  then  any  two  lines  passing  through  C  in  the 
one  plane  will  be  projected  into  lines  in  the  other  plane  making  the  same  angle  >vitli  each 
other."  When  C  is  the  centre  of  the  circular  section  it  will  be  a  focus  of  the  other  sec- 
tion. {Chasles'i  Apercu  Kistorique,  p.  287).  Thus,  for  instance,  from  the  property  that 
"  any  two  conjugate  diameters  of  a  circle  are  at  right  angles  to  each  other,"  we  obtain  the 
theorem,  that  any  line  through  the  focus  is  at  right  angles  to  tlie  radius  vector  drawn  to 
its  pole  ;  we  can  show  that  the  envelope  of  a  cliord  which  subtends  a  constant  angle  at 
any  point  of  a  conic  is  another  conic,  &c. 
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For  the  chord  of  the  conic  is  supposed  to  be  the  projection  of 
the  line  at  infinity  on  the  plane  of  the  circle ;  the  points  where 
the  chord  meets  the  conic  will  be  the  projections  of  the  imaginary 
points  at  infinity  on  the  circle ;  and  the  pole  of  the  chord  will  be 
the  projection  of  the  centre  of  the  circle. 

Ex.    2.     Any    right   line    drawn  Any  right  line  through  any  point, 

through  the  focus  of  a  conic  is  at  the  two  tangents  at  that  point,  and 
right  angles  to  the  line  joining  its  the  line  joining  the  given  point  to 
pole  to  the  focus.     (Art.  192.)  the  pole  of  the  given  line,  form  a  har- 

monic pencil.  (Art.  144.) 

It  is  evident  that  the  first  of  these  properties  is  only  a  particu- 
lar case  of  the  second,  if  we  recollect  that  the  tangents  from  the 
focus  are  the  lines  joining  the  focus  to  the  two  imaginary  points 
in  any  circle  (Art.  277). 

Ex.  3.  Let  us  apply  Ex.  6  of  the  last  Article  to  determine  the 
locus  of  the  pole  of  a  given  line  with  regard  to  a  system  of  con- 
focal  conies.  Being  given  the  two  foci  we  are  given  a  quadrila- 
teral circumscribing  the  conic  (Art.  277),  one  of  the  diagonals  of 
this  quadrilateral  is  the  line  joining  the  foci,  therefore  (Ex.  6) 
one  point  on  the  locus  is  the  fourth  harmonic  to  the  point  where 
the  given  line  cuts  the  distance  between  the  foci.  Again,  another 
diagonal  is  the  line  at  infinity,  and  since  the  extremities  of  this 
diagonal  are  the  points  at  infinity  on  a  circle,  by  the  present 
Article  the  locus  is  perpendicular  to  the  given  line.  The  locus 
is,  therefore,  completely  determined. 

Ex.  4.    Two   confocal   conies    cut  If  two  conies  be  inscribed  in  the 

each  other  at  right  angles.  same  quadrilateral,  the  two  tangents 

at  any  of  their  points  of  intersection 
cut  any  diagonal  of  the  circumscrib- 
ing quadrilateral  harmonically. 

The  last  theorem  is  a  particular  case  of  the  reciprocal  of  the 
first  cheorem  in  Art.  321. 

Ex.5.  The  locus  of  the  intersection  If  from  any   two   points    B,  D, 

of  two  tangents  to  a  central  conic,       which  cut  a  given  line  AC  harmoni- 
which  cut  at  right  angles,  is  a  circle.       cally,  tangents  be  drawn  to  a  conic, 

the  locus  of  their  intersection  O  is  a 
conic  through  the  points  A,  C. 

The  last  theorem  may,  by  Art.  144,  be  stated  otherwise  thus: 

2  s 
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"  The  locus  of  a  point  O,  such  that  the  line  joining  O  to  the  pole 
of  AO  may  pass  through  C,  is  a  conic  through  A,  C ;"  and  the 
truth  of  it  is  evident  directly,  by  taking  four  positions  of  the  line, 
when  we  see,  by  Art.  323,  that  the  anharmonic  ratio  of  four  lines, 
AO,  is  equal  to  that  of  four  corresponding  lines,  CO. 

Ex.  6.   The  locus  of  the  intersec-  If  in  the  last  example  the  line  AC 

lion  of  tangents  to  a  parabola,  which  touch  the  given  conic,  the  locus  of  O 
cut  at  right  angles,  is  the  directrix.  will   be   the   right  line  joining   the 

points  of  contact  of  tangents  from 
A,  C. 

Ex.  7.   If  from  any  point  on  a  co-  If  a    harmonic    pencil   be    drawn 

nic  two  lines  at  right  angles  to  each  through  any  point  on  a  conic,  two 
other  be  drawn,  the  chord  joining  legs  of  which  are  fixed,  the  chord 
their  extremities  passes  through  a  joining  the  extremities  of  the  other 
fixed  point.     (Art.  234.)  legs  will  pass  through  a  fixed  point. 

In  other  words,  given  two  points,  a,  c,  on  a  conic,  and  [abed} 
an  harmonic  ratio,  bd  will  pass  through  a  fixed  point,  namely,  the 
intersection  of  tangents  at  a,  c.  But  the  truth  of  this  may  be  seen 
directly:  for  let  the  line  ac  meet  bd  in  K,  then  since  [a. abed}  is  J 
a  harmonic  pencil,  the  tangent  at  a  cuts  bd  in  the  fourth  harmonic 
to  K :  but  so  likewise  must  the  tangent  at  e,  therefore  these  tan- 
gents meet  bd  in  the  same  point.  As  a  particular  case  of  this 
theorem  we  have  the  following:  "  Through  a  fixed  point  on  a 
conic  two  lines  are  drawn,  making  equal  angles  with  a  fixed  line 
through  it,  the  chord  joining  their  extremities  will  pass  through 
a  fixed  point." 


355.  A  system  of  pairs  of  right  lines  draivn  through  a  pohU., 
every  tioo  of  which  make  equal  angles  ivith  a  fixed  line,  cut  the  line  at 
infinity  in  a  system  of  points  in  involution,  of  ivhich  the  two  points  at 
infinity  on  any  circle  form  one  pair  of  conjugate  points.  For  (see 
figure,  p.  275)  they  evidently  cut  any  right  line  in  a  system  of 
points  in  involution,  and  the  two  points  at  infinity  just  mentioned 
belong  to  the  system,  since  they  are  cut  harmonically  by  the 
given  internal  and  external  bisector  of  every  pair  of  right  lines. 
These  bisectors  meet  any  right  line  in  the  foci  of  the  system  in 
involution. 

The  tangents  from  any  point  to  a  The  tangents  from  any  point  to  a 

system  of  confocal  conies  make  etjual      system  of  conies  inscribed  in  the  same 
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angles  with  two   fixed  lines.    (Art.       quadrilateral  cut  any  diagonal  of  that 
189.)  quadrilateral  in  a  system  of  points  in 

involution  of  which  the  two  extremi- 
ties of  that  diagonal  are  a  pair  of 
conjugate  points.     (Art.  320.) 

356.  Two  lines  diverging  from  a  fixed  point,  ichich  contain  a 
constant  angle,  cut  the  line  joining  the  two  jyoints  at  infinity  on  a  cir- 
cle, so  that  the  anharmonic  ratio  of  the  four  points  is  constant. 

For  the  equation  of  two  lines  containing  an  angle  d  being 
X  =  0,  y  =  0,  the  direction  of  the  points  at  infinity  on  any  circle  is 
determined  by  the  equation 

a-  +  y^  +  2xy  cos  0  =  0, 

and,  separating  this  equation  into  factors,  we  see,  by  Art.  54,  that 
the  anharmonic  ratio  of  the  four  lines  is  constant  if  6  be  constant. 
Ex.  1.  "  The  anffle  contained  in  the  same  segment  of  a  circle 
is  constant."  We  see,  by  the  present  Article,  that  this  is  the  form 
assumed  by  the  anharmonic  property  of  four  points  on  a  circle 
when  two  of  them  are  at  an  infinite  distance. 


Ex.  2.  The  envelope  of  a  chord  of 
a  conic  which  subtends  a  constant 
angle  at  the  focus  is  another  conic 
having  the  same  focus  and  the  same 
directrix. 

Ex.  3.  The  locus  of  the  intersec- 
tion of  tangents  to  a  parabola  which 
cut  at  a  given  angle  is  a  hyperbola 
having  the  same  focus  and  the  same 
directrix. 

Ex.  4.  If  from  the  focus  of  a  conic 
a  line  be  drawn  making  a  given  angle 
with  any  tangent,  the  locus  of  the 
point  where  it  meets  it  is  a  circle. 


If  tangents  through  any  point  O 
meet  the  conic  in  T,  T,  and  there  be 
taken  on  the  conic  two  points  A,  B, 
such  that  {O.ATBT'}  is  constant, 
the  envelope  of  AB  is  a  conic  touch- 
ing the  given  conic  in  the  points  T,T'. 

If  in  Art.  354,  Ex.  6,  the  points 
B,  D  be  so  taken  that  {ABCD}  is 
constant,  the  locus  of  O  is  a  conic 
touching  the  given  conic  at  the  points 
of  contact  of  tangents  from  A,  C. 

If  a  variable  tangent  to  a  conic 
meet  two  fixed  tangents  in  T,  T',  and 
a  fixed  line  in  M,  and  there  be  taken 
on  it  a  point  P,  such  that  {PTMT  } 
may  be  constant,  the  locus  of  P  is  a 
conic  passing  through  the  points 
where  the  fixed  tangents  meet  the 
fixed  line. 

A  particular  case  of  this  theorem  is:  "  The  locus  of  the  p)oint 
where  the  intercept  of  a  variable  tangent  between  two  fixed  tangents 
is  cut  in  a  given  ratio,  is  a  hyperbola  ivhose  asymptotes  are  parallel 
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to  the  fixed  tangents.     This  again  includes,  as  a  particular  case, 
Art.  199. 


Ex.  5.  If  from  a  fixed  point  O, 
OP  be  drawn  to  a  given  circle,  and 
the  angle  TPO  be  constant,  the  en- 
velope of  TP  is  a  conic  having  O  for 
its  focus. 


Given  the  anharmonic  ratio  of  a 
pencil  whose  vertex  moves  along  a 
given  conic,  and  three  of  whose  legs 
pass  through  fixed  points,  two  of 
which  are  on  the  given  conic,  the  en- 
velope of  the  fourth  leg  is  a  conic 
touching  the  lines  joining  the  fixed 
point  not  on  the  conic  to  the  other 
two. 

A  particular  case  of  this  is:  "  If  two  fixed  points  A,  B,  on  a 
conic  be  joined  to  a  variable  point  P,  and  the  intercept  made  by 
the  joining  chords  on  a  fixed  line  be  cut  in  a  given  ratio  at  M, 
the  envelope  of  PM  is  a  conic  touching  parallels  through  A  and 
B  to  the  fixed  line." 


Ex.  6.  If  from  a  fixed  point  O, 
OP  be  drawn  to  a  given  right  line, 
and  the  angle  TPO  be  constant,  the 
envelope  of  TP  is  a  parabola  having 
O  for  its  focus. 


Given  the  anharmonic  ratio  of  a 
pencil,  three  of  whose  legs  pass 
through  fixed  points,  and  whose  ver- 
tex moves  along  a  fixed  line,  the  enve- 
lope of  the  fourth  leg  is  a  conic 
touching  the  three  sides  of  the  trian- 
gle formed  by  the  three  given  points. 


357.  We  remarked  already,  that  the  advantage  gained  by  the 
method  of  projections  is  very  analogous  to  that  gained  by  the  use 
of  trilinear  co-ordinates.  In  fact,  when  we  show  that  an  equation 
expressed  in  terms  of  a,  j3,  7,  is  identical  in  form  with  an  equation 
expressed  in  terms  of  x,  y,  k,  it  is  the  same  as  if  we  say  that  the 
line  y  can  be  projected  to  infinity.  When  we  show  that  the 
equation  LM  =  R'^  can  be  treated  by  exactly  the  same  methods 
as  the  equations  xy  =  k^  or  px  =  y^,  it  is  the  same  as  if  we  say  that, 
"  given  two  tangents  to  a  conic,  and  their  chord  of  contact,  we 
can  project  the  conic  either  into  a  hyperbola,  of  which  the  pro- 
jections of  the  given  tangents  shall  be  asymptotes,  or  into  a  para- 
bola, of  which  the  projection  of  one  of  the  given  tangents  shall  be 
a  diameter."* 

*  The  method  of  projections  can  equally  be  used  in  obtaining  from  properties  of  plane 
curves  properties  of  other  curves  not  plane,  e.  g.  curves  on  the  surface  of  a  sphere. 

Mr.  Mulcahy,  some  years  ago,  gave  the  following  method  of  obtaining  the  properties 
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358.  We  shall  conclude  this  chapter  with  a  brief  account  of 
the  method  o^  orthogonal  projection,  which,  before  the  publication 
of  M.  Poncelet's  treatise,  was  the  only  method  of  projection  much 
used  by  geometers.  If  from  all  the  points  of  any  figure  perpen- 
diculars be  let  fall  on  any  plane,  the  feet  of  these  perpendiculars 
will  trace  out  a  figure  which  is  called  the  oyihogonal  projection 
of  the  given  figure.  The  orthogonal  projection  of  any  figure  is, 
therefore,  a  right  section  of  a  cylinder  passing  through  the  given 
figure. 

All  parallel  lines  are  in  a  constant  ratio  to  their  orthogonal  pro- 
jections on  any  plane. 

For  (see  fig.  p.  4)  MM'  represents  the  orthogonal  projection 
of  the  line  PQ,  and  it  is  evidently  =  PQ  multiplied  by  the  cosine 
of  the  angle  which  PQ  makes  with  MM'. 

All  lines  parallel  to  the  intersection  of  the  plane  of  the  figure 
with  the  plane  on  ivhich  it  is  projected,  are  equal  to  their  oi'thogonal 
projections. 

For,  since  the  intersection  of  the  planes  is  itself  not  altered  by 
projection,  neither  can  any  line  parallel  to  it. 

The  area  of  any  figure  in  a  given  plane  is  in  a  constant  ratio  to 
its  orthogonal  projection  on  another  given  plane. 

For,  if  we  suppose  ordinates  of  the  figure  and  of  its  projection 

of  angles  subtended  at  the  focus  from  those  of  small  circles  on  a  sphere.  The  method  de- 
pends on  the  following  principle:  the  locus  of  the  vertices  of  all  the  right  cones  from 
which  a  given  ellipse  can  he  cut  is  a  hyperbola  passing  through  the  foci  of  the  ellipse. 
For,  see  note,  p.  304,  the  diiference  of  MO  and  NO  is  constant,  being  equal  to  the  diffe- 
rence of  MF  and  NF. 

Now,  let  us  take  any  property  of  a  small  circle  of  a  sphere,  e.  g.,  if  through  any  point 
P,  on  the  surface  of  a  sphere,  a  great  circle  be  drawn,  cutting  the  small  circle  in  the  points 
A,  B,  then  tan  JAP  tan  |BP  is  constant.  Now,  let  us  take  a  cone  whose  base  is  the 
small  circle,  and  whose  vertex  is  the  centre  of  the  sphere,  and  let  us  cut  this  cone  by  any 
plane,  and  we  learn  that  "  if  through  a  point  p,  in  the  plane  of  any  conic,  a  line  be  drawn 
cutting  the  conic  in  the  points  a,  b,  then  the  product  of  the  tangents  of  the  halves  of  the 
angles  which  ap,  bp  subtend  at  the  vertex  of  the  cone  will  be  constant ;  this  property  will 
be  true  of  the  vertex  of  any  right  cone,  out  of  which  the  section  can  be  cut,  and,  there- 
fore, since  the  focus  is  a  point  in  the  locus  of  such  vertices,  it  must  be  true  that  tan  ^afp 
tan  ^bfp  is  constant. 

Mr.  Mac  Cullagh  has  derived  this  theorem,  by  a  very  elegant  geometrical  proof,  from 
the  fundamental  property  of  the  focus  and  directrix.  The  product  of  the  tangents  will 
remain  fixed  if/)  be  any  point  on  a  conic  having  same  focus  and  directrix. 
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to  be  drawn  perpendicular  to  the  intersection  of  the  planes,  since 
every  ordinate  of  the  projection  is  to  the  corresponding  ordinate 
of  the  original  figure  in  the  constant  ratio  of  the  cosine  of  the 
angle  between  the  planes  to  unity,  by  Art.  331,  Cor.,  the  areas  of 
the  figures  will  be  in  the  same  ratio. 

Any  ellipse  can  he  orthogonally  j^TOJected  into  a  circle. 

For,  if  we  take  the  intersection  of  the  plane  of  projection  with 
the  plane  of  the  given  ellipse  parallel  to  the  axis  minor  of  that 
ellipse,  and  if  we  take  the  cosine  of  the  angle  between  the  planes 

=  -,  then  every  line  parallel  to  the  axis  minor  will  be  unaltered 

to 

by  projection,  but  every  line  parallel  to  the  axis  major  will  be 
shortened  in  the  ratio  h : «,  the  projection  will,  therefore  (Art.  157), 
be  a  circle,  whose  radius  is  b.  i| 

359.  We  shall  apply  the  principles  laid  down  in  the  last  Ar- 
ticle to  prove  the  following  theorem:   The  radius  of  the  circle 

cirmmscribing  any  triangle  inscribed  in  an  ellipse  =  — ^ — ,  lohere 

b\  b",  b'",  are  the  semidiameiers  of  the  ellipse  parallel  to  the  sides  of 
the  triangle.*  The  expression  given  already  for  the  radius  of  cur- 
vature of  any  point  on  an  ellipse  is  plainly  only  a  particular  case 
of  the  present  theorem.  2 

Let  the  sides  of  the  triangle  be  a,  /3,  7,  and  its  area  A,  then, 
by  elementary  geometry, 

4A 
Now  let  the  ellipse  be  projected  into  a  circle  whose  radius  is  b, 
then,  since  this  is  the  circle  circumscribing  the  projected  triangle, 
we  have  ^  g^jSy 

4A'' 
But,  since  parallel  lines  are  in  a  constant  ratio  to  their  projec- 


tions, we  have 


a    :  a 

/3':/3 

7'  '•  7 


b;b\ 
b:b", 
b:b"'; 


*  I  take  this  theorem  from  an  Examination  Paper  given  by  Mr.  Mac  Cullagh  in  the 
year  1836  ;  but  the  proof  here  given  is  due,  I  believe,  to  Mr.  Graves. 
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and,  since  (Art.  358)  A'  is  to  A  as  the  area  of  the  circle  (=  ttJ^) 
to  the  area  of  the  ellipse  (=  irab),  we  have 

A'  :  A  : :  ^> :  a. 
Hence 

a'/3Y    a/By         ,„    i'i."t" 
4A      4A 

and,  therefore,  „     b'b"b"' 

IX  = 


ab 


It  can  be  proved,  in  general,  that  if  c,  c,  c",  be  chords  drawn 
through  the  focus  parallel  to  the  sides  of  a  triangle  inscribed  in 
any  conic,  and  p  the  parameter  of  the  conic, 


R2  =  ^'.* 


4p 


•  Dublin  Examination  Papers,  1836,  p.  22. 


NOTES. 


Art.  59,  Page  53. 

It  would  have  been  more  symmetrical  to  have  expressed  the  four  sides 
A  =  0,  B  =  0,  C  =  0,  D  =  0,  these  four  equations  being  necessarily  con- 
nected by  an  identical  relation, 

aA.  +  bB  +  cC  +  dD  =  0, 

then  aA  +  6B  =  0,  or  cC  +  dD  -  0,  is  the  equation  of  the  lines  joining 
the  points  (AB),  (CD) ;  and  so  for  the  rest. 


Pascal's  TnEOREii,  Page  223. 

M.  Steiner  was  the  first  who  (in  Gergonne's  Annales)  directed  the 
attention  of  geometers  to  the  complete  figure  obtained  by  joining  in 
every  possible  way  six  points  on  a  conic.  M.  Steiner' s  theorems  were 
corrected  and  extended  by  M.  Pliicker  (Crelle's  Journal,  vol.  v.  p.  274), 
and  the  subject  has  been  more  recently  investigated  by  Messrs.  Cayley 
and  Kirkman,  the  latter  of  whom,  in  particular,  has  added  several  new 
theorems  to  those  already  known.  We  shall  in  this  note  give  a  slight 
sketch  of  the  more  important  of  these,  and  of  the  methods  of  obtaining 
them.  The  greater  part  are  derived  by  joining  the  simplest  principles 
of  the  theory  of  combinations  with  the  following  elementary  theorems 
and  their  reciprocals:  "  If  two  triangles  be  such  that  the  lines  joining- 
corresponding  vertices  meet  in  a  point  (which  we  shall  call  the  iwle  of 
the  two  triangles),  the  intersections  of  corresponding  sides  will  lie  in 
one  right  line  (which  we  shall  call  their  axis).''''  "  If  the  intersections  of 
opposite  sides  of  three  triangles  be  for  each  pair  the  same  three  points  in 
a  right  line,  the  poles  of  the  first  and  second,  second  and  third,  third 
and  first,  will  lie  in  a  right  line."  Let  the  six  points  be  a,  h,  c,  d,  e,  /, 
which  we  shall  call  the  points  P.  These  may  be  connected  hj  fifteen 
right  lines,  ah,  ac,  &c.,  which  we  shall  call  the  lines  C.     Each  of  the 

2  T 
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lines  C  (for  example  ah)  is  intersected  by  the  fourteen  others;  by  four 
of  them  in  the  point  a,  by  four  in  the  point  h,  and  consequently  by  six 
in  points  distinct  from  the  points  P  (for  example  the  points  ab,  cd\  &c.) 
These  we  shall  call  the  points  p.  There  are  forty-five  such  points;  for 
there  are  six  on  each  of  the  lines  C.  To  find  then  the  number  of 
points  p,  we  must  multiply  the  nvimber  of  lines  C  by  6,  and  divide  by  2, 
since  two  lines  C  pass  through  every  pointjo. 

If  we  take  the  sides  of  the  hexagon  in  the  order  ahcdef,  Pascal's 
theorem  is,  that  the  three  p  points,  {ab,  de),  {cd,  fa),  (be,  ef),  lie  in  one 
right  line,  which  we  may  call  either  the  Pascal  ahcdef,  or  else  we  may 

denote  as  the  PascaN    ,  '      ',     r,  o-  form  which  we  sometimes  prefer, 

I  de. fa. be  J 

as  showing  more  readily  the  three  points  through  which  the  Pascal 

j)asses.     Through   each  point  p  four  Pascals  can  be  drawn.     Thus 

through  {ab,  de)  can  be  drawn  abcdef  ahfdec,  abcedf,  abfedc.     We  then 

find  the  total  number  of  Pascals  by  multiplying  the  number  of  points^) 

by  4,  and  dividing  by  3,  since  there  are  three  points  p  on  each  Pascal. 

"We  thus  obtain  the  number  of  Pascal's  lines  =  60.     We  might  have 

derived  the  same  directly  by  considering  the  number  of  different  ways 

of  arranging  the  letters  abcdef. 

Consider  now  the  three  triangles  whose  sides  are 

ab,  cd,  ef,  (1) 
de,  fa,  be,  (2) 
cf  be,    ad,     (3) 

The  intersections  of  corresponding  sides  of  I  and  2  lie  on  the  same 
Pascal,  therefore  the  lines  joining  corresponding  vertices  meet  in  a 
point,  but  these  are  the  three  Pascals, 

r  ab.de. cf  ^        j  cd.fa.be   t         cef.bc.ad^ 
\  cd.fa  .hey      \ef .  be  .  ad  i  '      \  ab.de. cf  j' 

This  is  Steiner's  theorem  (p.  224) ;  we  shall  call  this  the  g  point, 

ah .  de .cf 

cd.fa  .  be 

-  ef  .be  .  ad. 

The  notation  shows  plainly  that  on  each  Pascal's  line  there  is  only  one 

,     -r.       1   ( ah.de. cf^     ,  .  .    .     .       , 

g  pomt;  lor  given  the  Pascal  )     j  f    i     \  ^"-^  0  po'^t  on  it  is  found 

by  writing  under  each  term  the  two  letters  not  already  found  in  that 
vertical  line.  Since  then  three  Pascals  intersect  in  every  point  g,  the 
number  of  points  g  =  20.     Jf  we  take  the  triangles  2,  3;  and  1,3;  the 
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Q 


lines  joining  corresponding  vertices  are  the  same  in  all  cases:  therefore, 
by  the  reciprocal  of  the  second  preliminary  theorem,  the  three  axes  of 
the  three  triangles  meet  in  a  point.     This,  however,  is  plainly  only  the 

rah.cd.ef 
g  point  \  de.fa.hc  ■ ,  and  therefore  leads  us  to  no  new  theorem. 
\_cf  .be.ad^ 
Let  us  now  consider  the  triangles, 

ab  cd  ef  (1) 

ah.ce.df^       cd.hf.ae\       ef.hd.ac 


de.hf  .ac 


j'     af.ce.hdy     bc.ae.d/r     ^  ^ 
.ce.df-i        cd.hf.ae\       efM.ac-\ 
bd.aer     he.ac.dfy     ad.ce.bf  T     ^^ 


ab. 

cf.bd.aeV     be.ac.dfJ'     ad.ce.bf 

Now  the  intersections  of  corresponding  sides  of  1  and  4  are  three  points 
which  lie  on  the  same  Pascal;  therefore  the  lines  joining  corresponding 
vertices  meet  in  a  point.     But  these  are  the  three  Pascals, 
ab.ce.dfy       cd.bf.acA       ef.ac.bd-y 

cd.bf.ae  J^     ef.ac.bd^'     ab.df.cej' 

ab-ccdf] 

We  may  denote  the  point  of  meeting  as  the  h  point,  cd.bf.ae  !> . 

ef.ac.bdj 

The  notation  differs  from  that  of  the  ^  points  in  that  only  one  of  the 
vertical  columns  contains  the  six  letters  without  omission  or  repetition. 
On  every  Pascal  there  are  three  h  points,  viz.,  there  are  on 

,      ,     »       ab.cd.ef]       ab.cd.ef^       ah.cd.efl 

'      ',    >5    de.af.bcfi     de.af.bc  [> ,     de.af.bc  )■  ■> 
de.af.bc]  /        {  /        I  '       .  j 

cf.bd.aeJ        ac.be. df]        bf.ce.adj 

where  the  bar  denotes  the  complete  vertical  column.  "We  obtain  then 
Mr.  Kirkmau's  extension  of  Steiner's  theorem  : — The  Pascals  intersect 
three  bij  th^ee,  not  onhj  in  Steiner's  twenty  points  g.,  but  also  in  sixty  other 
points  h.  The  demonstration  of  Art.  267  applies  alike  to  Mr.  Kirkman's 
and  to  Steiner's  theorem. 

In  like  manner  if  we  consider  the  triangles  1  and  5,  the  lines  join- 
ing corresponding  vertices  are  the  same  as  for  1  and  4 ;  therefore  the 
corresponding  sides  intersect  on  a  right  line,  as  they  manifestly  do  on  a 
Pascal.  In  the  same  manner  the  corresi)onding  sides  of  4  and  5  must 
intersect  on  a  right  line,  but  these  intersections  are  the  three  h  points, 

ab.ce.df"\        ae  .cd.bf]        ac.bd.ef^ 
de.bf.ac)-^     bd.af.ce  !• '     df.ae.bc  \- 
cj\  ae .  bd  J       ac .  be ,  df\       re .  bf.  ad  J 
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I 

I 


he  .  ccl .  f//l 
cf.  ah  .  de  )■' 
ad.ef.  he  J 


Moreover,  the  axis  of  4  and  5  must  pass  through  the  intersection  of 

ab.cd.ef 
the  axes  of  1,  4,  and  1,  5,  namely,  through  the  g  point,  de.of.hc 

cf.be.ad_ 

In  this  notation  the  g  point  is  found  by  combining  the  complete 
vertical  columns  of  the  three  h  points.  Hence  we  have  the  theorem : 
"  There  are  twenty  lines  x,  each  of  which  passes  through  one  g  and  three  h 
jioints.''''  The  existence  of  these  lines  was  observed  independently  by 
Mr.  Cayley  and  myself.     The  proof  here  given  is  Mr.  Cayley's.  J 

Again,  let  us  take  three  Pascals  meeting  in  a  point  h.  For  instance, 

ab.ce.df  "1       de .bf.ac  i       cf. ae . hd T 
de.bf.ac  J  ^     cf.ae.bdj       ab.df.ceS' 

We  may,  by  taking  on  each  of  these  a  point  p,  form  a  triangle  whose 
vertices  are  (df  ac),  (bf  ae),  (bd,  ce),  and  whose  sides  are,  therefore, 

ac.bf.de  ^       bf.ce.ad^       bd.ac.ef  ^ 
df.ae.cby     ae.bd.cf  y     ce  .df.ab  J' 
Again,  we  may  take  on  each  a  point  h,  by  writing  under  each  of  the 
above  Pascals  af.  cd .  be,  and  so  form  a  triangle  whose  sides  are 

ac.bf.de  ^        cf.ae.bdi        df.db.ce^ 
he.cd.af  y     be.cd.af  y     be  .cd.af  }' 

But  the  intersections  of  corresponding  sides  of  these  triangles,  which 
must  therefore  be  on  a  right  line,  are  the  three  g  points, 

be .  cd .  af^       be .  cd .  a/1       be .  cd  .'af 

uc .  bf.  de  \i     cf.  ae  .bdr-^     df.  ab .  ce 

df.  ae .  be  J        ad.bf.  ce  J        ac .  ef.  bd . 

I  have  added  a  fourth^  point,  which  the  symmetry  of  the  notation 
shows  must  lie  on  the  same  right  line;  these  being  all  the  g  points  into 
the  notation  of  which  be.  cd.af  can  enter.     Now  there  can  be  formed,    J 
as  may  readily  be  seen,  fifteen  different  products  of  the  form  be  .cd  .  af\     "^ 
we  have  then  Steiner's  theorem.   The  g  points  lie  four  by  four  on  fifteen 
right  lines!  . 

My  limits  do  not  allow  me  to  do  more  than  add  the  enunciations  of 
a  few  more  theorems  (principally  Mr.  Kirkman's),  but  the  preceding 
examples  are  sufficient  to  show  how  they  may  be  demonstrated,  and  how 
any  reader  who  chooses  to  prosecute  the  study  of  the  figure  may  find 
other  theorems  in  great  abundance:  '■'The  tioenty  lines  x  pass  four  by 
four  through  fifteen  points  ?/."  The  four  lines  x  whose  g  points  in  the  pre- 
ceding notation  have  a  common  vertical  column  will  pass  through  the  , 
same  point.     "  There  are  sixty  lines  J,  each  of  ichich  passes  through  one 
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point})  and  two  points  /*.''  "  The  lines  J  again  pass  three  by  three  throiigh 
sixty  points  j,  three  of  which  lie  on  each  of  the  lines  .r."  Mr,  Kirkman  calls 
points  m  the  intersections  of  two  Pascals,  corresponding  to  hexagons 
which  have  four  common  sides,  no  opposite  pairs  being  the  same  for 
both;  for  example,  abode f  abcfed\  and  points  ?",  those  corresponding  to 
hexagons  which  have  three  common  sides,  two  of  which  are  contiguous ; 
for  example,  abcdef  abcefd.  "  The  ninety  points  m  lie  three  by  three  on 
sixty  lines  M."  "  There  are  sixty  lines  R,  each  containing  six  points  r, 
and  also  one  of  the  six  points  P,  and  which  pass  in  threes  thi'ough  tioenty 
points  2'." 

On  the  Problem  to  describe  a  Conic  under  certain  conditions. 

We  saw  (p.  120)  that  five  conditions  determine  a  conic;  we  can, 
therefore,  in  general  describe  a  conic  being  given  m  points  and  n  tan- 
gents where  ?w  +  ?i  =  5.  We  shall  not  think  it  worth  while  to  treat 
separately  the  cases  where  any  of  these  are  at  an  infinite  distance,  for 
which  the  cfonstructions  for  the  general  case  only  require  to  be  suitably 
modified.  Thus  to  be  given  a  parallel  to  an  asymptote  is  equivalent  to 
one  condition,  for  we  are  then  given  a  point  of  the  curve,  namely,  the 
point  at  infinity  on  the  given  parallel.  If,  for  example,  we  were  re- 
quired to  describe  a  conic  given  four  points  and  a  parallel  to  an  asymp- 
tote, the  only  change  to  be  made  in  the  construction  (p.  284)  is  to 
suppose  the  point  E  at  infinity,  and  the  lines  DE,  ME  therefore  drawn 
parallel  to  a  given  line. 

To  be  given  an  asymptote  is  equivalent  to  two  conditions,  for  we  are 
then  given  a  tangent  and  its  point  of  contact,  namely,  the  point  at  in- 
finity on  the  given  asymptote.  To  be  given  that  the  curve  is  a  parabola 
is  equivalent  to  one  condition,  for  we  are  then  given  a  tangent,  namely, 
the  line  at  infinity.  To  be  given  that  the  curve  is  a  circle  is  equivalent 
to  two  conditions,  for  we  are  then  given  two  points  of  the  curve  at  in- 
finity. To  be  given  a  focus  is  equivalent  to  two  conditions,  for  we  are 
then  given  two  tangents  to  the  curve  (p.  237),  or  we  may  see  otherwise 
that  the  focus  and  any  three  conditions  will  determine  the  curve;  for 
by  taking  the  focus  as  origin,  and  reciprocating,  the  problem  becomes 
to  describe  a  circle,  three  conditions  being  given;  and  the  solution  of 
this,  obtained  by  elementary  geometry,  may  be  again  reciprocated  for 
the  conic.  Again,  to  be  given  the  pole,  ivilh  regard  to  the  conic,  of  any 
given  right  line,  is  equivalent  to  two  conditions ;  for  three  more  will  de- 
termine the  curve.  For  (see  figure,  p.  134)  if  we  know  that  P  is  the 
polar  of  R'R",  and  that  T  is  a  point  on  the  curve,  T'  the  fourth  har- 
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moiiic,  must  also  be  a  point  on  the  curve :  or  if  OT  be  a  tangent,  OT' 
must  also  be  a  tangent ;  if  then,  in  addition  to  a  line  and  its  pole,  we 
are  given  three  points  or  tangents,  we  can  find  three  more,  and  thus 
determine  the  curve.  As  a  particular  case  of  this,  to  be  given  the  centre 
is  equivalent  to  two  conditions,  for  this  is  the  pole  of  the  line  at 
infinity. 

Given  five  poiiits — We  have  shown  (Ex.  12,  p.  284)  how  by  the 
ruler  alone  we  may  determine  as  many  other  points  of  the  curve  as  Ave 
please.  We  may  also  find  the  polar  of  any  given  point  with  regard  to 
the  curve;  for  we  can  perform  the  construction  of  p.  199  by  the  help  of 
the  same  Example.  Hence  too  we  can  find  the  pole  of  any  line,  and 
therefore  also  the  centre. 

Five  tangents. — We  may  either  reciprocate  the  constructions  of 
Ex.  12,  p.  284,  or  reduce  this  question  to  the  last  by  p.  221. 

Four  jwints  and  a  tangent. — We  have  already  given  one  method  of 
solving  this  question,  p.  279.  As  the  problem  admits  of  two  solutions, 
of  course  we  cannot  expect  a  construction  by  the  ruler  only.  We  may 
therefore  apply  Carnot's  theorem  (Art.  303), 

Ac .  Ac'.  B«  .  Ba\  Cb .  Qh'  =  Ah .  Ah'.  Be .  Be'.  Ca  .  Ca'. 
Let  the  four  points  a,  a',  b,  b'  be  given,  and  let  AB  be  a  tangent,  the 
points  c,  c'  will  coincide,  and  the  equation  just  given  determines  the 
ratio  Ac^  :  Be-,  everything  else  in  the  equation  being  known.  It  may 
be  remarked  that  this  question  may  be  reduced,  if  we  please,  to  those 
which  follow ;  for  given  four  points,  there  are  (Art.  307)  three  points 
whose  polars  are  given;  having  also  then  a  tangent,  we  can  find  three 
other  tangents  immediately,  and  thus  have  four  points  and  four  tangents. 

Four  tangents  and  a  point — This  is  either  reduced  to  the  last  by  re- 
ciprocation, or  by  the  method  given  at  the  end  of  the  last  case;  for  given 
four  tangents  there  are  three  points  whose  polars  are  given  (Art.  23':i, 
Ex.  2). 

Three  points  and  two  tangents. — This  is  solved  by  the  help  of  the 
theorem  (Art.  263),  "  Given  two  points  and  two  tangents,  the  line  join- 
ing the  points  of  contact  of  the  tangents  passes  through  a  fixed  point;" 
or,  more  accurately,  "  through  one  or  other  of  two  fixed  points."  These 
fixed  points  are  the  foci  of  the  system  in  involution,  of  which  the  two 
given  points  are  one  pair  of  conjugates,  and  the  points  where  the  line 
joining  them  is  met  by  the  given  tangents  are  another;  or  we  can  easily 
find  these  points  by  Carnot's  theorem,  for  let  ce'  be  the  given  points, 
a  and  h  the  points  of  contact  of  the  given  tangents,  and  we  have 

Ac .  Ac' .  Ba-.  Qb'  =  A6-.  Be .  Be' .  Qa\ 
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But  if  the  point  where  the  chord  of  contact  meets  Ab  be  j)  we  have,  by 
the  corresponding  theorem,  for  a  transversal  meeting  the  sides  of  a 
triangle,  Ba^ .  C*^ .  Ajj-  =  AS- .  Ca" .  Bj)\ 

whence  A])  :  B/)  is  determined. 

If  now,  from  considering  the  two  given  tangents  and  two  of  the 
given  points,  we  learn  that  the  chord  of  contact  must  pass  through 
either  of  the  points  I,  I',  and  from  considering  the  first  and  third  of  the 
given  points  we  find  that  the  chord  must  pass  through  one  of  the  points 
m,  m',  it  is  plain  that  the  chord  must  be  one  of  the  four  lines  Im,  Im', 
I'm,  I'm'.     The  problem,  therefore,  has  four  solutions. 

Tivo  points  and  three  tangents This  may  be  solved  as  in  the  last 

case  by  the  reciprocal  of  the  theorem  there  employed,  viz.,  "  that  the 
intersection  of  the  tangents  at  the  given  points  lies  on  one  or  other  of 
two  fixed  lines ;"  or  by  the  theorem  itself,  it  is  easy  to  see  that  the  pro- 
blem is  reduced  to  describing  a  triangle  whose  sides  pass  through  three 
given  points,  and  whose  vertices  rest  on  three  fixed  lines. 

To  be  given  two  points  or  two  tangents  to  a  conic  is  a  particular 
case  of  being  given  that  the  conic  has  double  contact  with  a  given  conic. 
For  the  problem  to  describe  a  conic  having  double  contact  with  a  given 
one,  and  touching  three  lines,  or  else  passing  through  three  points,  see 
p.  283.  Having  double  contact  with  two,  and  passing  through  a  given 
point,  or  touching  a  given  line,  see' p.  242.  Having  double  contact 
with  a  given  one,  and  touching  three  other  such  conies,  see  p.  256. 

We  have  already  alluded  (p.  216)  to  the  problem,  "  to  describe  a 
conic  through  four  points  to  touch  a  given  conic."  Let  the  required 
conic  be  S  -  kS',  which  is  to  touch  S".  Then  the  polar  of  the  point  of 
contact,  with  regard  to  S",  is  the  tangent  at  the  point,  and  is  also  its 
polar  for  S  -  kS',  and  therefore  passes  through  the  intersection  of  the 
polars  with  regard  to  S  and  S'.  Now  let  it  be  required  to  find  the  locus 
of  a  point  such  that  its  polars,  with  regard  to  S,  S',  S'',  should  meet  in 
a  point.  If  1^,  1/,  ^  be  the  current  co-ordinates,  we  have  to  eliminate 
these  between  the  equations  of  the  three  polars, 

dS        dS     ^dS     ^ 
dx        dy         dz 

dS'        dS'      ^dS'     ^, 
^  dx         dy         dz 


dS"        dS"        d^"     ^ 
dx  dy  dz 


and  the  result  is, 
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dS  fdS'  dS" 

dx  \  dy  '   dz 

dS'  dS'\      dS  fdS'  dS"     dS'  dS''\ 
dz  '  dy  J    '  dy  \  dz  '  dx       dx  '  dz  j 

dS  nlS'  dS" 
dz  \  dx  '  dy 

dS^  dS"\  _ 
dy  '  dx  J  " 

a  curve  of  the  third  degree,  whose  intersections  with  S"  give  the  six 
solutions  sought.  This  solution  can  be  performed  by  the  help  of  a  conic 
alone  when  S  and  S'  have  double  contact,  and  when  the  question  is  "  to 
describe  a  conic  having  double  contact  with  a  given  conic  in  two  given 
points,  and  touching  a  given  conic."  Thus  the  point  of  contact  of  S  -  L- 
with  S'  must  lie  on  the  locus  of  points  whose  polars  with  regard  to  S 
and  S'  intersect  on  L.  But  it  is  easy  to  see  that  this  locus  is  the  same 
as  the  locus  of  the  poles  of  L  with  regard  to  all  conies  of  the  form 
S  -  kS',  which  we  have  already  seen  to  be  a  conic  ;  its  intersection 
with  S'  gives  the  four  points  required. 


Art.  309,  Page  267. 
If  we  seek  the  condition  that  the  right  line  ax  +  by  +  c  should  touch 
a  conic  given  by  its  general  equation,  the  analytical  problem  is  pre- 
cisely the  same  as  that  solved  in  this  article,  and  the  condition  is  found 
by  substituting  in  the  equation  of  the  reciprocal  curve  a,  b,  c,  for  x,y,-  k'. 


Art.  315,  Page  271. 

Many  of  these  examples  may  be  more  simply  regarded  as  particular 
cases  of  the  theorem  that  a  transversal  cutting  the  sides  of  an  inscribed 
quadrilateral  and  the  conic  is  cut  in  involution.  Thus  in  Ex.  1,  two 
pairs  of  vertices  of  the  quadrilateral  coincide;  and  we  have  "the  points 
where  a  transversal  meets  two  tangents  and  the  conic  belong  to  a  sys- 
tem in  involution,  of  which  the  point  where  it  meets  the  chord  is  a 
focus."  In  Example  2,  P  is  the  other  focus.  In  Example  3,  T  is  the 
centre.  In  Example  7,  C  is  the  centre,  and  this  example  generalized 
gives  us,  "  if  an  inscribed  quadrilateral  be  cut  by  a  parallel  to  an 
asymptote,  Ca  .Cc-Cb  .  Cf?." 

When  the  focus  of  a  system  in  involution  is  at  infinity,  since  the 
other  focus  must  bisect  the  interval  between  any  two  conjugate  points, 
the  relation  of  the  system  in  involution  becomes  simply  AB  =  A'B'. 
Thus  if  the  chord  of  contact  be  at  infinity,  we  have  the  well-known 
theorem  of  a  right  line  cutting  the  hyperbola  and  its  asymptotes.  Or 
again,  if  several  conies  pass  through  four  given  points,  the  asymptote 
to  any  of  them  is  divided  so  that  AB  =  A'B'. 
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On  the  Evolutes  of  Conics. 

We  had  intended  postponing  all  mention  of  the  evolutes  of  conics 
until  we  come  to  treat  of  curves  of  higher  dimensions.  As  their  equa- 
tions, however,  can  be  easily  formed,  we  add  here  the  method  of  obtain- 
ing them.  We  define  the  evolute  as  the  locus  of  the  centre  of  curvature 
of  the  different  points  of  a  conic.  The  co-ordinates  of  the  centre  of 
curvature  are  found  by  subtracting  from  the  co-ordinates  of  the  point 
of  the  conic  the  projections  of  the  radius  of  curvature  upon  each  axis. 
Now  evidently  this  radius  is  to  its  projection  on  ?/  as  the  normal  to  the 
ordinate  y.  We  find  the  projection,  therefore,  by  multiplying  the  radius 

V-       v'      J'V  ,  1        •    ^^-^'^    , 

—  bv  —  =  -^-.    The  V  of  the  centre  of  the  curvature  then  is  — r;^ —  y. 
p     ''  N        b'  ^  0- 

But  6'2  =  ¥  +  -  ?/'-,  therefore  the  ?/ of  the  centre  of  curvature  =  —r^  y'^. 

In  like  manner  its  x  =  - — - — re'l     Solving  then  for  a/  and  y\  and  substi- 

tuting  these  values  in  the  equation  of  the  conic,  we  get  for  the  equation 

(  (?  (?         \ 

of  the  evolute  (  writing  —  =  A,  -r-  =  B  j, 

A^      B^ 

The  y  of  the  centre  of  curvature  of  a  parabola  is  found  in  like  man- 
ner by  multiplying  -^-ttt^  (Art.  248)  by  |r  =  -/—,  and  subtracting  this 

quantity  from  y\  which  gives  -  - — ^= j-  (Art.  214). 

p  ,      P  +  ^^'' 

In  like  manner  its  a-  =  x'  +  —t—-i  =  -x  +  - — — — . 

2sm-p  ^ 

Solving  then  for  x'  and  ?/',  and  substituting  in  the  equation  of  the 
parabola,  we  have  for  the  equation  of  the  evolute, 

21pf^\&{x-yy; 
or  by  transforming  the  origin  to  the  point  (?/  =  0,  a;  =  ^p\ 

npf  =  I6ar\ 
the  equation  of  a  cui've  called  the  semi-cubical  parabola. 
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Between  two  lines  whose  equations 

are  given, 25 

Between  two  lines  given  by  a  sin- 
gle equation, 66 

Between  pair  of  conjugate  diame- 
ters,      155 

Between  focal  radius  vector  and  tan- 
gent,    165 

Made  with  axes  by  conjugate  dia- 
meters, how  related,  .    .    .    .    152 

Between    asymptotes   depends    on 

eccentricity  only, 148 

Subtended  at  focus  by  tangent  to 

a  conic  from  any  point,   .    .    .    196 

Subtended  at  limit  points  of  sys- 
tem of  circles,     265 

Theorems  respecting,  how  pro- 
jected,  312,  &c. 

AN  HARMONIC. 

Pencils,  fundamental   theorem   of, 

proved, 51 

Ratio,  what,  when  one  point  at  in- 
finity,  269 

Ratio  of  four  lines  whose  equations 

ai'e  given, 51,  52 

Property  of  points  on  a  conic,  218,  228, 

262,  308 

of  tangents, 228,  262 

These  properties  developed,    .    271,  &c. 
Of  four  points  on    a   conic    when 
equal  to  that  of  four  others  on 
same  conic,    .    .    .    229,  231,  232 
on  a  different  conic,    .    .    .    230,  282 
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Of  four  points,  equal  that  of  their 

polars, 285 

Of  four   diameters,  equal  that  of 

their  conjugates, 285 

Of  segments  of  tangent  to  one  of 

three    conies   having    double 

contact,  by  other  two,   .    .    .   308 

ARC. 

Line  cutting  off  constant,  how  cut,    293 
Theorems  as  to  length  of  arcs  of 

conies, 296 

AREA. 

Of  a  polygon,  in  terms  of  co-ordi- 
nates of  its  angles, 23 

Constant,    of  triangle   formed    by 

joining  ends  of  conj.  diams.,  .    155 

Constant  between  any  tangent  and 

asymptotes, 174 

Constant,    between    parallels    to 

asjTiiptotes, 173 

Of  triangles  equal,  formed  by  draw- 
ing from  end  of  each  of  two 
diams.  a  parallel  to  the  other,    193 
or  by  tangents  at  end  of  each,   .    193 

Foimd  by  infinitesimals,     .    .    290,  &c. 

Constant,  cut  from  a  conic  by  tan- 
gent to  similar, 293 

Line  cutting  off"  constant,  bisected,    293 

ASYMPTOTE. 

A   tangent  through   centre   whose 

point  of  contact  at  infinity,     .    140 
Its  own  conjugate, 153 
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Diagonals  of  a  parallelogram  whose 

sides  are  conjugate  diameters,    171 

And  pair  of  conjugate  diameters 

form  harmonic  pencil,    .    .    .271 

Portion  of  tangent  between,  bisect- 
ed by  curve, 172,271 

Equal  intercepts  on  any  chord  be- 
tween curve  and,    .    .    .    172,  328 

Chords  joining  two  fixed  points  to 
variable,     intercept    constant 
length  on,  ....   196,  268,  274 
cut  parallel  to,  in  constant  ratio,    272 

Parallel  to,  bisected  between  any 

point  and  its  polar,     ....    270 
how  cut  by  two  tangents   and 
their  chords 273 

Parallels  to,  through  point  on  curve, 

include  constant  area,   .    173,219, 

268,  274 

how  divide  any  semidiameter,    ,   273 

AXES. 

Of  central  conic  found, 139 

Bisect  angle  between  asymptotes, .    141 

Of  a  parabola, 177 

Of  reciprocal  curve  found,  .    .    .    .    265 
Of  similitude,     ....    114,203,255 

BRIANCHON'S  THEOREM,    221,  253, 

300 

CARXOT'S  THEOREMS  OF 

TRANSVERSALS,  33,  263,  308 

CENTRE. 

Its  co-ordinates, 129 

Pole  of  the  hne  at  infinity,  141,  270,  310 

Of  similitude, 99,203 

Chords  joining  ends  of  radii  through 

c.  s.  meet  whe.e,    .    .    .    203,  221 
Of  system  in  involution,     .    .    .    .    277 


CHASLES,  M., 


268,  269,  297 


CIRCLE.     (See  also  Conic.) 

Length  and  equation  of  tangent  to,     83 
Passes  through  two  fixed  points  at 

infinity, 213 
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Distance  of  any  point  of  it  from  a 
chord,  mean  between  its  dis- 
tances from  tangents  at  its 
ends, 85 

Product  of  perpendiculars  on  oppo- 
site sides  of  inscribed  quadri- 
lateral, equal, 86 

Vectors  from  one  end  of  diameter 
to  ends  of  chord  through  fixed 
point  on  it,  how  cut  tangent 
at  other  end, 93 

Distances  of  each  of  two  points  from 
polar  of  other,  are  as  their  dis- 
tances from  centre, 95 

Relation   between   four    points   on 

circle  and  an  arbitrary  point,  .    102 

Three  circles  meeting  in  a  point 
whose  other  intersections  lie  in 
a  right  line, 100 

Radical  axis,  centre,  .    .    .    .    107,  &c. 

Properties  of  circles  having  com- 
mon radical  axis,    .    .    .    109,  &c. 

Circle  touching  three  others,  .    116,  &c. 

Tangents,  area,  and  arc  found  by 

infinitesimals, 289 

CONDITION  THAT 

Three  points  should  be  in  a  right 

line, 22 

Three  lines  should  meet  in  a  point,     50 
Four  convergent  lines  should  form 

a  harmonic  pencil, 51 

A  right  line  should  pass  through  a 

fixed  point 60 

Equation  of  second  degree  should 

represent  a  circle, 72 

an  ellipse,  hyperbola,  or  parabola,  124 
two  right  lines,  69,  126,  139,216,247 
Equation  of  any  degree  should  re- 
present right  lines,  ....  70 
through  a  given  point,  ....  71 
should  represent  a  curve  through 

the  origin, 73 

Two  circles  should  be  concentric,  .      72 
Either  axis  touch  a  curve  of  second 

degree, 79,  125 
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A  given  line  touch  a  given  conic, 

150, 328 
TvN'O  conies  should  touch,  ....  216 
Two  conies  should  osculate,  .  .  .  206 
Conic   inscribed  in  triangle  touch 

another  circumscribed,  .  .  .  250 
Two  conies  be  similar,  and  similarly 

placed, 201 

similar,  and  not  similarly  placed,  204 

CONFOCAL  CONICS. 

Cut  at  right  angles, 165 

May  be  considered  as  inscribed  in 

same  quadrilateral,  .  .  .  .  237 
Tangents  from  point  on  (1)  to  (2) 

equally  inclined  to  tangent  of 

(1) 166 

Pole  with  regard  to  (2)  of  tangent 

to  (1)  lies  on  normal  of  (1),.    201 

Used  in  finding  axes  of  reciprocal 

curve, 265 

Length  of  arc  intercepted  between 

tangents  from, 296 

CONIC,  PROPERTIES  OF.     (-S-ee 
also  Asymptote,  Focus,  &c.) 

Rectangle  under  segments  of  pa- 
rallel chords  in  constant  ratio,   136 

Equal  diameters  equally  incUned  to 

axis, 144 

Product  of  perpendiculars  on  oppo- 
site sides  of  inscribed  quadri- 
lateral in  constant  ratio,     .    .    218 

Reciprocal  of  this  theorem,     .    .    .    261 

Anharmonic  properties  of,  .    .  218,  271 

Parallel  to  either  tangent,  how  cut 
by  two  tangents  and  tlieir 
chord, 272 

Reciprocals  of  squares  of  diameters 

at  right  angles,  constant,    ..170 

Rectangle  under  segments  of  two 
fixed  parallel  tangents  by  a 
variable,    .    .    191,  262,  268,  274 
under  segments  of  a  variable  be- 
tween two  parallels,    .    .    .    .    101 
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CONIC,   PROPERTIES   OF—con- 

tinued. 

Rectangle  under  segments  of  a  va- 
riable between  two  conj.diams.,  192 

Chords  of  intersection  of  conic  and 

circle  equally  inclined  to  axis,  208, 

245 

Tangent  to  circle  having  double 
contact  with  conic,  varies  as 
perp.  on  chord  of  contact,   .    .    217 

Generalization  of  this  theorem,  .    .    218 

Chords  of  contact  of  two  conies  with 
common  tangent  meet  on  com- 
mon chord, 219 

Tangent  through  intersection  of 
common  chords  cut  harmoni- 
cally,   279 

Properties  of  chords  through  con- 
tact of  two  touching  conies,  .    255 

Tangent  to  one  cut  harmonically 
where  it  meets  other  and  chord 
of  contact, 308 

Properties   of  two    conies    having 

double  contact  with  a  third,    .    219 

Common  tangent  to  two  cut  har- 
monically by  third,     .    .        .279 

Properties  of  three  conies  having 

double  contact  with  a  fourth,   220, 

255,  &c. 
of  three  conies  having  two  points 
or  tangents  common,      .    221,  255 

If  two  conies  have  parallel  axes,  so 
have  all  through  their  inter- 
section,    245 

Three  points  which  have  same  po- 

lars  with  regard  to  two  conies,  266 

CONJUGATE  DIAMETERS,    131,  152 
Expressions  for  their  length,  .  153,  159 
Siuu  or  difference  of  squares  con- 
stant,   154 

Angle  between  them,  when  least,     156 
Parallel  to  supplemental  chords,    .    157 

Construction  for, 159,  172 

Triangle  formed  by,  constant,   .    .    155 

CONJUGATE  HYPERBOLAE,  .  .  147 
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CONTINUITY,  LAW  OF,.    .    .    .   204 

CO-ORDINATES. 

Of  point  cutting  a  given  line  in 

given  ratio, 5,  57 

Of  intersection  of  two  given  right 

lines, 24 

Of  intersection   of  right  line  and 

circle  or  conic,    .    .    .    77,  82,  135 
Of  points  of  contact  of  tangents  to 

circle  from  given  point, ...      80 

Of  centre  of  conic, 129 

Of  centre  of  similitude  of  two  circles,  112 
Of  centre  of  curvature  of  a  conic,  .  329 
Transformation  of  (see  Trans - 

foksiation), 6 

Trilinear, 224,  &c. 

Cartesian,  a  case  of  trilinear,  .    .    .   226 

CURVATURE. 

Radius  of,  expressions  for  its  length,  207, 

294,  &c. 
Centre  of,  constructions  for,   .    .    .    208 

Co-ordinates  of, 329 

Chord  of,  focal  and  central,    .   209,  295 

DEGREE. 

Of  an  equation  unaltered  by  trans- 
formation,   48 

Of  a  curve  determined  by  its  inter- 
sections with  a  right  line,   .    .   209 

DIAMETER. 

Pole  of  point  at  infinity  on  its  or- 

dinates, 270 

DIRECTRIX  (see  aZ«o  Focus),  .    .    167 

DISTANCK 

Between   two  points   in  terms   of 

their  co-ordinates, 4,  9 

Between  variable  point  and  fixed, 
when  a  rational  fimction  of  the 
co-ordinates, 190 

ECCENTRIC  ANGLE,     .    .    .    157,  &c. 
In  terms  of  corresponding  focal  an- 
gle,  194 
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ECCENTRICITY,    .    .    .    144,  146,  179 

The  same  for   similar  conies,    or 

whose  asymptotes  are  parallel,  202 

Of  reciprocal  hyperbola,  depends  on 

what, 264 

ELLIPSE  (see  also  Conic),     ...    145 

Origin  of  name, 171 

Described  by  continuous  motion,   .  158, 

175 
Its  area, 291 

ENVELOPE, 228,238 

Of  base  of  triangle  whose  sides  pass 
through  two  fixed  points, 
and  vertices  move  on  fixed  lines,    254        J 
and  inscribed  in  a  given  conic,  .233         • 

254,  309 
given  vertical  angle  and  sum  of 

sides, 240 

subtending  a  constant  angle  at 
given  point,   two  sides  being 

given  in  position, 260 

Of  polar  of  fixed  point  with  regard 
to  a  conic, 

given  four  tangents, 255 

given    two    tangents   and    two 

points, 246 

having  double  contact  with  two 

given  conies, 246 

Of  polar  of  centre  of  circle  touching  "Si 

two  given, 265 

Of  chord  of  a  circle  whose  length  is 

constant, 90 

of  conic  subtending  constant  an- 
gle at  focus, 237,  259 

ditto,  at  any  point  of  curve,   .    .    312 
ditto,  right  angle  at  any  point,  .    260 
joining /z  tan  ^,  jttcot^,     ...    231 
making  {ABCD}  =  {ABC'D},  232 
such  that  {O.ATBT'j  is  constant 
where  TT'are  points  of  contact 
of  tangents  from  O,    .    .    .    .    315 
where  two  fixed  lines  through  one 
of  four  given  points  on  conic 
meet  curve  again,  .....    284 
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ENVELOPE— con«/iMed. 

Of  line  such  that  S  m  times  per- 
pendicular on  it  from  several 
fixed  points  is  constant, ...  91 
product  of  perpendiculars  on  it 
from  two  fixed  points  is  con- 
stant,   239 

its  equation  involves  indetermi- 
nate in  second  degree,     .    .    .    228 
making  a  fixed  angle  with  radius 
vector  to  a  right  line,  through 
point  where  rad.  vector  meets 

line, 185,  239 

ditto,  for  circle, 167,260 

Of  tangents  whose  points  of  contact 
are  in  a  right  line  to  a  series 
of  conies  having  same  focus 
and  directrix  (or  touching  two 
fixed  lines  in  two  given  points),  259 

Of  asj'mptotes  to  a  series  of  hyper- 
bolae having  same  focus  and 
directrix, 259 

Of  one  leg  of  given  anharmonic 
pencil,  while  other  three  pass 
through  fixed  points,  and  ver- 
tex moves  on  a  fixed  line, .  .  316 
ditto,  and  vertex  moves  on  conic 
through  two  of  the  points,     .    316 

Of  side  of  polygon  inscribed  in  co- 
nic, all  the  rest  passing  through 

fixed  points, 282 

or  touching  conies  having  double 
contact  with  given,    ....   283 

Of  ellipse,  given  two  conjugate 
diameters  and  sum  of  their 
squares, 240 

Of  rfD  where  {abed}  =  {ABCD}, 
and  abed,  ABCD,  on  right 
lines, 287 

Of  CD  where  AC,  BD  are  given  in 
length  and  direction,  and  AB 
through  fixed  point,   ...    .286 

A      B 

-  +  -;  =  1 ;  /*  +  /i'  =  C,   .    .    .    240 

n     n 

(fiA)"'  +  (/i'B)"'  +  C/i"C)»'  =  0, 
(fia)"  +  Oi'6)"  +  {i.i"c)"  =  0,  241 


PAGE. 

EQUATION, 

Its  meaning  when  co-ordinates  of  a 
point  are  substituted  in  it, 

for  a  right  luie, 20 

for  a  circle, 83 

for  a  conic, 217 

Of  a  right  line, 
through  a  given  point,   ....     20 
through  two  given  points, .    .    21,59 
parallel  to  a  given  line ;  Carte- 
sian and  triUnear,  .    .    .    .    26,  58 
through  intersection  of  two  given 

lines;  Cartesian  and  trilinear,  48, 60 
cutting  angle  between  two  lines  in 
parts    whose    sines   in   given 

ratio, 51 

bisecting  angle  between  two  given 

lines, 62 

making  a  given  angle  with  given 

line, 26 

at  infinity, 58 

Polar  equation  of  a  right  line,   .    .      27 
Of  a  curve  through  all  the  intersec- 
tions of  two  given  curves,  .    .     48 

Of  axes  of  co-ordinates, 64 

Of  a  pair  of  right  lines, 65 

Of  bisectors  of  angles  of  two  lines 

given  by  one  equation,  ...      67 

Of  system  of  lines  through  origin,  .      68 

through  any  fixed  point,    ...      68 

Of  a  circle, 71 

through  three  points, 101 

circumscribing  a  triangle,  .    .    .102 
inscribed  in  a  triangle,   ....    105 

Polar  equation  of  circle, 84 

Chord  of  intersection  of  two  cir- 
cles,     106 

Chord  of  contact  of  common  tan- 
gents of  two  circles,     ....    1 1 1 
General,  of  second  degree ;  Carte- 
sian and  trilinear,   .    .    .    120,  224 

referred  to  its  axes, 143 

Tangent  to  a  circle  or  conic,    .  76,  132, 

149,  173,  180,  228 

Polar  of  circle  or  conic,  .  81,  127,  132, 

150,  180,  230,  243 
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EQUATION— con«i«Med, 

Pair  of  tangents  from  any  point  to 

conic 83,  135 

Diameter  bisecting  chords  parallel 

to  given  line, 92,  129 

Chord  and  tangent  in  terms  of  ec- 
centric angle, 90,  160 

Normal, 1*51 

Polar    equation    of  conic,    centre 

pole, 144,  146 

ditto,  focus  pole,    .    .    169,  187,  188 
Hyperbola  referred  to  asymptotes,.    148 
Conic  circumscribing  a  triangle, 
and  having  given  centre,    .    . 
Conic  inscribed  in  a  triangle,     . 
and  having  given  centre,    .    . 
through  five  given  points,  .    .    . 
touching  five  given  lines,        .    . 
through  intersection  of  two  given 

conies, 209,  213 

having  double  contact  with  a  gi- 

'">  1  ft 
ven  conic, "^^ 

having  double  contact  with  two 
given  conies  or  circles,   .    241,242 

having  contact  of  third  order  with 
given  conic, 210 

touching  two  given  lines  at  two 
given' points, 214 

such  that  each  of  three  given  lines 
is  polar  of  intersection  of  two 
others 215 

inscribed  in  a  quadrilateral,   .    .    242 
Reciprocal  of  a  conic, .    .    .    .   266,267 
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EVOLUTES  OF  CONICS, 
FAGNANI'S  THEOREM,  . 
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FIXED  POINT. 

The  following  lines  pass  through  a. 

Base  of  a  triangle,  given  vertical 

angle  and  sum  of  reciprocals 

of  sides, 60 

ditto,  whose  two  sides  pass 
through  fixed  points  and  ver- 
tices move  on  three  convergent 

lines, 61,254 

ditto,    if   lines    on    which    base 
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FIXED  POINT — continued. 

angles  move,  intersect  on  line 
joining  the  fixed  points,  .    62,254 
Polar  of  fixed  point  with  regard  to 

a  circle,  two  points  given,   ..109 
ditto,  with  regard  to  a  conic,  four 
points  given,  .    .    .    200,  245,  255 
Chord  of    intersection   with  fixed 
circle   of  circle  through  two 

given  points, 108 

ditto,  with  fixed  conic,  of  conic 
through  four  points,  two  being 

on  the  fixed  conic, 222 

ditto,   of  two   fixed  lines   with 
conic  through  four  points,  one 
lying  on  each  of  the  fixed  lines,  284 
Chord  of  conic,  given  by  triUnear 

equation,  when  ? 231 

fcrf,  if {a6cd}  be  harmonic,.    .    .    314 
subtending  a  right  angle  at  fixed 

point  on  curve, 197 

given  bisector  of  angle  it  subtends 

at  fixed  point  on  curve,  .    .    .    314 
when  product  of  tangents  is  con- 
stant of  parts  into  which  nor- 
mal divides  subtended  angle, . 
Line  joining  points   of  contact  of 
circle  touching  two  others,     . 
ditto,  of  two  fixed  tangents  with 
conic  passing  also  through  two 
fixed  points,   .    .    .    220,  254,  326 
ditto,  of  tangents  to  two  conies 
which  intersect  on  their  com- 
mon chord, 255 

ditto,    of  a  conic   through   two 
points  having  double  contact 
with  a  given  conic,     .... 
Line  such  that  Swi  times  perpen- 
dicular on  it  from  a  number  of 

fixed  points  =0, 

whose  equation  involves  in  first 
degree  co-ordinates  of  point 
moving  on  a  fixed  line,  .  .  . 
co-efiicients  in  whose  equation  are 
connected  by  relation  of  first 
degree, 
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FIXED  FOlKr— continued. 

Perpendicular  on  its  polar,  from 
point  on  fixed  perpendicular 
to  axis  of  conic, 168 

FOCUS, 163 

lulinitely  small  circle  having  dou- 
ble contact  with  conic,    .    .    .    217 
Intersection  of  tangents  from  two 
fixed  imaginary  points  at  in- 
finity,  237 

Focal  properties,   equations  which 

give, 236 

Distance  of  point  on  central  conic 

from, 163 

Sum  or  difference  of  focal  distances 

constant, 163 

This  property  generalized,      .    .    .    242 
Rectangle  under  focal  radii,    .    .    .    164 
under    focal    perpendiculars    on 

tangent, 165 

TJ^is  property  reciprocated,    .  261,  262 
Focal  radii  equally  inclined  to  tan- 
gent,      165,  290 

Length  of  central  parallel  to  focal 

radius  vector, 166 

Foot  of  perpendicular  on  tangent, 

its  locus, 167 

Focal  tlistance  varies  as  distance 

from  directrix, 168 

equal  parallel  to   asymptote   to 

meet  directrix, 175 

Focal  chord,   perpendicular  to  ra- 
dius vector  to  its  pole,   .    168,  313 
its  segments  have  constant  har- 
monic mean, 169,  261 

varies  as  square  of  parallel  dia- 
meter,      170 

Sum  of  reciprocals  of  two  rectangu- 
lar focal  chords  constant,    .    .    170 
Angle  subtended  by  a  chord,  bisect- 
ed by  radius  vector  to  its  pole,  186, 
237,  258 
Constant  angle  subtended  by  inter- 
cept  of  variable  tangent  be- 
tween two  fixed, 187 

Product    of  tangents   constant   of 
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YOCVS—contiMied. 

half  angles  subtended  by  seg- 
ments of  chord  through  a  fixed 

point, 317 

or  through  point  on  conic  having 
same  focus°'and  directrix,  .    .    317 

Line  joining  intersection  of  focal 
normals    and    tangents    goes 
through  other  focus,   ....    197 
ditto,  and  middle  point  of  focal 
chord,  parallel  to  axis,   .    .    .    197 

Length  of  intercept  on  any  ordinate 

produced  to  meet  focal  tangent,  197 

Point  of  contact  with  plane  section 
of  sphere  inscribed  in  a  right 
cone, 304 

HARMONIC  PROPERTY. 

What,  when  one  point  at  infinity,.    269 

Of  a  quadrilateral, 54,301 

Of  poles  and  polars, .  82,  134,  269,  272, 

307 
Pencil  formed  by  two  tangents  and 

two  co-polar  lines, .    .    .    135,270 
by  asymptotes  and  two  conjugate 

diameters, 271 

by  diagonals  of  inscribed  and  cir- 
cumscribed quadrilateral,   .    .    220 
By  chords  of  contact  and  common 
chords  of  two  conies  touching 
a  third, 256 

HEXAGON.     {See  Brianchon  and 
Pascal.) 
Property  of  circumscribing,    .    .    .    244 

HYPERBOLA  (see  Asymptote  and 

Conic), 147 

Origin  of  name, 171 

Tangent  from  foot  of  ordinate  to 
circle  on  transverse  axis,  in 
constant  ratio  to  ordinate,  .    .160 

Equilateral;  asymptotes  cut  at  right 

angles, 154 

Its  area, 292 

INFINITI'^SIMALS,  METHOD 

OF, 288,  &c. 
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INFINITY. 

Equation  of  line  at, 58,299 

Its  pole, 141,  270,  310 

Polar  of  point  at, 270 

Direction  of  points  at,    on  curve, 

how  found, 123,  227 

Line  at,  touches  a  parabola,  .   211,304 
Two  imaginary  fixed  points  at,  on 

every  circle, 213 

INVOLUTION,     ......    275,  &c. 

Relation,  what,  when  focus  at  infi- 
nity,     328 

KIRKMAN'S  THEOREMS,    .    321,  &c. 

LIMIT  POINTS. 

Of  a  system  of  circles  having  com- 
mon radical  axis, 109 

Circles  through  1.   p.   cutting  the 

system  orthogonally, .    .    .    .    110 

Reciprocals  of  system  with  regard 

to,  confocal, 265 

Theorems  of  angles  subtended  at,  .    265 

LOCUS. 

Of  vertex  of  triangle,  given  base 
and   difference  of  squares  of 

sides, 35 

and  vertical  angle, 87 

and  ratio  of  sides, 87 

and  m  times  square  of  one  side 

+  n  times  square  of  other,  .  .  88 
and  sum  or  diiFerence  of  sides,  .  164 
and  difference  of  base  angles,.  .  189 
and  product  of  tangents  of  base 

angles, 190 

ditto,  of  half  base  angles,   .    .    .    190 
and  intercept  by  sides  on  fixed 

line, 281 

Of  vertex  of  triangle  whose  angles 
are  given,  one  vertex  fixed, 
and  one  moves  along  a  right 

line, 45 

of  which  one  base  angle  has  given 
magnitude  and  vertex,  the 
other  describes  right  line  or 
circle,  and  rectangle  under 
sides  is  given, 99 
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LOCUS — continued. 

Of  vertex  of  triangle  whose  sides 
pass  through  three  fixed  points, 
and  base  angles  move  on  fixed 
lines,  ....    235,  254,  280,  284 

ditto,  when  the  three  fixed  points 
are  on  a  right  line,  .    .    .    42,  254 

ditto,  when  two  of  them  are  on  a 
line  with  intersection  of  the 
two  fixed  lines,     ....   44,  254 

tlitto,  when  two  of  the  sides  are 
parallel  to  fixed  lines,     .    .    .    189 

ditto,  when  base  touches  a  conic 
touched  also  by  fixed  lines  on 
which  base  angles  move,  235,  280 

ditto,  or  if  base  angles  move  on 
any  conic  having  double  con- 
tact with  this  conic,   .    .   235,  282 

ditto,  when  base  angles  move  on 
a  conic  passing  through  the 
two  fixed  points  on  the  sides,  281 
Vertex  of  a  triangle  whose  sides 
touch  a  given  conic,  and  base 
angles  move  on  fixed  lines,  232,  254 

ditto,  when  base  angles  move  one 
on  each  of  two  conies,  base 
through  cent,  sim.,  and  sides 
through  fixed  points,  one  on 

each  of  the  conies, 282 

Common  vertex  of  several  triangles, 

given  bases  and  sum  of  areas,     44 

vertex  of  right  cone  out  of  which 
given  ellipse  can  be  cut,     .    .    317 
Of  centre  of  (or  of  pole  of  a  fixed 
line  with  regard  to)  a  conic, 

given  foiu-  points,  199,  245,  249, 255, 

285,  309 

given  four  tangents,  .  200,  250,  255, 

311 

given  the  two  foci, 200 

given  three  points  and  a  tangent,  249 

given  two  points  and  two  tan- 
gents,       245 

given  three  tangents  and  a  point,  250 

given  three  points  and  parallel  to 
asymptote, 286 
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LOCUS— cojithiued. 

Of  centre  of  (or  of  pole  of  a  fixed 
line  with  regard  to)  a  conic 
having    double   contact   with 

two  given  conies, 245 

inscribed  in  a  triangle,  and  touch- 
ing another  circumscribed  to 
same, 250 

Of  centre   of  circle  touching  two 

given  circles, 265 

Of  centre  of  inscribed  circle,  given 

base  and  sum  of  sides,    .    .    .    190 

Of  pole  with  regard  to  one  conic  of 

tangent  to  another,     .    .    .    .    198 

Of  pole  of  line  with  regard  to 
conic  meeting  it  in  two  fixed 
points,  and  touching  two  co- 
nies which  pass  through  these 
points, 310 

Of  points  whose  polars  with  regard 
to  three  given  conies  meet  in 
a  point, 328 

Of  intersection  of  tangents  to  two 

circles,  in  given  ratio,     .    .    .    107 
whose  sum  or  difference  is  con- 
stant,    24:2 

to  a  conic,  which  cut  at  right 
angles, 185,  195,  259 

to  a  parabola,  which  cut  at  a  given 
angle, 238,  259 

to  a  circle  whose  chord  is  of  con- 
stant length, 91 

to  a  conic  whose  chord  passes 
through  fixed  point, .    .    .  94,  135 

ditto,  or  subtends  a  constant  an- 
gle at  focus, 238,  259 

from  two  points  which  cut  a  gi- 
ven line  harmonically,    .        .313 

ditto,  when  the  line  touches  the 
conic, 314 

ditto,  and  is  cut  in  given  anhar- 
monic  ratio, 315 

from  two  points,  each  on  one  of 
four  given  tangents,    .    .    .    .    311 

ditto,  both  on  some  one  of  four 
given  tangents, 311 
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LOCUS — continued. 

Of  intersection  of  tangents  at  two 
fixed  points  on  a  conic  also 
touching  two  fixed  lines,  254,  310 

ditto,  also  passing  through  another 
fixed  point,  and  touching  ano- 
ther fixed  line,    311 

to  each  of  two  conies,  when  line 
joining  contacts  passes  through 
cent.  sim.  (through  point  of 
contact  if  they  touch,  through 
focus  if  common  to  both),  .  .  203, 

220,  255 
Intersection  of  lines  joining  trans- 
versely ends  of  base  of  a  tri- 
angle and  any  parallel,  .    .    .      37 

transversely  ends  of  parallels  to 
sides  of  a  parallelogram,     .    .      39 

ends  of  parallel  to  base,  to  two 
fixed  points  on  base,  ....      40 

ends  of  base,  to  ends  of  perpen- 
diculars at  proportional  dis- 
tances,      41 

Intersection  of  perpendiculars  to 
sides  of  triangle  at  ends  of  pa- 
rallel to  base, 39 

perpendiculars  at  ends  of  line  of 
constant  length  between  two 
rectangular  lines, 88 

perpendiculars  of  a  triangle  given 
base  and  vertical  angle, ...      89 

diagonals  of  a  quadrilateral,  two 
opposite  sides  fixed,  and  two 
others  through  fixed  point,    .      41 

external  bisector  of  vertical  of  a 
triangle,  whose  base  and  sum 
of  sides  are  given,  with  per- 
pendicular to  either  side  at 
extremity  of  base, 46 

ditto,  for  internal  bisector  and 
difference  of  sides, 46 

corresponding  sides  of  two  given 
angles  with  fixed  vertices, 
when  intersection  of  other  pair 
of  corresponding  sides  moves 
on  a  right  line, 280 
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LOCUS — continued. 

Intersection  of  corresponding  sides 
of  two  given  angles  with 
fixed  vertices,  when  intersec- 
tion of  other  pair  of  corres- 
ponding sides  moves  on  a  co- 
nic through  the  vertices  of  the 
angles, 281 

ditto,  if  angles  cut  off  constant 
intercepts  on  fixed  lines,     .    .    281 

focal  radius  vector,  with  corres- 
ponding eccentric  vector,    .    .    193 

eccentric  vector,  with  corres- 
ponding normal, 193 

tangent,  with  central  rad.  vec. 
parallel  to  vertical  rad.  vec.  to 
contact, 194 

projection  of  this  theorem, .    .    .    310 

PD,/>f/,  where  {ahcd}  =  {  ABCD}  ; 

V p  fixed  points, 287 

Mean  (arithmetic,  harmonic,  or  geo- 
metric) of  radii  vectores  to  a 

circle, 97 

Harmonic  mean,  radii  vectores  to  a 

system  of  right  lines, ....      47 
Arithmetic  and  geometric  mean,  to 

two  right  lines,  .    .    ,    .    189,  273 
Extremity  of  reciprocal  of  perpen- 
dicular  from  fixed   point  on 
line  through  fixed  point,    .    .      45 

perpendicular  from  focus  on  tan- 
gent,    167,  184 

ditto,  or  making  constant  angle 
vi^ith  tangent, 197 

polar  subtangent  (focus  being 
pole), 170 

radius  vector  proportional  to  ra- 
dius vector  of  circle,    ....      98 

inversely'  proportional  to  radius 
vector  of  circle  or  line,    ...      99 
Point  cutting  in  given  ratio,  parallel 

chords  of  a  circle, 145 

line  of  constant  length  between 
two  others, 158,  189 

line  cutting  off  constant  area  from 
a  given  angle, 190 


PAOi;. 
LOCUS — continued. 

Point  cutting  in  given  ratio  chord 

of  a  circle  of  given  length,     .      91 
intercept  between  two  fixed  fines 

of  parallel  to  a  given,     ...     36 
intercept  between  two  tangents 
of  variable  tangent  to  conic,  .    315 
Of  point  cutting  in  given  anhar- 
monic   ratio    chords   of  conic 
through  fixed  point,  ....    310 
on  perpendicular,  at  height  from 
base  equal  a  side,  given  base 

and  sum  of  sides, 35 

such  that  sum  of  squares  of  per- 
pendicularson  sides  of  au  equi- 
lateral triangle  be  constant,  .      86 
whose  distance  from  fixed  line 
varies  as  distance  fi'om  fixed 

point, 18y 

ditto,  or  as  square  of  distance,   .      88 
such  that  triangle  formed  by  join- 
ing feet  of  perpendiculars  on 
sides    of  triangle    has    given 

area, 103 

such  that  '2mr'  =  constant,   .    .      88 
such  that  square  of  tangent  to 
circle  is  as  product  distances 
from  two  lines,  ....    217,  262 
or  tangent  as  distance  from  line,    217 
Middle  points  of  rectangles  inscribed 

in  triangle, 36 

of  parallel  chords  of  a  conic,    92,  129 
of  convergent  chords  of  a  circle,      97 
Point  of  contact  of  tangents  from 
given  point  to  concentric  cir- 
cles,      259 

Point  on  parallel  meeting  sides  of 

triangle  so  that  oc-  =  na .  oh, .    273 
at  which  two  given  portions  of 
same  line  subtend  equal  angles,  275 
Of  0,  if  line  joining  O  to  pole  of 

AO  pass  through  given  point,  314 
Of  one  point  of  a  line  cut  in  given 
anharmonic   ratio,    while  the 
other  three  describe  right  lines, 
and   the  line  itself  touches  a 
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T,t')CUS — continued. 

conic   touched  by  two  of  the 

right  lines, 315 

Focus  of  parabola,  given  three  tan- 
gents,  187,  260 

MAC  LAURIN'S  MODE  OF  GE- 
NERATING CONICS,  235,  254, 

280,  284 

NEWTON'S    MODE    OF    GENE- 
RATING CONICS,  ....    280 

NORMAL. 

Its  equation  and  length,     .    .    .    .    161 
Rectangle  under  segments  of  nor- 
mal equal  square  semi-conju- 
gate diameter, 162 

under  normal  and  central  perpen- 
dicular =  square  of  semiaxis,.    162 

NUMBER. 

Of  terms  in  general  equation  of  «*'' 

degree,    ....  ...      70 

Of  conditions  that  it  should  repre- 
sent right  lines, 70 

Of  conditions   which    determine  a 

conic, 120 

Of  points  in  which  a  line  meets  a 

conic, 121 

Of  tangents  which  can  be  drawn  to 

a  conic, 125 

Of  intersection  of  two  given  curves,    10 

205,  209 

OSCULATION  OF  CONICS,     .    .    206 

PARABOLA. 

Its  figure, 178 

described  by  continuous  motion,     183 

Origin  of  name, 171 

Its  area, 290 

An  ellipse,  whose  focus  given,  axis 

major  infinite,  eccentricity  =1,   178 

Its  diameters  parallel, 130 

meet  curve  at  infinity,    ....    131 
Touched  by  line  at  infinity,  .    211,  214, 

264,  304 
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VARABOIlK— continued. 

Rectangle  under  segments  of  a 
chord  varies  as  intercept  on 
diameter, 138 

Projection  of  two  points  on  axis 
=  intercept  made  by  their  po- 
lars, 180 

Point  where  tangent  meets  axis, 
and  point  of  contact,  equidis- 
tant from  focus, 183 

Tangent  makes  equal  angles  with 

axis  and  focal  radius  vector,  .    183 

Angle  between  two  tangents,  half 
angle  between  focal  radii  to 
contacts, 186,  238 

Tangents  from  point  of  directrix  at 

right  angles, 237 

Diameter  bisected  between  any  point 

and  its  polar, 270 

Diameter  how  divided  by  line  join- 
ing two  variable  points  to  a 

fixed, 272 

by  a  chord  and  its  two  tangents,  273 

Difference  of  ordinates  constant 
where  two  variable  tangents 
meet  a  fixed, 268 

A  variable  tangent,    how  divided 

by  three  fixed, 274 

Equal  and   similarly  placed  have 

contact  of  third  order,    .    .    .    213 

PARAMETER  OF  A  CONIC,  .  .  169 
Constant   for  reciprocals   of  equal 

circles, 261 

Constant  for  sections  of  right  cone 

at  same  distance  from  vertex,  304 
Of  diameter  of  parabola,  four  times 

focal  distance,     .    .    .    .    181,  182 

PASCAL'S  THEOREM. 

Proved, 223,  283,  309 

Reciprocated, 253 

Theorems  connected  with  the  hexa- 
gon,      224,  321,  &c. 

PERPENDICULAR. 

From  point  on  line,  its  length,  equa- 
tion, and  sign,    19,20 
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VERPENDICULAR— continued. 

From  centre  on  tangent  of  conic,  155, 156 
From  focus  on  tangent,  .  .  .  IG-i,  184 
From  focus  on  asymptote,  .  .  .  .  17-i 
From  centre  and  foci  on  polar  of 

any  point, 195,  196 

POLAR.     (See  Equations.) 

Of  point  found  by  linear  construc- 
tion,   94,  199 

Polar  subtangent, 170 

Polar  of  a  given  line  with  regard  to 

a  circle, 81 

Polar   parallel   to  tangent  and  to 

conjugate  diameter,    ....    133 

Chord  parallel  to  polar,  bisected,  128, 270 

If  A  be  on  polar  of  B,  B  on  polar  of 

A, 133 

Harmonic  property  of  pole  and  po- 
lar,       134,  269 

Lines  joining  vertices  of  triangle 
and  polar  triangle  meet  in  a 
poLit, 96,  243 

Intersections  of  corresponding  sides 

on  right  line, 255 

Given  four  points  or  four  tangents ; 
three  points,  and  their  polars 
are  given, 199 

Three  points  whose  polars  the  same 

with  regard  to  two  conies,      .    266 

A  point  and  its  polar  equivalent  to 

two  conditions, 325 

PONCELET,  M., 251,  297 

PROBLEMS. 

Find  a  point  such  that  product  of 
perpendiculars  may  be  con- 
stant, on  a  given  line  from 
ends  of  chord  of  circle  through 

it, 92 

Find  centre  of  a  given  conic,     .    .    130 

polar  of  a  given  point  (linear  con- 
struction),            94,  199 

axes  (ditto,  given  two  conjugate 
diameters), 144,192 

asymptotes  (ditto,  given  two  con- 
jugate diameters),  .    .    .    148,  172 
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PROBLEMS— continued. 

Draw  normal  from  any  point,  161,  166, 

195 
Describe   a  circle   touching  three 

others, 118,265 

a  conic  through  four  points  to 

touch  a  line, 279 

ditto,  a  conic, 216,327 

ditto,  having  double  contact  with 
given  conic,  and  single  with 
three  others  also  having  dou- 
ble contact,     ......   256 

ditto,  and  touching  three  given 

lines, 283 

To  describe   a  conic,    given   five 

conditions, 325,  &c. 

touching  one  conic,  and  having 
double  contact  with  another  at 

two  given  points, 328 

Given  five  points  on  conic,  find  tan- 
gent at  any, 223 

where  Une  through  any,   meets 

curve  again, 284 

find  centre, 284 

Given  five  tangents,  find  point  of 

contact  of  an  J', 221 

Inscribe  in  a  conic  a  triangle,  sides 

through  three  fixed  points,     .  234, 
255,  284 
Circumscribe  a  triangle  whose  ver- 
tices on  three  fixed  lines,   .    .255 
Inscribe    polygon,    sides    through 

fixed  points, 283' 

Given  two  pairs  of  conjugates  of 
system  in  involution,  find  con- 
jugate of  an  J'  other,   .    .    .    .    276 
the  centre,  the  foci, 277 

PROJECTIONS,  METHOD  OF,  297,  &c. 

Projective  theorems, 300 

Orthogonal  projection, 317 

QUADRILATERAL. 

Middle  points  of  its  diagonals  in 

right  line, 32 

Harmonic  properties  of,   .   54,  301,  321 
Inscribed  in  a  circle, 86 
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QUADRILATERAL— conimwed. 

Inscribed  iu  a  conic, .    .    199,  218,  309 
Its  sides  and  diagonals  cut  trans- 
versal in  involution,   ....    278 
Properties  of  circumscribed,   .  199,261 
Diagonals  of  inscribed  and  circum- 
scribed form  harmonic  pencil,   220 

RADICAL  AXIS,  CENTRE,    107,  222, 

255 

RATIO. 

Co-ordinates  of  point  where  line  is 

cut  in  a  given, 5,57 

In  which  the  line  joining  two  given 

points  is  cut  by  a  given  line, .     33 
ditto,  by  the  line  joming  two 

given  points, 34 

ditto,  by  a  given  circle  or  conic,    82, 

135 
RECIPROCAL  POLARS,   .    .   251,  &c. 
Degree  in  general  of  recipr.  polar,    253 
Species,  axes,  eccentricity,  how  de- 
termined,     264 

Equation  of  reciprocal  of  a  conic,  .   267 
ditto,  transformed  to  new  origin,  267 
Reciprocals  with  regard  to  a  para- 
bola,    238 

RECTIFICATION  OF  CONICS,  .   296 

SIMILAR  FIGURES,  ....    201,  &c. 
Conies  have  common  chord  at  in- 
finity,  211 

Parabola  touch  at  infinity,    .    .    .    212 
Tangent  to  one  cuts  constant  area 

from  other, 293 

Similar  anharmonic  systems, .    .    .    278 

STEINER'S  THEOREM,    .    .   224,  329 

TRANSVERSAL    (see   Carnot). 


How  cuts  side  of  triangle. 


33 


TRANSFOR]\LATION  OF  CO-OR- 
DINATES. 

FormuliB  for, 6 

Cannot  alter  degree  of  equation,    .      48 
Of  general  equation  of  second  de- 
gree,     122    I 

THE   END. 
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TRANSFORMATION  OF  CO-OR- 
DINATES — continued. 

Highest  powers  unaltered  by,  .  .  122 
Absolute  term  how  formed,  .  .  .  122 
Alters  not  sign  of  B^  -  4AC,  .  .  143 
Of  equation  of  reciprocal  curve  to 

new  origin, 267 

TRIANGLE. 

Perpendiculars  meet  in  a  point,  29, 50,  59 
Bisectors  of  sides  meet  in  a  point,  .    30, 

81,  58 
Bisectors  of  angles  meet  in  a  point,  53 
Perpendiculars  at  middle  points  of 

sides  meet  in  a  point,     ...     32 
Lines  joining  vertices  to  contacts 
of  inscribed   circle    or   conic, 
meet  in  a  point,  96,  104,  105,  249 
Relation  between  segments,  in  which 

sides  are  cut  by  a  transversal,     33 
ditto,  by  lines  joining  assumed 
point  to  vertices,  ....    34,  301 
These  six  points  in  involution,  .    .278 
If  through  vertices  be  drawn  three 
lines  meeting  in  a  point,  so  will 
three  equally  inclined  to  sides,     53 
Feet  of  perpendiculars  on  sides  from 
point  of  circumscribing  circle 

in  one  right  line, 103 

Inscribed  in  conic,  radius  of  circum- 
scribing circle, 318 

If  lines  joining  vertices  of  two  tri- 
angles meet  in  a  point,  inter- 
sections of  opposite  sides  in  one 

right  line, 55,  301 

Three  points  in  a  right  line  where 
each  side  is  met  by  line  join- 
ing intersections  of  two  non- 
corresponding  sides,  ....  56 
If  perpendiculars  from  vertices  of 
one  on  sides  of  second  meet  in 
a  point,  so  will  perpendiculars 
from  vertices  of  second  on  sides 

of  first, 59 

Axes    of  three  co-polar   triangles 

meet  in  a  point, 321 
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